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Dedication

oo

This volume is dedicated to Stanley Corrsin, Theophilus Halley Smoot Pro-
fessor of Fluid Mechanics at the Johns Hopkins University, in anticipation
of his 65th birthday on April 3, 1985. )

Stan obtained his Bachelor’s degree in Mechanical Engineering in 1940 L g
from the University of Pennsylvania. Being interested in aerodynamics, he I
went to the California Institute of Technology to study in the Guggenheim
Laboratory with von Karman. He completed his M.S. in 1942 and his Ph.D.
in 1947, both in Aeronautics, being the first advisee of Liepmann. He was
hired in 1947 on the Faculty of Aeronautics at Hopkins by F. Clauser and
has remained there under a variety of titles ever since. He is Fellow of the
American Academy of Arts and Sciences, the American Physical Society,
and the American Society of Mechanical Engineers. He is a member of the
National Academy of Engineering and Docteur Honoris Causa, Université
Claude Bernard (Lyon). He was awarded the 1983 Fluid Dynamics Prize by iR
the American Physical Society. His research interests have been mainly in L
the areas of turbulence, turbulent transport, and biomechanics.

Stan discovered in 1943 the phenomenon of intermittency at the edge of
a turbulent region. which results in distinct regions of vortical and non-
vortical fluid being swept past a fixed probe. With Kistler in 1954 he found
that the interface between such regions is very sharp, spanning a length of
the order of the smallest scales of the flow. The recognition of these distinct
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regions led to a whole new concept of turbulence measurement, conditional N

sampling, in which account is taken separetely of field measurements at a mrve

point according to whether that point is instantaneously on one side of the A%

interface or the other. This measurement technique is widely used for the Lo )

identification of “coherent structures” in turbulence. 32 F

Stan made with Kistler in 1954 a first theoretical attempt to study the o
t'}: entrainment process by posing a mechnism based on molecular diffusion. :::,.
% His study of the interface in 1955 was one of the first in a small, select .';\.; ‘
subject called “random geometry”. :E::Z:

Stan’s insistence on a strong interplay between theory and experiment A

e . . . . . 3
7 has led to his devoting a major eflort to the study of simplified turbulent- N
E;: flow models free of unnecessary complication. Stan has studied extensively -.
:j isotropic turbulence and the transport of scalars in isotropic turbulence. 1‘..:::2
' One of the earliest contributions was in 1951 in which Stan gave for the first N
: time the form of the spectrum of a passive scalar in isotropic turbulence.
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By an elaboration of Onsager's model, he extended this in 1958 to a scalar
undergoing a first-order chemical reaction. This initial work on chemical
reactions in turbulence was further developed in 1961 and 1965.

The dispersion of scalars in uniform shear flows was explored in 1953.
Here the equation for the dissipation of scalar variance was given for the
first time.

The transport of scalars in flow fields involves the relationship between
Eulerian and Lagrangian quantities, a topic that has interested Stan his
entire career. He first suggested in 1963 a form for the Lagrangian time
spectrum and a relation between Lagrangian and Eulerian integral scales.
He gave a simple proof in 1972 of the old conjecture that fluid line elements
grow on the average. In collaboration with his students he carried out ex-
tensive experimental work on this and related random-geometry problems,
including the 1972 work with Karweit on the mixing of scalar stripes and
angular dispersion of line elements.

In the late 1960’s Stan became interested in biomechanics. He has in-
vestigated topics that range from the efficiency of human walking and the
characteristics of maternal blood flow in the human placenta, to the flutter
frequency of flexible tubes conveying fluid. Stan gave with Ross in 1974 a
quantitative theory of the pumping of mucous in the airways by the beat-
ing beds of cilia. He formulated with Berger in 1974 a mechanism for the
restoration of the pre-corneal tear film after the lid blinks. He examined
with Higdon in 1978 the aerodynamic efficiency of the formation flying of
bird flocks.

Research and teaching have been the focus of Stan’s activities at Hopkins
for almost 38 years. These activities are blended and indivisible. Hundreds
of students took Stan’s course “Fluid Mechanics” and first learned fluid
mechanics as a field of research. Dozens of graduates took Stan’s course
on turbulence where they learned by example to give open-ended research
problems for examinations. Stan developed an undergraduate course on the
“Mechanics of Animal Motion” in which many pre-meds saw their first, and
perhaps last, quantitative view of the life sciences. The laboratory compo-
nent of “Animal Motion” saw students measuring lizards walking on water
and Hopkins faculty hopping around the track, aiming to relate the physi-
ological responses to the number of legs used. Stan’s leadership shows that
teaching is a multifaceted endeavor including one-on-one research supervi-
sion and collaboration, research-conference development and organization
as well as classroom lecturing on the undergraduate and graduate level. His
availability to workers in all fields is an invaluable, though unmeasurable,
gift to Hopkins.

Finally, Stan has set an example of style and tone. In his research he
has established a point of view in fluid mechanics in which problems are
freed of their frills, attacked with rigor and the result explained with clar-
ity. This approach has been conveyed to his 25 Ph.D. students and dozens
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of associates, Scores of students and associates have participated in his 10 o
AM coffee hours in which science and religion, among other things, are all Laiy
discussed with large doses of humor; he has shown many of us that we need Rl
to view our own work seriously, but light-heartedly. It was here that the first ‘n
test was made of contact lenses for the eyes of potatoes! It was here and at N
the wine and cheese parties, toasting newly awarded Ph.D.’s, that under-
graduates, graduates, post-doctoral associates and faculty mingled with no
X hint of a “class” sytem. This serves as a model for many a group around L
K the country. B
3 The editors would like to take this opportunity to thank the Office of "i;i;
# Naval Research, in the person of Bob Whitehead, for providing generous Y ‘
support for the undertaking from which this volume resulted. Frgsd
5
b Evanston - Ithaca S. H. Dawns f 3\“
December 1984 J. L. Lumley RN
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On the Approach to Isotropy of Homogeneous Turbulence: Effect
. of the Partition of Kinetic Energy Among the Velocity Components

L. Le Penven, J.N. Gence, and G. Comte-Bellot

Laboratoire de Mecanique des Fluides, associé au CNRS, Ecole Centrale de Lyon et
Universite de Lyon 1, 36 Avenue Guy de Collongue, F-69131 Ecully Cedex, France

?7 1. Introduction
3
h It has long been admitted by folk wisdom rather than by analytical
proof that in the absence of mean velocity gradients, homogeneous ani-~
; sotropic turbulence evolves towards isotropy. The first experimental
; findings were due to UBEROI (1957) for the velocity and vorticity
N components, and to MILLS and CORRSIN (1959) for the velocity components,
the temperature fluctuations and their associated skewness factors
. (signals and derivatives). Experimental confirmation was later given
:: by COMTE-BELLOT and CORRSIN (1966), TUCKER and REYNOLDS (1968), WARHAFT
,3 (1980), and GENCE and MATHIEU (1980) for velocity components. Numerical .
> studies made in wave-number space supported also the same trend i.i
(SCHUMANN and PATTERSON, 1978). i ;,k

The question of how fast the return to general isotropy (i.e. on
all scales) takes place, is however of fairly long standing. Recently
GENCE and MATHIEU (1980) (see also GENCE, 1983) made an interesting
A suggestion by taking advantage of the invariants II and III of the
. - deviatoric tensor bij introduced by ROTTA (1951) and extensively used
by LUMLEY and NEWMANN (1977) in turbulence modeling:
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The return to isotropy was then observed to be relatively rapid,

D and

0.4 TD) in most of the cases where the invariant III was negative,

at least at the beginning of the process, (i.e., LY between 0.2 1

ek

whereas the return to isotropy was found to be fairly slow (i.e.
1R==O.6 TD) in GENCE and MATHIEU (1980), a case for which the invariant
III was positive. In Table 1 (upper part) are listed all the results

i "t T W

available presently. The Reynolds number Re has been also indicated,
although it was rather large in all the experiments (ReL is defined by
. (q“))2 /9¢v which gives ReLezu'L/v for isotropic turbulence). In Fig. 1
. the curves of log(qz/ﬁz) are plotted versus log II (a suggestion made
. by J.L. LUMLEY, private communication). The slopes of the linear curves

which are obtained are then simply related to TR and L by:
d(log ¢%) _ (1/g%) - (ag’/at) _ 'R 6
d(log II) (1/1I1) - (d11/dt) T *

D

AR AR SN A Ao g o el s

We recall that invariant III specifies
associated with the Reynolds stress tensor.
one principal component is relatively large
two principal components are large. This is
two cases of axisymmetric turbulence

The possible role of the invariant III

the shape of the ellipsoid
It is positive when only
and it is negative when
illustrated in Fig. 2 for

on the return to isotropy

was an incentive for two recent investigations. At Cornell University,

10

05

00

-01
-05

Fig. 1 - Evolution of log(qz/Uz) against log II in different experi-
ments of return towards isotropy * Uberoi (1957); ® Mills and Corrsin
(1959) ; & Ticker and Reynolds (1968); o Gence and Mathieu (1980);

4 Warhaft (1980); in all these experiments a =2; & Comte-Bellot and
Corrsin (1966) with a =3.
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: - Table 1 -
N Initial values of the Mean values
d parameters of 'I'D/(R
derived from
¥ 1./t Fig. 1
Experiment Re II 111 D’ 'R
A
N
“ UBEROI (1957) -3
* Axisymmetric 160 0.047 -4 10 2.4 2.8
: contraction
K.
MILLS & CORRSIN(1959 _
: Axisymmetric 60 | 0.056 |-5.3 107 4.3 2.8
. contraction
. COMTE-BELLOT &
-~ CORRSIN (1966) 55
. (Grid without 420 0.0015§ +2.4 10 0.48 0.5
contraction)
° TUCKER & REYNOLDS -3 <IF
3 (1968) 460 0.08 -5.2 10 4.5 2 ) :.g._
A {plane distorsion) A
- ;'.\-‘:
-' ’ '-".-
R WARHAFT (1980) -3 S
Axisymmetric 150 0.116 1-16.1 10 1.3 2.6
¥ contraction
> L
= GENCE and MATHIEU -3 e
- (1980) 450 0.08 |+4 10 1.6 2 e
. (plane distortion) o
R
: CHOI (1983) _3+ 3E_
N (plane distortion) 180 0.0611+0.75107] 5.1 1.22 R ::_-.:
- RS
- CHOI (1983) -3 )
8 (Axisymmetric 260 £.062 |+5.810 1.3 = 1 Iy
) expansion) ’ é
., #
f‘__ Present experiment 350 | 0.054 |+3.1 1092 =1 ;
o T
3 ot
5 Present experiment 450 0.062}-5.10 2.4 2.6 E

R
e ESES

_ uj O
“ & i
u" ~.:\
N [}
2 "X
Y ul u; 2
. - o
_, 1

U u
3 -
35 -
2 >0 <0 o
’2 =
] >
.\.h
Fig. 2 - Physical meaning of the sign of invariant III. i.
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CHOI (1983) examined the evolution of two anisotropic turbulence fields
" with positive invariant III. At the Ecole Centrale de Lyon, LE PENVEN
and GENCE (1983) generated two anisotropic turbulence fields with near-
ly opposite values of II1 and equal values of II and Re, .
The present paper will describe the new results we have obtained.
A physical interpretation for the role of the invariant III will also
be attempted. Finally, since the return to isotropy is of great inte-
rest for turbulence modeling, mainly for the pressure-strain terms
which are responsible for the intercomponent energy interchange,
several actual models will be compared with our experimental findings.

B

s

P R—

2. Experimental Arrangements

1°) Distorting ducts

Two kinds of irrotational three-dimensional strains were used to
create, from the same isotropic grid-generated turbulence, the two
ﬁ required anisotropic turbulence fields with opposite invariants III
{ and equal invariants II. Indeed, a three-dimensional deformation offers
% two adjustable parameters, 51'1 =351/3x1, 52'2 =aﬁz/ax2 3nd not Zust
one as for a plane or an axisymmetric deformation where U1,1 = 202'2.
As usual, the fluid is assumed incompressible so that

e

= Us,3 = ~Wy,0 * 0,00 (7 B f,,,:,
:: Additional useful requirements were also specified : A 3?#
& - the length of the distorting ducts should be of the order of 1.5 m r{\
P-. to offer a gradual straining able to smooth out the discontinuities at ~ﬁ%

S the inlet and outlet of the distorting ducts. This length also suited E:

54 the wind-tunnel facilities available in the Laboratory. .;$

- - the shortest side of the rectangular outlet section of the ducts o
N should be at least of the order cf 7 integral length scales to insure o

;: an acceptable lateral homogeneity of the turbulence field. B iﬁi
b - the mean velocity at the inlet of the two distorting ducts should be 3% :g
- the same to insure identical turbulence Reynolds numbers for the ini- ﬁ’L:;
< tially isotropic grid turbulence. “._fﬁﬁ
:i - along the distorting duct, positive values of 51'1 are advantageous w’fé;
5 for reducing flow separation. ;ﬁ;.
’ The stream surfaces limiting the distorting ducts are given by : :i:
i - - g
:.; i 6_1:_1 U2,2/01,1 o
i Xy = 14 (1 * U, x1) (8) :-_
53 51 ] -(1+62'2/61,1) iﬁi‘
B ‘ R
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21o and 2h° are the lateral and vertical dimensions of the inlet rec-
tangular section (Fig. 3) where Uo is the streamwise mean velocity.
Moreover, if T is the residence time of the turbulence in the duct of
length L, it can be written

ry -

, - 0
¥y 0. .T = Ln(1 + .lLl.L) , (10)
. 1.1 Us

so that for a given shape of the distorting duct, the ratio 51’1/00
and the dimensionless gradients 51 1T and EZ,ZT are determined. The
[ 4

"
&; values of U and U are imposed when U, is given.

v 1,1 2,2 o

o |

:: 1;&

.‘

n € €

2 2 g -

Fig. 3 - The two different distorting ducts used in the experiments.

W N

A small time linear theory with isotropic initial conditions indi-

3 ]
23 cates that one can write
N
_ 2= - 2 3
‘- II(T) = a Ui,kUk,iT + O(T™) ‘ (11)
3= = = .3 4 (a=ﬁ) )
v = - : U, .77 + o(T 12
3 III(T) a0y Oy 505 4 o(T") (12)
- - -
‘ﬁ Then, as a first step u, 1T and Uz'zT were chosen to give the same
B ’
5N II and opposite III in this linear approximation, and to be realized

in ducts satisfying the above mentioned constraints.

,ﬁ As a second step, several runs were made to include non-linear

;3 effects. The spectral method developed by CAMBON, JEANDEL and MATHIEU

: (1981) was used with the three-dimensional energy spectrum (at 42

_ meshes) of COMTE-BELLOT and CORRSIN (1971) as initial condition. The

:; values of 61’1T and GZ,ZT which were retained are listed in Table 2

;i with the predicted levels of the invariants II and III and the time T

;: used in the computations.

) For the ducts given in Fig. 3, whose lengths L are equal to 1.5 m,

‘; the values of time T correspond to a streamwise inlet velocity Uo of \\i
fi 6.7 m/s. In the experiments Uy was equal to 6.06 m/s for III >0 and . 5;:
X to 7.2 m/s for III1 <O. The predicted values of II are slightly smaller ’ :;2
A than those observed in the present experiments and indicated in Table | W?%
" © ]
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B Table 2 I1I > 0 III < 0
: Ty, T 0.8 1.09
o U, , 7T 0.29 -0.29
i
28,
¢ 11 0.045 0.045
Ay
‘ 111 0.0021 -0.0024
a;i‘i T 0.146 s 0.123 s

1. This is probably due to the initial spectrum used in the calcula-~

f tions which is taken at the same distance downstream of the grid as in
> the experiments, but at a higher convection velocity UG so that the

;f mesh Reynolds number is too large by a factor of about 2. The non-li-
g near effects reducing the anisotropy level are then stronger in the
computations than in the experiments.

*

‘ﬁ 2°) The wind-tunnel

‘ The distorting ducts are included in a flow facility which is of
;: the open return type and where the basic elements are (Fig. 4) :

ry - a collector which is 4 m x 4 m in cross section followed by a

St settling chamber which is 2 m long and equipped with dust filters and
! screens.

By - two contractions with a overall ratio of 16 : 1.

< - a constant area duct (0.83 m x 1.19 m) in which the grid which gene-
$? rates the turbulence is located at 1 m from the inlet.

:: - the grid is biplane with square meshes (M = 5.08 cm) and square rods.
- (solidity o =0.33).

i; - an additional 1.27 : 1 contraction placed at 18 meshes downstream of
'ég the grid, to improve the turbulence isotropy as suggested by COMTE-~

f{ BELLOT and CORRSIN (1966).

o

yis

-

119m

o, | K xS

o 13m, __1m__ | 05m|05m 15m 513m
% GRID CONTRACTION  DISTORTING TEST SECTION
., 1.27:1 +]V]+h

Fig. 4 - Wind-tunnel arrangement.
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3 - the distorting duct, either that for invariant III > 0 or that for

invariant II1 < 0.

)

} - a 5.13 m constant area duct in which the return to isotropy is inves-
, tigated ; its cross section is 0.99 m x 0.35 m when III is > 0 and

3 0.55 m x 0.48 m when III is < 0.

4 3. Measuring Equipment and Procedure

All turbulence data were taken with standard X-meter probes DISA

Z 55 P 51, with hot wires 5 um in diameter. They were connected to DISA
,? 55 D 01 constant-temperature anemometers and operated at an overheat

; ratio of about 0.8. The output signals were then passed through DISA

' 55 D 25 band filters (1 Hz - 20 kHz). Finally, the root mean square

) values of the signals were obtained by a DISA D 35 r.m.s. voltmeter.

: The wire sensitivities were determined empirically from the first
2 derivatives of the heat transfer law with respect to the longitudinal
, velocity component and the wire angle with the X4 axis. Calibrations

, were made in the empty wind tunnel (no grid). The weighted sum and

: difference, e, +Ke2 and e, -K'ez, were formed from the two hot wire

N signals of the X-meter to produce outputs directly proportional to the
~ longitudinal and lateral velocity fluctuations. The probes were first
‘ used to get u, and Uy, then turned by 90° to obtain u, and uj. The in-
2 evitable scatter from one run to the other, from day to day because
‘ﬂ of drift in the ambiant temperature, or due to change of hot wire
:& probes, was reduced by taking arithmetic means over 6 measurements for
- all the data.

: The mean velocity in the test section increases slightly along the
3: axis due to boundary-layer growth (Fig. 5). The resulting effect of

$ this strain rate (= 0.2 s-l) on the dynamics of E;E; is fortunately

X U ims)

15,

é b s o * s o o * e s

. k., . . >0

0 1 2 3 L Xm 5

~ U, (mss)
A o ©

22 A

A o ° ° <0

“ 21 , . A .

0 0 1 2 3 AX,m 5
.f Fig. 5 - Longitudinal mean streamwise velocity along the axis of the

test section.
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very small (see section 5). The local mean velocity is however taken
into account when computing the travel time t downstream of the test

section. B

Background (no grid) turbulence was .neasured for each component, %J,
at various locations in the test section (Table 3). An appreciable part T
of it seemed due to a slight unsteadiness of the fan (u; is larger s :ig
than ué and us and its spectrum is large for low frequencies). All t:;ﬁg&
the turbulence results were corrected for such noise, by its subtrac-
tion from the mean squared values. The correction was down to 0.2 % in
the best situation, for u§ at the beginning of the test section for
III positive, and reached a maximum of 10% for u; at the end of the
test section for III positive or negative.

Table 3 - Variation ranges for background turbulence.

111 > 0 I1IT < 0

(ui/Uc)z 4.1 10”8 1.1 1076 to 2.4 1078

7

(ué/uc)z 2.7 107 to 6.6 1077 } 4.3 10”7 to 6.5 10~

2 N N - -
(30 ) [2.8 1077 to 1.15 1076 4.3 2077 o 6.5 1077

Ue 13.5 m/s 21.5 m/s

Lateral homogeneity of the turbulence field was considered as
acceptable even close to the end of the test section and along its
shortest (vertical) side. Fig. 6 shows that the central plateau covers
about half of the height, which approximately corresponds to 6 times
the average integral length scale of turbulence estimated as M(h/ho)
(2hy height of the distorting duct at its inlet, and 2h at its outlet).

4. Experimental Results

In all the results presented in this section for the return to
isotropy, the elapsed time t is computed from

X
£ = [V L2 (13)
ax, Dy 0xp)

where the space origin is slightly shifted downstream of the beginning
of the constant area duct. The reason, which is apparent from Fig. 5
and also from Fig. 7, is that the distortion continues to act just
after the duct area has changed (the mean velocity on the axis conti-
nues to increase rapidly and the turbulent gquantities do not change
noticeably. The shift estimated from Fig. 7 is Ax, =0.03 m for the

- . - - . - .y . “.v v - ) . ., .
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N Fig. 6 - Vertical profiles of the mean velocity and of the turbulence
Y, intensities divided by their axial value: *ul; Cuj; euj, at 0.45 m
. upstream of the outlet section and in the plane x, =0
Y
% runs at positive invariant III and 4%, =0.22 m for the runs at nega-
s tive invariant 11I. Use of this corrected elapsed time will also
_ enable us to make more direct comparisons with the turbulence modeling
= results reported in sections 5 and 6.
Fe
43 The time evolution of (u;)z, (ué)2 and (ué)2 are given in Fig.7 for
fi III > O and III < O. The most interesting fact is that the smaller
] component , (u{)z, is slightly increasing at the beginning of the return
v to isotropy when invariant III is negative, whereas it decays like all

. the other components when invariant III is positive. This implies that
{ the pressure strain correlation terms have a large and even visible

- action for exchanging energy among the three velocity components when
one of them is very small.

’,

;: Figure 8 illustrates the time evolution of invariant II and of

v.: the total kinetic energy q2 for positive and negative values of inva-
W riant 11I. The effect of invariant 111 appears very clearly. When III

z is positive, the time evolutions of I1 and q2 (normalized by their
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3 respective values at t = 0) are almost identical so that Tp = Tns
whereas when III is negative, II evolves more rapidly than c-lz, so
A that 1 < 1, (in fact TR ~0,38 rD).
? Another presentation of this result is given in Fig. 9 where
_}' 1og(q2/U<2:) is plotted against log II. We recall that the slope of the
::3 approximately linear curves gives TR/TD (see section 1). In other
"3 words, the larger the slope, the slower is the return to isotropy.
_ The recent results of CHOI (1983) are also included in Fig. 9. His
5 first case (III_=+5.8 1073, axisymmetric expansion) agrees very
;r well with our experiment at III_ = 3.1 1073). The results of his
‘-'.: second case (IIIO =+ 0.75 10'3, plane distorsion) are located between
B
- our two sets of data for positive and negative invariant III, which
shows that, as expected, a monotonic effect of invariant III exists
:r': on the return to isotropy mechanism.
&)
,‘)-; -
bLs Fig. 7 - Time evolution of the partition of kinetic energy among the

velocity components. t(u;)z/uz; U(ué)z/ug; O(us)zluz (U, =13.5 m/s &
- for III>0 and U_=21.5 m/s for III<0) ~A
< 2,2 2 -3 2 _-2 'tt‘
':*:: Fig. 8 - Time evolution °§ q°/q, andZII/IIO (g5 =44.5x10"" m s <; ,&2
‘ 11, =0.055 for III > O; g5 =7.8 x10"° m?s™2; 11, =0.0621 for III < O) f
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‘ 5. Consequences for Turbulence Modeling in the Physical Space

The evolution of homogeneous anisotropic turbulence in the
absence of a mean velocity gradient is a basic situation for modeling
workers because it is the simplest case in which the pressure strain
correlation terms are different from zero and the dissipation terms

- -

possibly not isotropic.
The major attempt to close in a rational way the equations gover-
ning the Reynolds stress tensor, and the dissipation, was proposed by

] ) - ZLF- ‘:
‘ LUMLEY and NEWMAN in 1977. First they wrote these equations as :‘5&
: follows : fogc:
i duiu. 15 u, Lu. 14
1] __Pp . . - . . Bk
- dt P (ulv] Y uJ ri) 2v ul rkuJ 'k (14) a CakR
. 1 T 2 - 2 -
" = {5 P (ui,j + uj,i) 2v ui,kuj,k + 3 edij] 3 eaij (15) et
l = -ce..-25%s.. and (16) .
-~ ij 3 ij o
¢ A
3 de _ _ 2v u, ,u,_ .u - 2%y u (17) # €;:f
lq' dt i’k k'j j'i i'kj i’kj ,‘--.*g:.fx
.' -2 e i
. = -y E— ALY
- q ‘.} :
“: —_— -\-‘_‘v'
p with ¢ = vu, ,u, . as usual. Then, they regarded these equations as Qf‘
N ’ ’ 4
' equations for °ij and y and assumed that oy and y can be approached ,.~i;g
— - . ot
? by functions of the present state defined by uiuj, € and v or bij' q, wﬁﬁi
ﬂ ¢ and v (and not by functionals of these arguments which would involve 'tf
« - .
Ce the history of bij' q2 and ¢). Finally, the use of invariant theory -§Kt
() SR Y
o2 permits them to obtain: 5
i ES
.:. = - H :-’ (S
2 ¢y5 = B(IT,III,Rep )b,y + v (II,III,Rep) (byyby 5= 55 6, 3) (19) 'PR:"
'r: and ‘ e -:i:
’ LRI N
(20) PO RN

v = v (II,III,Re;) . “ e RS
At that stage, modeling concerns the unknown functions g, y and

v. Use is made of realizability conditions (SCHUMANN, 1977) and ;%ﬁ X
of existing experimental data. Cumbersome expressions are sometimes ',b
elaborated and LUMLEY (1978) suggested simplifications with no apparent f?%,
loss of efficiency. jiﬁ
The simplification y = O and y independent of invariant III, ’Bfi
proves to be satisfactory for predicting experimental situations in AN
which the invariant III is negative (LUMLEY, 1978). We made, there- \
fore, numerical computations based on this simplification for both
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; a 005 010 015 (s) 020 K
i Fig. 10 - Comparison of the numerical predictions with the present e r
- experimental data [(---) model of Lumley; (—) model of Choil; sym-
B bols for experimental data are the same as in Fig. 7 - :.3‘_‘5
9 &1
: e
5 our situations. From figure 10 it is clear that the case of negative o
' invariant III is again well predicted, but that a too fast return to i
o isotropy is computed when invariant III is positive. In order to gain :-f-\-
p physical insight into the modeling, it is worth examining more closely S -
‘ what is implied by the assumption y = O, CHOI (1983) has shown ex- s
i plicitly that y = O implies, from equation (16), whatever the form —
b of 8, that: foNd
) ‘N
3 1_dIr _ _1 dIIr (21) Fo)
M 2IT dt ~ 3IIT 4t * NN
I" ’\
5.' or, after integration: "
¢
: 11'/2 = o|111'/3 (22) &iz
1 o
:: where o is a numerical factor (see appendix). By the way, we recall E:;
' that ¢ was simply chosen as a constant by ROTTA (1951). Now, it ‘
happens that expression (22) is necessarily satisfied by any axisym- e
} metric turbulence for which a is: (3/2)1/2(4/3)1/3, or more simply Y
g 6 1/6, a value which is also apparent from the plot of limiting values ;,:
. N
of the second and third invariants for turbulence (LUMLEY and NEWMAN, "
1977).
o Sty
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It is, therefore, most interesting to considerer experimental
situations for which the turbulence is not axisymmetric in order to
draw conclusions about the validity of the simplified model y = O.
This is done in Fig. 11l where 111/2 is plotted versus 1111/3 for the
few experiments available in the literature and also for the present
investigation. The main observation is that the plotted curves are not,
a priori, straight lines converging to the origin of the axes. More
precisely it seems, when invariant III is positive, that turbulence
evolves towards axisymmetry before returning to isotropy. When inva-
riant III is negative, the same phenomenon does not seem to occur, but
the data are scarce or exhibit a large scatter.

o Presents results IO<0 e Gence and Mathieu

and >0 ?Vﬁf

* Ticker_and Reynolds | g4 @ Choi
* L ]
> :
H
Rotta Lo
(¥=0) ° .‘:

O

axisymmetric
turbulence

Cambon 3
------ Bertoglio \ﬁ
-02 -0 0. 01 02
Fig. 11 - Evolution of II1/2 versus III1/3 for different experiments

of return towards isotropy in non-axisymmetric cases.
(---) Prediction of Bertoglio

(——) Prediction of Cambon (Private communication)

In his newly suggested model, CHOI (1983) takes into account this
evolution towards axisymmetry by setting y different from zero. The
non-linear terms in bij are therefore kept in ¢ij' Adjustment of
the dependance of y on the invariants II and III was then made, as
usual, from realizability conditions and with respect to experimental
results. Use of CHOI's model for the present investigation predicts
very well our data for positive invariant III (Fig. 10). This is a
valuable improvement of LUMLEY's work (1978). However, when the inva-
riant I1I is negative the superiority of CHOI's method over LUMLEY's
is not so clear. CHOI's method seems to give by its nature a slightly
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too fast return to axisymmetry which is not apparent in the experimen-
tal data.

Now, we can return to the efrfect on the Reynolds stress of the
slight mean velocity gradient which exists in the constant area duct
used to study the return to isotropy. We have measured 51'1 =0.17 s-1
for III positive and 51'1 =0.20 s_1 for III negative. Estimates of
the effect on EIES was made as follows. For the linear part of the
pressure-strain correlation terms, use was made of the model suggested
by LUMLEY (1979). For the non-linear part of the pressure-strain corre-
lation terms, use was made of LUMLEY's (1978) model in the case where
the invariant III is negative and of CHOI's (1983) model in the case
where the invariant 111 is positive. Comparisons of the computed values
of (ui’)2 (1=1,2,3), qzand I1 were made for the end of every duct
between the two cases 61'1 = 0 and 51_1 equal to the above values.

The respective variations obtained are 0.3 %, 3.3 %, 3 %, 2.4 %, 13 %
when invariant TII is negative and 0.7 %, 4.5 %, 2.6 %, 2.4 %, 4.8 %
when invariant III is positive.

6. Anisotropy of the Spectral Tensor

An insight into the physics involved by the sign of invariant III
can be gained from an inspection of what happens in the wave-number
space for the anisotropy of the spectral tensor wij(K,t). Of course,
measurements of wij(K,t) would be interesting but they are almost
beyond reach in non-isotropic turbulent fields for which all the com-
ponents of Rij(r,t), the two points space velocity correlation tensqr,
should be measured.

Help can fortunately come from modeling in spectral space, and
two methods are available for non-isotropic cases. The first one is
the apprcach of CAMBON, JEANDEL and MATHIEU (1981) where the equation
governing wij(x,t) is averaged over the sphere of radius K and the
closure made by an E.D.Q.N.M. technique. The second approach is due
to BERTOGLIO (1982) who retains wij(x,t) and models the three-di-
mensional transfer terms directly by an E.D.Q.N.M. assumption, and
who made recent improvements to his numerical procedure (3-D computa-
tions are now possible for every value of the wave number, BERTOGLIO,
private communication). The anisotropic spectrum wij(x,O) needed for
the initial condition was deduced by submitting the isotropic grid-
generated turbulence spectrum (COMTE-BELLOT and CORRSIN (1971)), to
the irrotational straining of the distorting ducts. These initial
data do not correspond exactly to those in the present experiments
(as already pointed out in section 2), but closely related trends can
be obtained since the turbulence Reynolds number differs only by a
factor of about two.
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As a preliminary check let us look at the results obtained after
an integration of wij(x,t) over the wave vector K, which gives qz(t)
and II(t). Their time evolutions are reported in Figs. 12 and 13 and

o~
j exhibit the same trend as the experimental findings, i.e., the slowest
i return to isotropy is when the invariant III is positive. From Fig. 12
) it can be seen that even TR > Tp (the curve of II is above the curve
~ of q2).
‘E The respective evolution of the invariants II and IIi/gan also be
" obtained. They are indicated in Fig. 1l under the form 11 versus
Y 1111/3. It is worth noting that the two ways of modeling non isotropic

turbulence in spectral space predict the experimental findings very
§ well, i.e. that turbulence evolves towards axisymmetry before its }i&
g return to isotropy when invariant III is positive, and does not do so _;rtgﬁ
‘F when this invariant is negative. ;?i;;%
] Now that these global checks have been done, we can focus our if‘ffn
': attention on the anisotropy of the spectral tensor wij(K,t) itself. Ju‘ivi
N This anisotropy can be considered along two complementary ways by ;%ﬁf
N taking advantage of the local coordinate system built on the wave Esg
b number K and two axes in the plane perpendicular to K (the usual ref- ?{T‘
3 erence system of spherical coordinates). For an incompressible fluid ;
:j the spectral tensor expressed in these new axes reduces to four non :
ig zero components ¢ij related to that plane (i and j = 1 or 2) with
w Hermitian symmetry. Imaginary parts of wij are zero (in usual tur-
2 16
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L Fig. 14 - In the plane normal to the wave vector K (also tangent to SR

3 the sphere of radius K =lIKl: a, b are the principals axes of ¢];; g

A ?é' Vh are segments pr?g?rt%onal to the pri?cipal va}ues of wij (for g;,E;E

isotropic turbulence y) = yy). (CRAYA, 1958; Bertoglio, 1982) ‘M"

5 KA
§ bulence there is no helicity), so that the principal axes and the v Ei;:

$; principal values of wij can be easily visualized in the plane normal gﬁ;

» to K, for each vector K (Fig. 14). ]A)

. For a given wave number modulus K, it is then of interest (i) to

Q determine if all the wave number directions are uniformly fed, as they

-j would be for isotropic turbulence, and (ii) to compare the two principal

i values of wij' which would be identical for isotropic turbulence.

. Figure 15 visualizes wij(K,O) at the begipning of the return th'

:j to isotropy when invariant III is positive, for a relatively small :

;; value of the wave number modulus (close to that at which the maximum

'; of the kinetic energy spectrum is located, K =0.3 cm-1) and for a R
' values 10 times larger (K = 3.47 em™'). For K = 0.3 cm” ! depleted PO
5 zones are clearly visible in the "artic" and "antartic" regions along !53

?j K5 on the left and right (large velocity components in direction 3 ;jq

:3 preclude wave-numbers in the same direction). The principal values ;;E
X! wé, wé are also very different, one being almost1zero. On the other ‘-1

2 hand, the spectral contributions at K = 3.67 cm are much more uni- e
:i formly distributed, as expected for small structures from the local }gj
i isotropy concept. | Ekﬁ
X Finally, let us try to relate the anisotropy of the spectral f'ﬁié

N tensor to the invariants II and III used in the physical space. i

:t General expression are probably beyond reach, but fortunately simple .tﬁg

:; relations can be obtained for axisymmetric turbulence : A

3 2 _1 (% 2 ‘
I1(t) = 3 7—2—2—{1 [(D.”(K,t) - wJ3(K,t)]dK} (23) 2
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\" 111(t) = 2 —1 {7 [0, (K (K t)]dK}3 ; :::::
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Fig. 15 - Visualization of the anisotropy of the spectiral tensor for
two values of K (time t =0)

. . = P I} 24
[“l“J‘t’ [ oy t)dK] (24)

where x; is the axis of symmetry. Then, it is clear that the quantity

BK,E) = |0gq(K,t) = g5 (K, ) [/%(E) (25)

is a spectral measure of the anisotropy and the sign of r; A(K,t)dK
is that of invariant III.
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The numerical results obtained by CAMBON's method for two turbu-
lence fields specifically generated by axisymmetric distorsions such
that invariants II are equal and invariants III are opposite, are indi-
cated in Fig. 16 for t =0 (end of the distortion and beginning of
the return to isotropy).
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Fig. 16 - Anisotropy distribu-
tion among wav e number modulus
(t =0)
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The areas under the two curves of Fig. 16 are almost the same.
The main result is therefore that the anisotropy is concentrated, in
structures which are larger for positive rather than for negative
invariant III. It is then tempting to conclude that these large and
energetic structures will need a relatively long time for their return

to isotropy.

7. Conclusions

In the present investigation we have tried to illustrate the
effect of unequal kinetic energy partition among the three fluctuating
velocity components, on the rate of return to isotropy of homogeneous
turbulence. This unequal partition of energy was particularly reflec-
ted in the third invariant, III, of the deviatoric tensor of the
Reynolds stress.

In the situation where one component only is very energetic
{(positive values of III), the return to isotropy was found to be slow
and possibly preceeded by an evolution towards axisymmetry for the
two small components. In the situation where two components are ini-
tially large (negative values of III), a case for which the energy was
already expected to be more uniformly distributed in the physical
space, the return to isotropy was indeed observed to be faster,
compared to the decay time, and with no visible tendency to axisymme-
try. For brievety, here, the limit between the fast and the slow rates
was located at III = 0, but, of course, a slightly different value is
certainly possible.

The third invariant is directly involved in the modeling of tur-
bulence in the physical space, along with several numerical factors
which have to fit experimental data. We therefore believe that atten-
tion has to be paid to the class of data to be taken into account,
according to the sign and value of their invariant III.

Turbulence modeling in wave number space seemed to work whatever
the sign of invariant III. The reason could be that one numerical fac~
tor only has to be adjusted and that this can be done by comparison
with theoretical models (test field) rather than with experimental
data. In the present investigation spectral modeling permitted us to
visualize the anisotropy of the spectral tensor which is beyond reach
in experiments.

The present work was limited to non~isotropic turbulence gene-
rated by irrotational strains. Other types of anisotropy would cer-
tainly be of interest as intermediate steps towards usual turbulent
shear flows in which invariant III can be expected to be positive,
since in most cases the longitudinal velocity component is the lar-
gest, by its direct gain of energy from the mean flow.
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and II1I when y =0

Appendix: Relation between II

From expression (1) and (16), and the definition of ¢, i.e.:

u.u. 6. .

4 _ a8y
at Pij T 3t ( 3
q
_ 1(- 2 - Yi%y 2¢
—--—2- eoi.+—3~e..)+ 2——
q J +J a® q¢°
- |
= - £ (¢,. - 2b..) .
7 (9
q j ij

Now, if vy =0 in expression (19), °ij reduces to:

so that:
d - - £ (g -
The time derivatives of II and III are then simply:
dI1 d -y _E
Ty Zbij 3t bij = =2 — (8 - 2)II and
q
diir _ d _ £
It 3bikbkj at bij = =3 ;7 (B - 2)111 ,
which gives,
1 411 _ 1 411l

211 dt =~ 3TITI dt ’
and hence:

11'/2 - a|111]1/3

where a is a numerical factor. This result holds whatever the depen-

dence of B on II, III and ReL.
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Random Incompressible Motion on Two and Three-Dimensional
Lattices and Its Application to the Walk on a Random Field

En Michael Karweit
N Department of Chemical Engineering, The Johns Hopkins University
> Baltimore, MD 21218, USA
B
f‘ 1. Introduction
" One of the more important features of turbulent flow is its
:-; ability to disperse contaminants. But, because the most convenient
:, way of describing the turbulent field is in terms of Eulerian or
':.. "laboratory"” coordinates, and particle dispersion is naturally

expressed in Lagrangian or "material" coordinates, dispersion is
Ky not well predicted guantitatively. The principal difficulty is that
; the two-point Eulerian statistics which characterize the velocity
::-: field do not admit to wunique two-point Lagrangian displacement
* statistics which describe particle dispersion.
- A way to gain insight into this problem is to work with a process
‘;.: which is conceptually simpler, and which exhibits some of the same
'.f difficulties. In this paper we take this approach and develop an
A analog to turbulent dispersion based on an extension to the principle
of the random walk.
" The classical random walk was first used by Einstein (1905)
_'_: as a means by which to understand the relatively simple problem of
::: brownian motion. 1In the random walk technique, hypothetical particles

are given randomly selected, discrete movements and the statistics w
3 of the motions of an ensemble of particles are accumulated. The ;\
.::: approach has since been used by others for more complex problems, . "\‘
4 e. g. Bugliarello and Jackson (1964) for laminar convective diffusion. % E&‘
Karweit and Corrsin(1972) expanded the idea of a random walk from 1&;’
4 "simple" to "compound" to simulate material line growth in turbulence.
:: However, such classical random walks are only peripherally related ;:'
:'.? to turbulent dispersion because particle movement is assigned to | t:,;’;\
the particle and no consideration is given to a field in which the i
” particle might be moving. 1In the classical scheme only statistics %
f- following the particle, i.e., Lagrangian statistics, are calculable. :
3 To more completely model turbulent dispersion, Lumley and Corrsin E"
N (1959) introduced the concept of a "walk on a random field". Here, r\...,,
s the motion of fluid parcels (or particles) is prescribed by random . L
f—: velocities attached to a field of lattice points in space rather o :f
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than to the particles themselves; and the movement of particles
proceeds from point to point as dictated by the velocity at the point

XL E LA

in the field where each is located. Both the Eulerian statistics
of the underlying velocity field and the Lagrangian statistics of
particle motion are obtainable. Patterson and Corrsin (1966) used
this idea to model the dispersion of particles moving on time-evolving,

A o o

one-dimensional, latticed, binary-velocity fields. Their experiments
considered dispersion on fields which had a variety of spatial and
temporal correlations. A fundamental 1limitation in their work,

Lo

however, is that one-dimensional, random velocity fields are

CR )

necessarily compressible; and consequently their results have marginal -

p’,

applicability to "real" turbulent dispersion.
The extension of those experiments to the more applicable case

of two and three space dimensions, however, proved to be difficult.

*
R

The problem lay in producing acceptable fields. What is needed for
two dimensions are fields which are random, bi-directional-binary,

and incompressible; and they must have some "persistence" in both

e

space and time, i.e., correlation. (Our definition of

“bi~directional-binary” is +1 or -1 in the direction of either of

the two coordinates). Further, their properties should Dbe

*
",

statistically homogeneous and "isotropic". Patterson (1958) derived e

e »
v

" the equations of constraint for incompressibility, but did not develop
,} an algorithm for producing satisfactory fields. It has been only
-~ recently that Karweit (1984) was able to demonstrate a possible method
for generating acceptable fields. In that work he also used those
fields to carry out several dispersion experiments.

A geometric portrayal of these latticed fields is given in Figure L
1. Here we show an example of a two-dimensional, bi-directional-binary '21?
random velocity field--in this case a Markovian one, i.e., one having
no spatial correlation.
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- It is this class of random fields and walks on these random
e fields that we explore in this paper. Partially replicating the ,
- experiments of Karweit (1984), we generate correlated two-dimensional, bf
bi-directional-binary fields, (from here on referred to simply as
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discrete fields) and investigate some of their unique properties.
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Although we demonstrate the extension of our procedures to

',
»

“w)
three-dimensional, tri-directional-binary ones, our principal treatment ;“i:
will be for the two-dimensional case. We show the results of several

P

N

rumerical dispersion experiments. These experiments consist of
following the trajectories of fluid parcels whose motions are
prescribed by the discrete fields. We calculate Eulerian statistics
of the fields; and by accumulating the details of the particle
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trajectories over an ensemble of realizations, we produce dispersion
statistics for the particles. The relation between the field

statistics and the dispersion statistics are presented. Also, we
compare these statistics from experiments made on discrete fields
to those obtained from analogous experiments performed on continuous,
two-dimensional, incompressible fields.

2. Description and Generation of Discrete Fields

A discrete field consists of a two-dimensional, square lattice
of bi-directional-binary velocity vectors. The vectors can take
on only one of four values: +1 or -1 in the x-direction, or +1 or
-1 in the y-direction. Thus a velocity vector always points to one
of the four adjacent lattice points(nodes). A field is incompressible
if at every node exactly one vector is leaving and one vector (from
another node) is entering. We disallow an exchange of exit(entry)
vectors between two nodes. So, in a unit of time a parcel of fluid
leaves every point in the lattice, and a different parcel of fluid
enters every point from an adjacent node.

As indicated above, we are interested in producing not just
arbitrary discrete fields but discrete fields which are statistically
homogeneous and "isotropic", and have particular spatio-temporal
characteristics, e.g., specified spatial and temporal correlations.
Earlier attempts to produce such fields by Patterson(1958) and later
by Maxey(1979) focused on generating incompressible discrete fields-~-
constrained fields--in terms of preassigned unconstrained fields.
Their algorithms were designed to translate the easily-generated
unconstrained fields into correct incompressible fields. Their method
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Figure 2. Notation for describing the velocity
at lattice node (i,j). Values for the two ordered
pairs of binary variables [A,B] and [G,H] define
the directions for the entry and exit vectors,
respectively. Lattice nodes from (to) which entry
(exit) vectors point are also given.

was successful in that correct incompressible fields could be produced,
but the fields thus produced were spatially biased, and hence not
acceptable. 1In this paper we proceed somewhat differently and manage
to overcome the difficulty.

Consider the notation presented in Figure 2 for describing the
entry and exit vectors at a point. (G,H](i,j) identifies the exit
vector at the point (i,j) and (A,B](i,]j) identifies the entry vector
at (i,j)--A, B, G, H are all binary variables with permissible values
of zero or one. The two vectors taken together comprise what we
will call the flow vector [G,H,A,B](i,]). This vector completely
specifies the flow through node (i,j). It is with this flow vector
that we will develop a procedure for producing incompressible discrete
fields.

Provided all four variables A, B, G, H are defined at every
point in the lattice, incompressibility is automatically satisfied,
i.e., there is exactly one entry and one exit vector passing through
the point. The constraint of not allowing an exchange of exit(entry)
vectors between two nodes is satisfied provided [G,H](i,j) £
(A,B](i,j). The complication is that one cannot arbitrarily specify
four values at a given point, because entrylexit) vectors attached
to one node are exit(entry) vectors for an adjacent node. Denoting
the conjugate of a binary variable, say G, as G' =1 + G (mod 2),
we can list the consistency relations between nodes for the exit
vector (G,H](i,j) in terms of the algebraic relations:

G'H'(i,3) = AB  (i+1,3)
GH' (i,j) = A'B (i, j+1)
GH (i,j) = A'B'(i-1,3)
G'H (i,j) = AB' (i,j-1).
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An analogous set of consistency relations also exists for the entry
vector [A,B])(i,j}). Thus for every entryl(exit) vector explicitly
Q assign to one node, we implicitly assign an exit(entry) vector at

C m——— ————

an adjacent node. '

We now describe a procedure for systematically defining the
complete flow vector [G,H,A,B]J(i,j) which is consistent with flow
vectors at adjacent nodes. Suppose that one is allowed to prescribe
explicitly exit(entry) elements of the flow vector at a point with
the restriction that H (or B) can be assigned only the value "0".
G( or A) can take on either of the permissible values. This
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corresponds to defining an exit(entry) vector pointing toward(away
from) nodes (i,j+l) or (i+l,3j). (See Figure 2.) Such an assignment
implicitly dQefines an entry(exit) vector in the flow vector of an
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adjacent node as follows:
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(G,H,A,B] [G,H,A,B]

.,; s
ﬁ

a) fr,0, , 1(i,3) =10 , ,0,1](i,j+1)
b) fo,0, , 1(i,3) =1, ,1,1}(i+1,3)
c) {, .1,01(i,3) = [0,1, , J(i,j+1)
d) [ , .,0,0)(i,3) = [1,1, , )(i+l,3).
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Note that, although H and B can be prescribed explicitly as only
"0", they carry the value "1" as elements in the flow vector of the

b led  APEADEASNY AR

adjacent nodes. Each of these four possible assignments a) -~

r

is permissible provided that the corresponding elements of the Jicw
vector in the specified adjacent node have not been previously

A A

assigned. For example, were elements A and B at node (i,j+l) defined

A

by a previous assignment (not necessarily related to node (i,j)),
then alternative a) would not be permitted.

The procedure begins at node (0,0). Since we would like to
minimize edge effects in producing our finite, discrete fields we
must assume some "previous" exit(entry vector(s) as partially defining
the four elements of the flow vector at (0,0). Then we proceed to

SRR ' | M)

complete the flow vector with alternatives corresponding to a) --
d). If we continue to nodes (0,1) and (1,0), and then to nodes (0,2),
(1,1), and (2,0), and so on, along diagonals from (0,k) to (k,0),

i,

an incompressible field will be produced a diagonal at a time. Only

....
c ol
B Ve i i A

the first node along any diagonal (0,k) requires an assumption of
"previous" assignments from hypothetical nodes outside the finite
field. As the flow vector for each node is defined, the implied .p{f

k! 29

7
.3 G,H,A,B values for the flow vector at the relevant adjacent node
o is also assigned. Then, when the flow vector of that node is to
N

be specified, it will already contain some assigned elements
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Figure 3. Constructing a discrete field. Panels
(a), {b), and (c) 1illustrate the successive
completing of flow vectors at nodes (0,0), (0,1),
and (1,0), respectively. Both entry and exit
vectors are shown. Dotted vectors are constraints
for nodes not yet addressed. (d) shows the results
after operating on the next diagonal, (0,2), (1,1),
and (2,0).

corresponding to portions of the flow vector defined earlier at an
adjacent node. Figure 3 illustrates several steps in this process.

As one moves from node to node along a diagonal completing flow
vectors, depending on previous assignments, there will be 0 to 4
remaining alternatives. It is through these remaining alternatives
that the spatial characteristics of the discrete field can be dictated.

Note: <either a complete field of exit vectors [G,H](i,j) or
a complete field of entry vectors [A,B](i,j) is sufficient to fully
describe the discrete velocity field, so our using both the entry
and exit information is redundant. However, this redundancy permits
us to describe the complete flow through a node in terms of information
at that node.

3. Production of Markovian and Correlated Discrete Fields

Our main objective is to produce a discrete analog to
twodimensional turbulent flow. Assuming that time as well as space
is defined in discrete units, we can emulate a time-dependent velocity
field as a sequence of latticed fields, whose change from timestep
to timestep is characterized by temporal correlation.

In the last section we discussed a process by which discrete
fields might be generated. We noted that particular spatial or
temporal properties could be incorporated into the fields through
the assignment of elements of the flow vector at each point. In
this section we describe the production of discrete, time-evolving
fields on which our random walk experiments will be based. 1In each
case we produce an ensemble of 64 realizations of sequences of fields,
each sequence consisting of 15 discrete fields (timesteps), each
field in the sequence being generated on a 32 x 32 lattice.
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Two classes of sequences are produced: one, Markovian--kaving
neither spatial nor temporal persistence; the other, "correlated"--
having both spatial and temporal persistence. The spatial properties
of these two classes will be characterized in terms of the
Karman-Howarth longitudinal and lateral velocity correlation functions
f(r) and g(r) [see e.g., Hinze (1975)]. Purely temporal properties
will be given in terms of Rg ( T )--the Eulerian temporal correlation
function. "r" and T are separations in space and time and do not
depend on absolute pcsition or time. Note that r and T can take
on only discrete values corresponding to gridspacing and timestepping.
Further, f(r) and g(r) are definable only aléng the two axis
directions. Use of these functions requires that the considered
fields be statistically homogeneous and "“isotropic" in space and
statistically stationary in time. Consequently, we restrict our
attention to fields having these attributes. 0f the two classes,
the "correlated"” sequences are, of course, more relevant to turbulent
dispersion. However, we treat Markovian fields as a basis for
comparison. We begin with a discussion of the Markovian fields.

Markovian fields are produced with our algorithm by configuring
the flow vector at each point with randomly selected elements,
i.e.,randomly selected vector alternatives a) -- d), as described
in the last section. We discovered it necessary to assign slightly
non-equal probabilities to these alternatives to compensate for a
directional preference of the procedure. But the ensembles of fields
thus produced were found to be empirically homogeneous and "isotropic".
Even a Karman-Howarth-like two-point velocity statistic designed
to test the diagonal directions yielded no irregularities. Potential
"edge"” effects--associated with having to preassign some elements
of the flow vector at the leftmost column of lattice points--were
minimized by creating 34 x 34 discrete fields and discarding the
two lower and leftmost rows to yield the final 32 x 32 fields. Refer
again to Figure 1 for a typical field.

The production of correlated discrete fields is more complex,
because correlation must be introduced both in space and time.
Patterson and Corrsin (1966), working with one-dimensional,
time-dependent discrete fields, introduced correlation by smoothing
Markovian fields with various low-pass filters. But their fields
were compressible. With two space dimensions and the constraint of
incompressibility, their technique does not ensure that an

initially-incompressible field remains so after filtering. So we

require a different scheme.
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In our algorithm, proper definition of the elements of the flow
vector at each point in the field automatically generates correct
incompressible fields. To introduce correlation, we use "preferred"
flow directions at each point in space and time rather than randomly-
selected flow directions as in the Markovian fields. We begin by
defining a field of "preferred” directions which contains the desired
space and time correlations. Then we proceed with the algorithm
to generate the discrete field, using the preferred directions as
much as possible to determine the flow vectors. The extent to which
the ‘"preferred" directions are admissable as flow vectors is the
degree to which the discrete field matches the field of preferred
directions and exhibits the same correlation properties.

The field of "preferred directions" is the mechanism by which
correlation is introduced into the discrete fields and may be generated
in any one of a number of ways. Directions may be continuously
variable and incompressibility need not be satisfied. For example,
spatial and temporal smoothing of a perfectly random field will yield
a satisfactory preferred field.

In this work we attempt to produce correlated, discrete fields
which are suggestive of "real" flows. So, our "preferred" fields
are derived from the Euler (inviscid Navier-Stokes) equations. We
define initial two-dimensional velocity fields in terms of Fourier
modes and integrate the Fourier form of the equations over time,
throwing out the higher order modes introduced by the non-linear
terms. (This simplification was first used by Lorenz (1960) and
by Kraichnan (1963) to study interactions between velocity
wavevectors). We 1limit the complexity of our fields to six
band~-limited velocity wavevectors kj,. . .,kg: ki, . . .,kg are
chosen randomly, and kg = -kj -ky and kg = -k3j -k4 to produce "triad
interaction". All velocity amplitudes and wavevector phases are
chosen randomly. Results are then interpreted on a square lattice to
yield the "preferred" fields mentioned above. In producing the
discrete fields from the Euler fields only the velocity direction
is considered; velocity amplitude is ignored. (Hereafter, we will
refer to the Euler fields as "continuous" fields.) An example of
a continuous field and the resulting discrete field is given in Figure
4. The fields at two points in time are shown. Compare the spatial
persistence of these correlated discrete fields with that of the
Markovian discrete field in Figure 1.
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Figure 4. A continuous field at two different

= times; and the corresponding discrete field.
B

'.23 4. Statistics of the Fields

_‘ Based on the exit vectors for the discrete fields and the complete

}] velocity vectors for the continuous fields, we calculate the

; correlations f(r), g(r), and Rg (T) for all of our ensembles.

ﬂ The Markovian fields exhibit some characteristics unique to

] incompressible discrete fields. For example, the longitudinal

s correlation function f(r) is not zero for all r#0. Refer to Figure

.- S. Rather, it oscillates between zero and a positive envelop which

:é decreases with r. This result is a manifestation of incompressibility. E'

Wy Consider the calculation of f(1) = <u(i,j)u(i+l,j)> where < > denotes N

3 ensemble averaging over all realizations and all i and j, and u is
‘3 the velocity in the i (or X) direction. Let the velocity at a node
;% (i,J) be defined solely in terms of its exit vector. Then node (i,3)

J: has only two permissible values of u: +1 , corresponding to an exit

vector pointing to node (i+l,j), and -1, corresponding to an exit

E; vector pointing to node (i-1,j). For two adjacent nodes (i,j) and ;:::
uﬁ (i+1,j) there are two ways that the u's can be positively correlated: &if
:: u(i,j) = u(i+l,j) = 1, and u(i,j) = u(i+l,j) = -1. However, there :ﬁ
;‘ is only one way that the u's can be negatively correlated: uf(i,j) i"
2 30
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. = =1, u(i+l,j) = 1. The only other possibility, u(i,j) = 1 and ‘ ﬁ:
::f u(i+l,j) = -1, is precluded by the constraint of incompressibility. ::t\
‘: Thus, in calculating f(l1), on the average there will be twice as .-::,‘;:
- many +1 contributions to the «correlation as there will be -1 NN

contributions; and the expected value of f(l) is positive, not zero

P
: Ii’i %

::: as might be anticipated from a Markovian field. Carrying this analysis &:tt
= to larger r's confirms the oscillatory behavior of f(r) for these fr:.:::
y discrete, "uncorrelated" fields. An analogous oscillatory result r:..::

is obtained for the lateral velocity correlation g(r), as well. Note
Ej: that these results are only semi-quantitative; because we consider ::-‘_:.{
:;: just the involved nodes and not the potential constraints due to Z{:’_a
7 surrounding nodes. ,:::C{:
' Spatial correlations for the correlated fields are shown in PN

Figure 6. Curves for both the discrete and continuous cases are E

given. First, note that the oscillatory behavior of the correlations

for the discrete fields is retained as in the Markovian case. Second,

“ a substantial degradation of correlation between the continuous and .:-j"-j
. discrete fields exists. Since the discrete fields were derived from %
N the continuous ones, we might expect that the spatial correlations :’_::-.::
;-. would be similar. But on reflection, we find that the smaller ‘:_-.‘,'
": correlation extent for the discrete fields is not so surprising. C:f.
A "preferred" velocity at a lattice point in a discrete field
i', is produced from the velocity at the same point in the continuous :::_\'j
:E: field. But virtually none of these 1lies along one of the four ’i._-:
:_ permitted directions. So a decision must be made as to how the t%
preferred velocity should be assigned. A deterministic assignment e
- e
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Fiqure 6. Longitudinal and

lateral velocity correlation
Discrete Fields functions f(r) and g(r) for

discrete rorrelated fields
Continuous Fields and their continuous counter-
parts; r is in mesh lengths;
results based on 64 realiza-
Continuous Fields tions over 15 timesteps.

Discrete Fialds

12.90 15.00 19.00

based on closest permitted direction yields discrete fields whose

streamlines are relatively unrelated to those in the continuous fields.

A probabilistic assignment weighted by closest permitted direction
yields fields whose streamlines are more commensurate with the
continuous case, but whose spatial correlations are degraded.

To illustrate the effect of these two methods for selecting
a preferred direction, consider a continuous velocity field consisting
of uniform flow in a direction of 43 degrees with respect to the
x-axis. A deterministic assignment would produce a discrete velocity
field uniform along the =x-axis-~the closest permitted direction.
A probabilistic assignment, on the other hand, would produce a random
zig-zag flow whose average orientation would be 43 degrees. The
spatial correlation of the former is unity--the same as the continuous
field; but the correlation of the latter is substantially less. Since
one of our goals is to explore particle dispersion, and particle
dispersion is most influenced by streamline geometry we choose the
latter method to generate the discrete fields.

Figure 7 shows Rg ( T ) for the continuous and correlated discrete
fields. Again, the correlation for the discrete fields is smaller,
because from timestep to timestep the discrete fields are manufactured
probabilistically from the continuous ones. Rg (T ) for the Markovian
fields is not shown, but of course is zero for T # 0, because
sequential fields are produced entirely independently.

An incompressible, bi-directional-binary, latticed field is
simply an analogy to a "real" field. Here we would like to carry
that analogy further to include the concepts of vorticity and strain
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E rate. They are traditionally defined as
i - du _ av
» vorticity:  § 3y ~ x
 § strain rate: 3(%% + %%)
3 To implement these definitions for discrete fields we define non-binary
. velocities u and v in terms of the flow vector [G,H,A,B], where u
;j = G'H' - GH - A'B' + AB and v = GH' -~ G'H - AB' + A'B. The velocities
'f u and v can take on values from -2 to 2 in unit increments. Vorticity
-, and strain rate are most conveniently evaluated not at the
o already-existing lattice points, but rather at pseudo-lattice points
5 centered in each grid-square of the field. Then partial spatial
tj derivatives may be calculated based on nearest-neighbor velocity
-;j differences, e.g., du/ 3y = [u(i+l,j+l)+u(i,j+l)-u(i+l,j)-ul(i,j)l/2
. With these definitions we can compare the nature of the Markovian
42‘ and correlated discrete fields with respect to vorticity and strain o
- rate. Figures 8 and 9 show the distributions of values. Not s :3;
': surprisingly, the correlated fields are characterized by lower strain ﬂ_:§$
Y rate and vorticity indicated by smaller tails and a larger central i’-‘ﬂﬁ
. peak in the distributions. But, unlike their quantification in if+;;«
ﬁ continuous fields, vorticity and strain rate here depend on a fixed ii;
'; length scale--the mesh size, and constant magnitude velocities--one. {;&

An interesting feature of discrete fields is that they admit
to characterization in ways that are not possible with conventional
fields: for example, in terms of distribution of streamline lengths.

ﬁ':l
e

] L5 F :.ﬂk
,3 Streamlines on latticed fields are unambiguously defined along flow &3{
fﬁ vectors from node to node and fill the lattice. There are a countable ﬁi:;
number of them with integer lengths. With finite lattices a streamline . tqi
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Figure 9. Frequency distribution of strain rate
and vorticity values in discrete correlated fields.

must either close upon itself (a closed loop) or enter and leave
the domain as an open path. PFigures 10 and 11 show the relative
occurrence of streamlines by streamline length for Markovian and
correlated discrete fields. Both closed loops and open paths are
presented.

These results are difficult to interpret quantitatively because
the distributions are strongly influenced by the boundaries of the
finite fields, i.e., an open path may have become a closed path were
the field slightly larger. However, we can make some qualitative
comments. Markovian fields yield a higher incidence of short
paths--especially of the shortest <closed path, length four.
Conversely, correlated fields typically produced 1longer paths. (The
longest was 196 1lattice 1lengths!) Note also that the ratio of
occurrences between closed and open paths differs significantly between
the two cases. Because of spatial scale differences, there is much
more of an opportunity for a streamline in a Markovian field to
complete its loop within the extent of the finite field than there
is for a streamline in a correlated field.
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5. Statistics of Particle Dispersion

n,a
pe il

P e

We now address particle dispersion. On each of our 64 sets

we identify fluid
2, and 4 mesh lengths. Each
according to the at its
location prescribed by the sequence of time-evolving
Through 15 timesteps we follow the motions of these particles
record their the
single particle dispersion
<p2 (t)>% and r.m.s. two-particle relative dispersion <Df_el (t)>%,

of initial fields, both continuous and discrete,

parcels at relative separations of 1,
parcel (particle) then

moves velocity

instantaneous
fields.

and successive positions.

realizations we thus can calculate r.m.s.
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) Although the principal focus here is on dispersion in
incompressible, latticed fields, it is interesting to compare results
with comparable continuous fields; especially since it is from
i continuous fields that our discrete fields are derived. The most
appropriate comparison of dispersion would be on fields whose
statistics were nearly the same. But, as described in the last section,
our discrete fields are not really comparable to their parent
continuous ones, especially with respect to integral space and time
scales. Jin (1984) is carrying out dispersion experiments on more
closely related fields, but the discrete fields he uses are not

WM

directly produced from his continuous ones.
Figure 12 presents r.m.s. single-particle dispersion for four
cases of particle motion: classical random walk, walks on discrete

-'nal‘..l

Markovian fields, walks on discrete correlated fields, and movement
on continuous fields. The particle "walks" by definition have a
velocity scale of unity. To obtain a rudimentary level of comparison
for particle m~tion on the continuous fields, particles were followed
not on the original continuous fields, but rather on those fields
rescaled to have r.m.s. velocities of one. Thus, as seen in Figure
;2 12, all four cases yield an average dispersion of one after one

* P

timestep.

Taylor (1921) deduced asymptotic dispersion statistics for
homogeneous turbulent fields: for small t, <p2 (t)>¥ is proportional
to t; for large t, <D2 (t)>% is proportional to t¥ with a coefficient

"y

! .-. '.' '- .. “

depending on the Lagrangian autocorrelation function. Our dispersion
L3
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Fiqure 12, R.m.s. single-particle dispersion
<D (t)>¥ for four cases: classical random walk,
walks on discrete Markovian fields, walks on
discrete correlated fields, and movements on related
continuous fields; dispersion in mesh 1lengths
and t in timesteps.
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curves for the correlated discrete fields exhibit that form. Initially
<D2 (t)>% increases linearly with t, and then slows toward the expected
t% limit. Dispersion on the continuous fields proceeds in a similar
manner, but takes more time to reach the asymptotic regime because

_of the continuous fields' larger time scale. Consequently, dispersion

is greater for the continuous case. Dispersions for the Markovian
fields and the random walk are identical. Because there is no temporal
persistence in the Markovian fields, single-particle dispersion
coincides with that of a random walk. [Einstein (1905) showed that
a random walk also disperses particles at an r.m.s. rate of t% for
large t.]

Twice differentiating the dispersion curves for the correlated
discrete and continuous cases would give the respective Lagrangian
autocorrelation functions [Taylor (1921)]. But since our results
are based on so few realizations we do not perform these calculations.

In contrast, relative dispersion of two particles separated
initially by a finite distance is much more dependent on the spatial
properties of the fields. Figure 13 gives relative dispersion results
for pairs of particles separated initially by 1, 2, and 4 mesh lengths
on continuous and correlated discrete fields. For the first timestep
the statistics of relative particle motion are dependent on only
the Eulerian velocity correlations f(r) and g(r). But, for later
timesteps the statistics depend on a non-stationary Lagrangian
autocorrelation function [Corrsin (1962)]. [See also Brier (1950)
for a treatment of relative dispersion in terms of a sequence of
single, discrete timesteps.]

1 — Discrelte Fields

........ Continuous Fiaelds

-
P
-
-
-

.90 2.0 4.0 s.00 t.n 13.00 12.00 14.08  18.00

Figure 13. R.m.s. relative dispersion <D2 (t)>%
between two particles on discrete correlated fields
and their continuous counterparts; dispersion
in mesh lengths and t in timesteps. Initial
separations are given by t=0.
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In the continuous fields for small ¢t, <Diel (t)>% grows linearly

with t with a coefficient proportional to [l1-f(rg)], where rg is
the initial separation. At long times (and at large separations)
the particles move independently, and relative dispersion reduces
to Y2 times the single particle dispersion rate [Corrsin (1962)].
Relative dispersion on discrete fields behaves differently and
demonstrates the unique properties of latticed, incompressible, binary
velocity fields. Whereas particles on continuous fields move with
variable speed and direction, particles on discrete fields move with
unit speed and only orthogonal directions. The solid curves in Figure
13 shows relative dispersion on discrete fields. At small times
the rate of relative dispersion is greatest for small initial
separations and least for large initial separations--contrary to
the continuous case. (This phenomenon does not extrapolate to zero
separation where, of course, the particles will always move together.)
The result can be explained as follows. When particles are close
together, say one mesh length, and must move only along lines of
the grid, any relative movement will increase their separation to
at least V5 mesh lengths. Incompressibility precludes their approaching
one another; geometry defines the minimum change in separation. At
larger initial separation distances, however, particles can approach
one another; in these cases the geometry admits to lesser changes
in separation. These dispersion characteristics cannot be inferred
directly from the Eulerian spatial correlations f(r) and g(r) as
was the case with the continuous fields. Consequently we find that
an additional factor plays a role in dispersion on discrete fields--
at least for small separations. Once particles are far enough apart,
their dispersion characteristics are at least qualitatively similar

to those on continuous fields.

6. Extending the Work to Three-Dimensional Discrete Fields

Two dimensional discrete fields are relatively easy to display,
relatively inexpensive to generate, and relatively convenient to

experiment with. However, the applicability of two-dimensional
velocity f{ields to real flows (let alone the applicability of discrete
two-dimensional velocity fields) is tenuous. Insofar as turbulence

is a fully three-dimensional process, a more appropriate analogy
is obtained in three dimensions. Further, some of the idiosyncracies
found in the present discrete fields may be reduced when working
with the three-dimensional case.
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,/”i. Figure 14. Example of a three-dimensional discrete
g Markovian velocity field. Lattice planes are
offset for clarity.

As a prelude to future work, we demonstrate the potential
extension of our current work to three dimensions with Figure 14,

a portrayal of a 6 x 6 x 6 discrete Markovian field.

7. Conclusions

This work represents a first attempt at using discrete fields
as a research tool for turbulent dispersion. Working with a wider
range of Eulerian space and time scales, estimating additional
Lagrangian properties of particle motion, and, of course, expanding
to the three-dimensional case are obvious extensions of this work.

Possibly basic to this research is the study of the mathematical
properties of discrete fields. Currently, we cannot fully separate
the properties of the flow and particle dispersion from the
idiosyncracies of the 1latticed velocity fields. The relationship
between a "walk on a random field" and a random walk needs
study--especially with respect to the constraint of incompressibility.
Treating long-chain polymers as 1linked particles moving on discrete
fields might be a non-turbulent application.

The author wishes to thank S. Corrsin for suggestions, to thank
G. Jin for considerable assistance in developing this work; and to
acknowledge the Society for Statistical Geometry.

This work was supported by the National Science Foundation,
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Transition and Turbulence in Fluid Flows and
Low-Dimensional Chaos

K.R. Sreenivasan

Department of Mechanical Engineering, Yale University
New Haven, CT 06520, USA

Recent studies of the dynamics of low-dimensional nonlinear systems with chaotic
solutions have produced very interesting and profound results with several implica-
tions in many disciplines dealing with nonlinear equations. However, the interest of
fluid dynamicists in these studies stems primarily from the expectation that they
will help us understand better the onset as well as dynamics of turbulence in fluid
flows. At this time, much of this expectation remains untested, especially in 'open'
or unconfined fluid flows. This work is aimed at filling some of this gap.
Measurements made in the wake of a circular cylinder, chiefly in the Reynolds

number range of about 30—10“, have been analyzed to show aspects of similarity with
low-dimensional chaotic dynamical systems. In particular, it is shown that the ini-

}- '.."?’u s

tial stages of transition to turbulence are characterized by narrow windows of chaos

interspersed between regions of order. The route to the first appearance of chaos

Es is much like that envisaged by Ruelle & Takens; with further increase in Reynolds

;: number, chaos disappears and a return to three-frequency quasiperiodicity occurs.

A This is followed in turn by the reappearance of chaos, a return to four-frequency

i quasiperiodicity, reappearance of chaos yet again, and so on. We have observed sev-
;: eral alternations between order and chaos below a Reynolds number of about 200, and
is suspect that many more exist even in the higher Reynolds number region. Each window
A

of chaos 1s associated with a near-discontinuity in the vortex shedding frequency

hl

and the rotation number, as well as a dip in the amplitude of the vortex shedding

mode. It is further shown that the dimension of the attractor constructed using time

e

L f
-

delays from the measured velocity signals is truly representative of the number of

T
»

degrees of freedom in the ordered states interspersed between windows of chaos; it is

fractional within the windows of chaos, and is higher than those in the neighbouring

<SERFCS

regions of order. Our measurements suggest that the dimension is no more than about

it

a 20 even at a moderately high Reynolds number of 10*, and that it probably settles

v

) down at about that value.

X 1. Introduction

» .

a a. General remarks

',

q The principal parameter of incompressible viscous flows, in situations free of

i body forces, i{s the Reynolds number, Re. Observations show that for given (fixed or

< time-independent) boundary conditions (and external forces if applicable), the flow ';:_;
: i
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is unique and steady for Re < Recr, where ReCr is a certain critical value of Re;
this is the steady laminar motion. As Re increases, the fluid motion may first be-
come periodic, quasiperiodic, and 'eventually' chaotic. (Chaos is defined better in
section 3 and in the appendix, but we shall also loosely use the word to designate

a state in which the details of motion are not reproducible.) Tk ' rhaotic state is
not necessarily turbulence as generally understood — and we shall discuss this short-
ly — but it is believed that one attains the turbulent state if the Reynolds number
is taken to a sufficiently high value. The goal of the stability theory is to under-
stand how the evolution from the laminar to the turbulent state occurs, while tur-
bulence theories aim at unearthing and predicting the mysteries of the /fully) tur-
bulent state itself.

It is generally believed that the key to both these problems lies in the Navier-

Stokes (NS) equations, and that no additional hypotheses of fundamental nature are &tﬁ:
required for describing either the onset of turbulence or its dynamics. Much effort oy
has thus been spent on mastering the NS equations. However, the difficulties, both E:i

analytical and computational (at high enough Reynolds numbers), remain intimidating. %2-7

In the recent past, claims have been made that autonomous dynamical systems

with small number of degrees of freedom, typified by

:ﬁ.'
db, s
el f(bi; ei), (1.1) lé“il'k
where the bi characterize the state of the system (the so-called 'state variables'), ‘; Qiitz
i is a small integer, and €, are the so-called control parameters (analogous to Re Eﬁ%;
in the NS equations), help us towards attaining both the goals mentioned above. It tfp?
is to a discussion of aspects of these claims, via an example of fluid flow behind j%g
circular cylinders, that this paper is devoted. LAY
SE
b. Remarks on degrees of freedom, genericity, and spatial chaos ti::

Several questions arise immediately. One natural question concerns the rele- )
vance to fluid flows of low-dimensional dynamical systems. To give some meaning to ,i!F
the concept of degrees of freedom in fluid flows, let us approximate the velocity ;:;
vector uj appearing in the NS equations as ;fy;tSi
5= aj(lg;c)e“f"f G = 1,2,3), (1.2) N
k
where the wave number vector k is an element of a discrete (finite or infinite) set. -V'Enﬁk
The NS equations can then be written formally as ﬂ;ﬁ;
da, (k;t o
-L;;-: = F(a;; Re), 1 = 1,2,....N (large). (1.3) P

The number of the coefficients ay which, for given boundary conditions for the fluid
flow, are capable of variation in time can now be called the degrees of freedom of
the fluid flow governed by the NS equations (to within the approximation implied in
(1.2) and (1.3)). Since the laminar flow is uniquely specified by the boundary

(and external force) conditions, this number is zero. If Re increases just past
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Recr’ only a few degrees of freedom are excited, and hence it appears that, at least 'f%qg
in the positive neighbourhood of Recr (to be called transcritical region henceforth), V"ﬁi&’
consideration of these few degrees of freedom is adequate. ) igﬁ%
An interesting hypothesis (which we shall examine in this paper) is that the .;Tili
number of degrees of freedom (not necessarily in the sense described above) remains  t;$Rv
small even in (certain type of) high Reynolds number turbulence. 5; S
Assuming that the number of degrees of freedom excited in the tramscritical re-~ ‘5-3°§

gion is indeed small, we must ask whether the behavior in this transcritical region - ?ﬂﬂf
does not depend on the broad nature of the right hand side of equations (1.1) and t:ii
(1.3). The most often cited justification for the belief that this dependence is in ‘&E:ﬁ

some sense of secondary importance comes from the work of Ruelle & Takens [1] and

3,
e
A TN
%

b

Newhouse, Ruelle & Takens [2] which indicates that chaos sets in abruptly following

a few Hopf bifurcations, and that this behavior is 'generic' or 'typical’'.

RS

The words 'generic' and 'genericity' find their frequent use in the literature " :

‘e o, P
on dynamical systems, and so, it is perhaps useful to discuss the concept briefly. :::{'
‘ﬁ‘

.
£

Ruelle & Takens make this concept quite specific for the vector fields they were
considering, but we shall be content with a rather loose qualitative description.
Consider as an example, a class of functions possessing continuous derivatives up to
a certain order, and satisfying differential equations of the type (1.1). Proper-
ties of this class of functions which are the rule and not the exception, and which

do not depend on the precise nature of the right hand side of (1.1), are called ge-

neric. The conclusions of Ruelle & Takens strictly hold for an idealized mathemat-
ical system, and whether the concept of genericity is powerful enough to embrace fluid
systems is not clear. One should attempt to answer this question by looking at the
specific form of F in (1.3) and/or by observing the actual bifurcations in experi-
ments on laminar-turbulent transition.

Even if the concept of genericity does hold for fluid flows, it is not obvious
that interesting nongeneric phenomena do not occur. To make this notion specific,

let us consider the following rather far-fetched example. Suppose we link (as in our

example above) genericity to the existence of velocity fields possessing continuous
derivatives of a certain order. Those generic properties may be irrelevant to a turb-

L]
. )
ulent boundary layer since one cannot exclude the possibility that at some moment «3-?-:-

during bursting near the wall (a key event sustaining turbulence production) this ‘ﬁ’gfﬁi
smoothness condition is destroyed in spite of viscosity. It is therefore sensible to B g&?
keep in mind that nongeneric behavior is neither uninteresting nor unlikely, espe- 'i‘f\f(
cially when conditions such as configurational symmetry, vicinity to wall, play an . }:i:
important role in the evolution of the flow. '_-$S§E

Finally, one must mention the predominant role played by spatial chaos (and 2
order!) in turbulent flows of fluids. An important characteristic of fluid turbu-

lence 1s random vorticity, whose presence necessarily implies that the velocity vec-

tor is a random function of position. Autonomous dynamical systems of the type (1.1), “a
LGRS

on the other hand, do not contain any space information., While temporal chaos in RS

fluid turbulence may in some sense be symptomatic of spatial chaos, it is clear that l‘\;
Pk

- \‘
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autonomous dynamical systems have little to say directly about the latter, at least

at the current state of development.

c. "Closed' and ‘open' flow systems

Notwithstanding these remarks, it is necessary to note that several beautiful

o
4
53 experiments now exist in the Taylor-Couette flow (e.g., Refs. 3, 4 and 5) and the

3 convection box (e.g., Refs. 5 and 7) which have lent support to the notion that the

behavior of fluid flows in the transcritical region could be similar to that of low-

dimensional dynamical systems. This in itself is undoubtedly remarkable, but it should

be remembered that these two flows are special in the following sense. In all 'closed

i flow' systems — of which the convection box and the Taylor-Couette flow are two pop-

54 ular examples — the boundary is fixed so that only certain class of eigenfunctions -

Y can be selected by the system; this does not hold for another class of flows we may &

N call 'open flow systems' — for example, boundary layers, wakes, jets — in which the :%t%

i: flow boundaries are continuously changing with position. Thus, while in closed flow :&ti

X systems each value of the control parameter (for example, the rotation speed of the ;€i~
. inner cylinder in the Taylor-Couette problem) characterizes a given state of the flow Jf%,

}ﬂ globally, this is not true of open systems. Consider as an example the near field of ﬁf

}i a circular jet. For a given set of experimental conditions, the flow can be laminar t

fﬁ at one location, transitional at another and turbulent at yet another (downstream) ?\

» location. This usually sets up a strong coupling between different phenomena in dif- : e

-: ferent spatial positions in a way that is peculiar to the particular flow in question. h

?: Secondly, the nature and influence of external disturbances (or the 'noise', or the

;; 'background or freestream turbulence') is more delicate and difficult to ascertain

in open flows: the noise, which is partly a remnant of complex flow manipulation de-~

vices and partly of the 'long range' pressure perturbations, is not 'structureless'

or 'white', no matter how well controlled. Finally, it is well known that closed flow

systems can be driven to different states by means of different start-up processes;

for example, different number of Taylor vortices can be observed in a Taylor-Couette

_ apparatus depending on different start-up accelerations [8). This type of path-sen-

sitivity in a temporal sense does not apply to open systems, where the overriding

factor is the path-sensitivity in a spatial sense (i.e., the 'upstream influence').

d. Scope of the paper

::f On balance, all these considerations suggested to us that it is desirable to \

}z look at some open flows to determine the extent to which dynamical systems can assist i;&:
: us in our goals of understanding transition and turbulence in fluid flows. This is &::
v: the motivation for the work described in this paper, which is to be viewed more as a '“‘
{} progress report than as a complete account; obviously much more remains to be done.

{i Our approach 1s to select well-known flows and follow the bifurcations as closely as

&; possible. (We reported some of our earlier work in pipe flows in [9) and wake work

in [10].) Surprisingly, while much work has been done in these flows in the past, an
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:: amazing amount of new information can still be acquired that will facilitate clari-
X fying the relation between low-dimensional chacctic systems and fluid flow transition
h and turbulence. Part of the reason for this is undoubtedly that the details one
, looks for are often dictated by contemporary concerns.
b
N .
;‘} 2. Experiments
5
' a. Experimental conditions
g.
:j Although we have conducted experiments in wakes, jets and pipe flows, we choose
.j to discuss here only our wind tunnel experiments in two-dimensional wakes behind cir-
3 cular cylinders. The Reynolds number range covered is from about 30 (slightly below
the vortex shedding value) to about 10*. Two wind tunnels — one of the blower type
)
‘:' and one of the suction type — were used., Nylon threads, stainless steel wires and
z: aluminfum tubes, stretched tightly across the width of the wind tunnels, were used
: as wake generators. The aspect ratio varied between about 70 and 2000. The basic
experimental conditions are summarized in Table 1.
A
g Table 1. Tne flow configuration and experimental conditions
- y
N
,_J U /wake generator
R L — x
3 —¢f
N (d 5 xx/d  =vy/d aspect ratio wind tunnel characteristics
mm
- 0.24 5 1 2000
K 0.24 50 1 2000 suction type; turbulence
< 0.36 5 1 1330 level = 0.2% at speeds
L - of interest
- 4.0 1 170
k 0.36 11 1 70 blower type; turbulence
. level varied from 0.68%
" at speeds = 1 m/s to
& 0.06% at speeds = 10 m/s
"
-
i‘ All velocity signals were obtajined with a hot-wire operated on a DISA 55MOl con-
- stant temperature anemometer. The speed of the tunnel was monitored with a Pitot
‘_{ tube connected to a calibrated MKS Baratron with adequate resolution ( and an aver-
ager). The hot-wire and the Pitot tube were mounted on a specially designed slim
;; holder.
:: Some of the data to be presented in this and later sections is in the form of
;: power spectral density of the streamwise velocity component, u. Nearly all the sig-

-

nals were digitized at sufficiently high frequency (60 kHz or more) to ensure that,

whenever the signal was periodic, at least 30 digitized points were contained in one
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period of the basic frequency (so that it was a good representation of the analog
signal). Further, the entire length of the signal (which contained at least 100 cy-
cles of the basic frequency) was Fourier transformed at once using the Cooley-Tukey
FFT algorithm. The overriding criterion was that the spectral resolution should be
as good as possible (here, between 0.5 Hz and 2 Hz compared with shedding frequen-
cies of the order of 2000 Hz or more) and that one must not miss any low frequency

modulations.

b. The background turbulence

We have worked with varying levels of background turbulence, and found that the
occurrence of different stages of transition reported here is in itself not terribly
sensitive to the turbulence level as long as it is not too high; larger turbulence
levels blur the distinction between different stages and alter the details somewhat
erratically. One should, however, strive to eliminate all strong discrete frequency
components in the background turbulence structure.

Figure la shows a typical power spectral density of u in the freestream at Re =
60. (The ordinate is the logarithm to base 10 of the power.) The 'noise' (though

’ l

i I (a)

-2 T
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b4 Adld i & g
-8 t L RTay R e L
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FIGURE 1: Normalized power (or frequency) spectrum of (a) noise of the instrumenta-

tion and digitizer, plus freestream disturbances, Re = 60; (b) instrumentation and
digitfzer noise only with no flow.
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devoid of any discrete peaks) does not appear to be 'white' but has a much larger
low frequency component. Figure 1lb shows the power spectral density measured with
the flow completely shut off, but the hot-wire and other electronic instruments op-
erating the same way as before. It is clear that the anomalously high low frequency
content is not representative of the flow itself, but of electronic and computer
noise. Allowance should thus be made for this fact in the interpretation of the

spectral data to follow.
3. Results from Spectral Measurements

a. Route to chaos: the first appearance

Figure 2 shows the logarithm (to base 10) of the normalized power spectral den-
sity of u at a Reynolds number (based on the freestream velocity and the diameter
of the cylinder) of about 36, which is approximately the onset value for vortex shed-
ding. Notice that the instrumentation and other noise level is around 10-6, while
the peak of the spectrum (marked fl)’ corresponding to the basic vortex shedding fre-
quency behind the cylinder, is at round 107 °*%, about 7% orders of magnitude higher
than the noise level! The sharpness of the peak (as well as of the other peaks to

the right of f1 which are the harmonics of fl) is excellent.

?

-2

P ‘N ' FIGURE 2: Normalized frequency spectrum of
i Wr u at Re = 36, Note that the power P is
» R ' plotted on a logarithmic scale (to base 10).
] i ! The peak at f, ~ 590 Hz corresponds to the
I . vortex shedding, and the subsequent strong
peaks above the noise level are simply har-
Mo ‘o0 000 3000 4000 000 6000 7000 000 9000 monics of f.

Freauency (Hz)

At a somewhat higher Reynolds number of 54, there appear a number of peaks in
the spectrum (figure 3a); as shown in the expanded version (figure 3b) all the peaks
can be identified precisely in terms of the interaction of the two frequencies — the
basic vortex shedding frequency f1 and another incommensurate frequency f2.

At an Re = 66 the spectrum (figure 4) shows broadened peaks with no overwhelm-
ingly strong discrete components — quite a different situation from that of figures
2 and 3. One might say, in the language of dynamical systems, that chaos has set in!

The sequence of events leading to chaos are so far literally like that envisaged
in the Ruelle-Takens-Newhouse (RTN) picture of transition to chaos, and so, a brief
digression roughly describing this picture is quite useful. (The appendix is an in-
troduction to the basic terminology.) With increasing Re, the steady laminar motion
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FIGURE 3: (a) Normalized frequency spectrum of u at Re = 54, In (b), the frequency

5 range 0-2200 Hz is expanded. All significant peaks in (b) are simple combinations of
;: the vortex shedding frequency f1 (corresponding to the most dominating peak), and an-
- other incommensurate frequency fz. After satisfying ourselves that there are no sub-
— harmonics of fl (and that 119.02 Hz is unrelated to the line frequency or spurious

“ oscillations of the cylinder) we have picked f2 by hypothesizing that the peaks near-
\'e ’
w: est f1 must be fl 4 fz. The value of f2 thus obtained accounts for every other sig-
'\ nificant peak as shown in (b) — actually to 4 or 5 decimal places for reasons we do
i not understand! At least part of the reason for the relatively low noise level (com-
: pared with figure 2) 1is the increased signal level.

‘,“

o

[}

loses stability and becomes periodic with frequency fl (say); the power spectral den-
sity will have (as in figure 2) a peak at fl (and its harmonics), and the phase dia- e
gram will show a limit cycle behavior. Loss of stablility of this new state yields -
a quasiperiodic motion with two independent frequencies, fl and (say) f2. The spec-
tral density will now show fl' fz and various combinations mfl % nf2 (as in figures
3a, b), and the phase portrait will be a two-torus. Further increase in Reynolds
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number yields a quasiperiodic motion with three frequencies (three-torus), New-
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house, Reulle & Takens [2] argue that even a weak nonlinear coupling (of a certain
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variety!) among the three frequencies is likely to result in chaos or a strange at-

s

tractor (see appendix), one of whose symptoms is an increased broadband content (see
S figure 4). This contrasts the classical picture of Landau, according to which turbu-
s lence is the asymptotic state of increasingly higher order quasiperiodicities. '
ﬁ Phase diagrams provide complementary information on the sequence of events lead-
) ing to chaos. To construct phase diagrams, it would seem that one would require the
measurement of N independent variables (in general, a hopeless task!), but embedding
theorems like those of Takens [11] justify the use of a single measured variable.

From the measured local velocity u(t) — for example — one constructs a d-dimensional

DMy,

diagram from the vectors {u(ti), u(ty + 1), .oee ulty + (d-1)1)}, i =1, ...», T
being a time delay whose precise value in a certain wide range seems to be immaterial.
According to the embedding theorems, the phase diagrams constructed in the above man-

ner will have essentially the same properties as the one with N independent variables,

AN

as long as d > 2N + 1 (alrh-'sh ~vceptions to this now commonly assumed philosophy

are not hard to concoct). In practice, d is increased by one at a time until the

*
properties of interest become independent of d.

a2

-4

R

'ni.n

a

tothe jitter in the signal. Further, a Poincaré section reveals no discernible

structure. The situation is thus basically periodic.

L -10
o P
-12 l, l FIGURE 4: The first appearance of chaos
Z ) at Re = 66. The broadband -nature implies
:: Note: fl is the vortex shedding frequen- c:aos;.onset of chaos does not rule out
-2 ~u] v+ At'most another frequency can per- the existence of spectral peaks. (Note:
- haps be discerned in the spectrym. This does not signify some high order
- 1 quasiperiodicity as dimension and entropy
= - w00 00 "500 povs =W calculations of section 4 show.)
> Frequency (Hz)
‘:‘3 ) ... !
b Figures 5, 6 and 7 show respectively the plot of u(ci+ T) vs u(ti) at Re = 36, i X
54 and 66, and can be considered as projections of the phase diagrams on a two-dimen- :IT: oy
ﬁ‘ sional plane. The limit cycle behavior at Re = 36 is evident, the scatter visible :ﬁ;*
ﬁ; in the figure being partly due to experimental noise (see figure 2) and partly due f"
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* About two years ago (October 1982) when we first started constructing phase dia-
grams in this manner, we were unaware of any literature on embedding theorems,
but were guided solely by elementary ad-hoc considerations.
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At Re = 54, although the projection of the phase diagram is complicated in ap- ‘-.:-.:'
7 s ‘-:.L‘
'; pearance*(figure 6a), a Poincaré section (figure 6b) yields a limit cycle, reinfor- S A
- . "J:"
A cing the fact that only two degrees of freedom are present. On the other hand, not {-:.:;..
only is the projection of the phase diagram at Re = 66 complex (figure 7), but also c
‘ its Poincaré sections (not shown), no matter how defined. This, as well as the frac- ".-‘.‘_
..: tional dimension of the attractor (see section 4a) show that the signal is indeed o F-”:::‘;
X chaotic. 3:
N (As equally valuable measures of chaos, one could evaluate the Lyapunov exponent A '.‘-:
(characterising the exponential divergence of nearby trajectories) or the Kolmogorov :
:: entropy (which, for typical systems, equals the sum of positive Lyapunov exponents). T :::'T::
'3 Limitations of various kinds have prevented us from measuring the Lyapunov exponent * ::.'.-:‘_‘
o
: — such measurements for a Taylor-Couette flow have been made by Brandstlter et al. ':::
‘ [5] — but we do discuss some entropy measurements in section 4d.) THE
: This progression towards chaos — underlying the possible presence of a strange ;?';2..
’:: attractor — proceeds much like that proposed by Newhouse, Ruelle & Takens [2]. It ‘h{:‘;:
:? is thus extraordinary that the 'generic' behavior indicated by Ruelle & Takens for an ;:':-"
' idealized mathematical system should have a nontrivial bearing on a rather complex =
= fluid dynamical system!
. It should be noted that few would feel comfortable in designating as turbulent
‘_: the signal we have recognized as chaotic. Clearly, to the extent that a turbulent
N flow must possess gpatial randomness, we cannot say much of value as to whether the )
flow at Re = 66 is turbulent or not without a global survey of the flow field at this ':;‘_'j'-_'."
) Reynolds number. Further, if one defines turbulence as a high Reynolds number phe- . “:C R
) . )
o nomenon (as is often done!), it is tautologically true that the signal does not re- tﬁ:{
. .
o present turbulence. Further, a look at the signal (figure 8) would prevent someone !:.
with an everyday familiarity with high Reynolds number turbulence from accepting it -
¥ A
: . RN
:-' Note that the trajectory resides most often in the upper right quadrant, but only :‘;-.::'
. rarely strays away into the lower left quadrant. This behavior in the phase plane '.-:.-
{ can be related to the finite skewness of the signal. A
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as turbulent. Nevertheless, we would like to suggest that the signal shown in fig-
ure 8 is indeed random (for example, in terms of algorithmic complexity required to
specify it [12])with a well-defined probability density (see figure 9; for a compar-
ison with similar data at 'large'Reynolds numbers in the far wake, see Thomas [13]).
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What this means is that even atlow enough Reynolds numbers, the interaction of only

.
Q-‘-l

a few degrees of freedom leads to randomness! It is also pertinent to point out

D S

that at least in some respects the signal of figure 8 resembles a narrow band pass

3 filtered turbulent signal at high Reynolds numbers. (Perhaps the word 'preturbu-
, lence' also used commonly in dynamical systems literature, is sufficiently useful to
‘:;: designate the signal such as the one shown in figure 8, and its dynamics,)
™ b. Chaos and its aftermaths " v
No qualitative change occurs between Re = 66 and about 71. Soon thereafter the : '
i system becomes reordered. For example, the spectral density at Re = 76 shows (essen- S -'.::-f‘_
:':: tially) nothing but discrete peaks again (figure 10a). These peaks, shown in detail ' -:‘:f.
:: in figure 10b, can all be identified with great precision as arising from the inter- E::i'
- action of three irrational frequencies. (That there are definitely three independent ‘
frequencies can also be seen from Poincaré sections (not shown here) and the dimen- ::}
M sion of the attractor discussed in section 4b). After a small increase in Reynolds :*{':ﬁ
, number to about 81, one can see the onset of the broadband spectral content (figure t:;:;
- 11), and we may consider chaos to have set in again! P
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FIGURE 10: Reordering at Re = 76, (a) The measured power spectral density of u, and

W' (b) its details in the frequency range 0-1250 Hz. Note that all peaks above noise
3 X
- level can be represented by combinations cof three frequencies fl’ fz and f3. This S
< o S YT
o conclusion can certainly be influenced by the finite FFT resolution, but our belief R
" in the accuracy of this statement comes also from dimension calculations (section 4). N -
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) FIGURE 11: Chaos at Re = 81, f, is v
. ey 200 1000 1500 2000 ssoo the vortex shedding frequency. : " i
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3 R
: R
X The system reorders itself around an Re of about 90, and we have discussed else- S ¢ l‘
LN -".-.
N vhere [10] that this reordered state is quasiperiodic with four frequencies. (That ; 4
B this is the case will be demonstrated also by dimension measurements in section 4d.)
% Chaos sets in again at an Re = 140, followed by yet another reordering around an Re ,~'-
; = 143. In fact, this sequence of return to chaos and reordering continues for much ,}\
3 higher Reynolds numbers although it becomes progressively more difficult with in- e
' .J .
- creasing Re to distinguish experimentally between the two states. .
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Two related points of importance emerge. First, there do exist quasiperiodic

motions with three or four independent frequencies; just like Landau's quasiperiodi-
cities, the Ruelle-Takens picture of transition is also not the whole story. Second,
transition to turbulence (at least in the temporal sense) is characterized by regions
of chaos interspersed between regions of relative order. Each of these deserves at

least a brief discussion.

c. Note on quasiperiodicities with more than two frequencies

We have shown that the route to the lowest Reynolds number chaos occurs in our
experiments precisely as postulated in the RIN picture of transition. On the other
hand, our experiments also show that quasiperiodicities with three (and possibly
four) frequencies do exist. This type of disagreement with the RTN scheme has been
noted earlier in the Taylor-Couette flow [14] and the convection problem [15]. It
is thus pertinent to inquire whether there are (in some sense) exceptional conditions
to be satisfied for the RTN scheme to hold. Greborgi et al. [16], who address this
question in a specific numerical experiment, suggest that the three frequency quasi-
periodicity is indeed quite likely to occur in practice, and that the special pertur-
bation required to destroy this state (as in the RIN scheme) is unlikely. Haken [17]
discusses this issue at some length and concludes that if the frequencies possess a
certain kind of irrationality with respect to each other (or, more precisely, the
so-called Kolmogorov - Arnold - Moser condition holds), bifurcation from a two-torus
toa three-torus is possible. Both these discussions are strictly relevant to systems
with no externally imposed noise (or fluctuations), a condition that does not strict-
ly obtain in experiments (especially open systems). Our own experience is that the
precise nature of even small amounts of noise (some of which is controllable in our
wind tunnels and some of which is not!) has an influence on the evolution of the
system (for a brief discussion of this influence, see subsection 3e). It is not
hard to visualize that in our experiments the detailed conditions of intrinsic noise
itself could have altered from before to after the first occurrence of chaos. Clear-

ly, this is an area for further work, both experimentally and theoretically.

d. Windows of order and chaos

Figure 12 summarizes the changes occurring in the low end of the Reynolds num-
ber range we have considered. The shaded regions indicate windows of chaos, and the
question marks indicate the uncertainty and difficulty in quantifying what we believe
are reordered states.

At least two questions arise: What is the mechanism that permits the reordering
of a chaotic state? What determines the length and location of the windows of chaos?
Our understanding of these matters is rather limited, but even within these limits,
some comments seem called for. Let us consider the first question now, and relegate
the second one to the next subsection. The observed alternation between chaos and

order has been known to occur in several low-dimensional dynamical systems; for ex-

54

X

'\fn

o

AR AR

o, Sp—

'l

CATAT 4™,y
~a e

' 2,



T T

AP of
[SENEY

w
)
Tate

A

.

M
Pt

AR

U %
R P ki

A Y% N N
R

'n..'n._ .,

o

<

N Y R U R NN R R R N e Y N R A T R Y T Y T R R ST )

- - ...;...- —— -‘w.. e e ;’ N Sy 1
S poet —t-quagiveriodicity |~ perfodicity | SE S Rl B S S
{Onset-of-ipertodie1— —+ : ‘ : A ; ' : : : :
o AN 0 I RN 4 O N R LA N H5 O M P
“vartex [shed@ing TN 1T T T 4 | qe—cjour-ffrequency) 0 1 :
; : : : ¢ A Ao ¥ : : B
| [ } U :
N ? : L -y
i : 5D : 140 I 130 4 200
-+ ‘ RE : B b ShebTES BTt IETTCRTEL SR EERLRC

FIGURE 12: Window of chaos and order

ample, Lorenz equations [18], and spherical pendulum [19]. In these systems, the
occurrence of reordering is independent of extermal noise. The numerical experiments
of Matsumoto & Ysuda [20] show that chaotic orbits could be unstable to extermal
noise, and noise addition to deterministic chaos (i.e., chaos characteristic of de-
terministic dynamical systems) yields an ordered state in some cases. They specifi-
cally consider the so-called Belousov~Zhabotinskii (BZ) reaction and some variants

of the logistic model. Roux et al. [21] find windows of chaos and order in their
experiments on the BZ reaction.

In experiments on open systems, it is hard to ascertain whether the return to
order is tied intimately to external noise or the increased degrees of freedom asso-
ciated with the appearance of chaos itself. In any case, the analogy between this
situation and increased eddy viscosity in turbulent flows appears to be more than
superficial: addition of high frequency modes results in a lowering of an effective
Reynolds number and increased stability of the flow.

Though we have not made detailed spectral measurements at higher Reynolds num-
bers, it is our contention that the succession of order and chaos in a wake continues
indefinitely even at very high Reynolds numbers (with the caution that order must
now be interpreted to mean spectral sharpening). Roshko [22] pointed out several
years ago that order reappears in the Reynolds number range of 10%. More recently,
the fluctuating 1lift force measurements of Schewe [23] on a circular cylinder showed
that the spectral density of the lift coefficient was broad at Re = 3,7x10° (upper
end of transition) and became increasingly narrow until, at Re = 7.1x10%, it was
quite sharp, rather like a narrow-band-pass filtered signal. Although the fluctua-
ting lift force can at best be related to the squared fluctuating velocity filtered

via the transfer function corresponding to the response of the circular cylinder, its

behavior is nevertheless indicative of the flow itself in the vicinity of the cylinder.

e. The vortex shedding frequency and windows of chaos
Consider now the variation of the vortex shedding frequency f1 with Reynolds
number (figure 13). The frequency does not vary monotonically with Re but shows sev-
eral more or less distinct breaks. Such breaks have been noted before [24,25,26],

and perhaps most convincingly demonstrated in a beautiful experiment by Friehe [27).
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Friehe varied the Reynolds number continuously at a small rate and obtained on an

x-y plotter the frequency-Re variation directly. Although the appearance of the

el

breaks has been disputed [28], our own data, presented here and elsewhere [10], sup- i ;

port the conclusion that discontinuities do indeed appear.

Our interest here is in pointing out that the occurremce of these breaks coin-

LN

it cides with the windows of chaos, To establish the connection better, we may consider
:$ in figure 14 the details of the break marked A in figure 13. Just upstream of the

X break, the spectral density is quite ordered (four-frequency quasiperiodicity) while
;; it is broadband until the end of the break region cyinciding with the upper end of

:f the window of chaos; to the extent we can ascertain, the frequency spectrum shows a

reordering immediately after the break.
The data shown by crosses in figures 13 and 14 were all obtained from one ex-

perimental run. In a repeat of the experiment the following day (for example) we

found the same general features, except that chaos set in at different Reynolds num-
bers; the windows of chaos were also of different widths. The filled circle in fig-
ure 14 was ohbtained in a second series of experiments. It is seen that this point

falls below the first set of data at the same Re, but it falls on the backward extra-

POl S ¥ o 2 A

-

Ch sy

polation of the line corresponding to the reordered state (Re > 143) in the first
set. It is hard to tell the differences between conditions in the two experiments

¥ without extensive documentation, but there are reasons to believe that the second

experiment was conducted in a somewhat noisier environment. We thus speculate that

the location as well as the widths of the windows of chaos are to some extent deter-

mined by noise characteristics — in a way that is not well understood at present.

N . It is interesting to note from figure 14 that the ratio lefl (the so-called

rotation number), where f2 is the second largest independent frequency, changes its

value abruptly across the narrow windows of chaos. Figure 15 is a plot of the rota-

tion number with Re. It is seen that the number changes abruptly across all the win- o

dows of chaos, but only slowly within regions of order,

TV

Z

FIGURE I5: The variation of the

L 0.02.5 A J -k lalo i . rotation number with Reynolds -
60 number.
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A f. The amplitude of the vortex shedding mode and chaos

A Since reordering is associated with the reemergence of stronger spectral peaks,
‘ it is natural to expect that there must be some relation between the amplitudes of the
various modes and the occurrence of order and chaos. Figure 16 shows the amplitude of

the vortex shedding mode (or the fl frequency) as a function of velocity. (The ampli-

G o

tude A1 is expressed as a fraction of the freestream velocity U, but is given here to

an arbitrary scale.) It is clear that O indicating order coincides with a local peak

S in Ay, C indicating the onset of chaos coincides with a local minimum, and, finally,

= RO indicating reordering coincides with the reappearance of a peak. Except for the

.3 first time that reordering occurs, every successive reordering is associatend with a

= general lowering of the amplitude of the vortex shedding mode.

:. 015

. 0.0 .

o M

.; 0.0 T FIGURE 16: The amplitude of the vortex shed-

ST ding mode as a function of Re. 0 is order,

L+ C chaos and RO is reordering; within a window

of chaos, 0 and RO may in general indicate

> Y L —L different states of order,

50 100 150 200
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SN 4. Results from the Dimension of the Attractor

i

- a. The dimension

;j It 1s clearly worth inquiring whether there is any property of the attractor

;g that successfully describes in some way the many subtle changes that occur in the

E frequency spectra and the related properties discussed in section 3. It appears

i_ that there indeed is such a quantity, namely the dimension of the attractor. Loose-

f; ly speaking, the dimension of the attractor is related to the number of degrees of

if freedom — and hence its importance. The concept of the dimension is highlighted in

;j studies of dynamical systems, and we may briefly digress here to discuss its meaning

;{ before presenting results from our measurements. It should be pointed out that, a-

;E part from our own earlier measurements of the dimension for turbulence attractors

{: [9,10], such measurements have been made by others in the Taylor-Couette flow [5]

,? and in the convection cell [29].

2% Let us consider an attractor (constructed as already discussed in section 3)from ")
Ek a measured temporal signal u(t) that is embedded in a (large) d-dimensional phase .;
f{: space. Let N(¢) be the number of d~dimensional cubes of linear dimension € required -SS?ﬂ
;} to cover the attractor to an accuracy €. Obviously, making € smaller renders N larger, o]
a but if the limiting quantity ;Tﬁj
“ TR .
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exists, it will be called the dimension of the attractor. An important characteris-
tic of a strange attractor is that D is small even though d is large. We should be
interested in knowing whether transitional and turbulent signals have this property.

To see what the dimension means, let us write (4.1) as
N(e) ~ e D; (4.2)

that is, if one specifies D and the accuracy € to which we need to determine the at-
tractor, we automatically know the number of cubes required to cover the attractor.
The only missing information will now be the position of the cubes in the phase space.
Thus, D can be considered as a measure of how much more information is required in
order to specify the attractor completely; the larger the value of D, the larger is
this missing information.

In general, the dimension D, as defined in (4.1), is fractional for strange at-
tractors, and it has been called the fractal dimension by Mandelbrot [30) who has
contributed a lot to our understanding of the quantity. As defined in (4.1), D is a
geometric property of the attractor, and does not take into account the fact that a
typical trajectory may visit some region of the phase space more frequently than
others. Several measures, taking this probability into account, have been defined
— and are believed to be closely related to the dynamical properties of the attrac-

tor. The most well-known among them are:

(a) the pointwise dimension

(b) the Grassberger-Proccacia dimension.

If the attractor is uniform, that is, every region in the phase space is as likely
to be visited by the trajectory as every other, then the above two measures equal D
defined by (4.1). Otherwise, they are generally smaller than D.

Let Se(x) be a sphere of radius € centered about a point x on the attractor,
and let U be the probability measure on the attractor. Then, the pointwise dimen-
sion is defined [31] as

log uls_(x)]
_ Rim €
dp(x) T ero

log € (4.3)

or uis_ (01 ~ e% (4.4)

Grassberger & Procaccia [32) have defined another measure Vv which is related to
the dimension of the attractor, as well as the entropy (see section 4d). The pro-
cedure for computing v is as follows:

(i) Obtain the correlation sum C(e) from:
N
Lim 1 -
Cle) = 4 §2 1-2j-1 Hle~ 191 - ujll (4.5)
i#j
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where H is the Heaviside step function and u, - ':.'j is difference in the two vector
positions u, and "j on the phase space. Basically, what C does is to consider a win-
Sy dow of size €, and start a clock that ticks each time the difference l‘-fi - Ej' lies

N within the box of size €. Thus, one essentially has

1

" C(e) = :'}1': 'ill-z {number of pairs of points (i,j) with IE:I. - ‘.:!jl < g},

o

B .

> (i1) Obtain v from the relation [32]

¥yl -\

e c(e) ~ € as £%o. (4.6)

i‘ In practice, not all components of u are known for constructing the phase space,

.2 but perhaps only one component, say uy- As we discussed in section 3, one constructs
a d-dimensional 'phase space' using delay coordinates

: {um(:i), u (e +1), ..., um(ti+(d-1)'r)}, i=1, ...,k

where, again, T is some interval which is neither too small nor too large and k is
large (in principle, infinity!). Since one does not a priori know Vv, one constructs
several 'phase spaces' of increasingly large value of d and evaluates v for each of
them; v will first increase with d and eventually asymptote to a constant indepen-

dent of d. This asymptotic value of v 18 of interest to us as a measure of the di-

RRRAINERT

mension of the strange attractor.
We have computed both dp and v as described above, using the streamwise velo-
city fluctuations u up to an Re of 10", and the delay coordinates. Our confidence

St i bt

in the numerical values of these measures of dimension is very good when they are

less than about 5 or 6, but becomes increasingly shaky at higher values. However,
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TR

Ay

1

" we do believe that they are reasonable, judging from their repeatability and the sev- -' g
0 eral precautions we have taken (such as taking the proper limit as €*o and using, in ::_i.‘.
:' a couple of cases, double precision arithmetic in our computations). It would be :::::
:: interesting and useful to evaluate ‘he dimension at high Reynolds numbers, but such . ;E::
¥ calculations are likely to be of uncertain value (unless perhaps some carefully se- -
;_':_‘ lected combination of experimental and computational conditions obtains): with in- :1::,'-:
! ‘ creasing Re, the newly excited degrees of freedom can be expected to be of smaller :-“'
:fi and smaller scales, and to properly accommodate them in the dimension calculations :‘:’,.::
requires that one must in practice look at increasingly smaller values of € (see e~ { "‘-".:
.- quation 4.6). Such efforts will very soon be frustrated by instrumentation noise . =
'::' and digitizer resolution problems. :E:::_:‘
b3t R
et b. Data for Re < 100 B
.: It is convenient to consider first the data for Re < 100 (figure 17). Concentra- -
"‘ ting on the data in the ordered statesonly, we may conclude the following. At Re = E-_;
36, where there is only one independent degree of freedom (corresponding to the peri- ::j
(e odic vortex shedding) — see figures 2 and 5 — the dimension of the attractor turns .‘::'.‘j
‘5 out to be about 1. When only two frequencies are present (figures 3 and 6) a: Re = \_‘
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FIGURE 17;: Variation of the dimension of the attractor with respect to Reynolds
numbers. Note that the dimension is about 1 when there is only vortex shedding (Re =
36), about 2 when there are only 2 frequencies (Re = 54), about 3 when there are 3
frequencies (Re = 76), about 4 when there are 4 frequencies. The dimension jumps

to higher noninteger values in the windows of chaos.

54, the dimension is about 2. At Re = 76 where there are three dominant frequencies
(figure 10), the dimension is three to within experimental uncertainty. Lastly, at
Re = 91 where there are four frequencies present, the calculated v is very close to
4. Thus, to within computational uncertainties, it is seen that the dimension of
the attractor is a reasonable representation of the number of degrees of freedom.

Now getting back to measurements in the windows of chaos, it is clear that the
first appearance of chaos at Re = 66 is characterized by a jump in the dimension (to
about 4.4 from 2 characteristic of the two~frequency quasiperiodicity), followed by
a return to a value of 3 in the region of three-frequency quasiperiodicity. Similar-
ly, the dimension of the attractor in the second chaotic window is about 4.8. As we
discussed earlier, the dimension of the attractor in the chaotic windows is a frac-
tion.

c. Higher Reynolds number data

Figure 18 shows the results of the dimension calculations up to an Re of about
10*. Both v and dp increase to about 20 or so at an Re of 10%, although the increase
is not always monotonic. 1In fact, our calculations seem to suggest that the dimen-
sion settles down to about a value of 20!

If it is true that the dimension of the attractor retains, even at high Reynolds
numbers, its meaning as an indicator of the number of dynamically significant degrees
of freedom, common wisdom tells us that the dimension of the attractor should gen-
erally increase with Re. In contrast, the dimension does not increase continuous-

9/|.

ly; further, its value is far lower than Re , which 18 the classical estimate (see

Landau & Lifshitz [33])for the number of degrees of freedom in a turbulent flow. It
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provide an incentive for a suitable reformulation of 'turbulence problem'.

»

d. The Kolmogorov entropy

i )

l"" ¢
e

»

7

The Kolmogorov entropy has the property that it is positive for a chaotic sig-

nal, zero for ordered signals and infinite for a random signal with a space filling

attractor. As already mentioned, there are conjectures that the entropy equals the

}j sum of positive Lyapunov exponents, and hence, unlike the dimension D, is a dynamic
:; measure of unpredictability of the motion.

{; Suppose the d-dimensional phase space housing the attractor is partitioned into
. boxes of size ed. Let p(il, 12, ceey id) be the joint probability of finding u at
‘a time t = T in box 11, u at time t = 2T in box 12, creeey U 8t time t = dT in box 1d.
: The Kolmogorov entropy is then defined [34] as

'

v K= - if: :f: ﬁi‘: -:'E E P(1),..-1)8n p(d},...1,). 4.7)
. 11,...id

,ii Grassberger & Procaccia [35] have defined a quantity Kz which is close to K and fur-
Tj: ther has the property that K; > 0 is a sufficient condition for chaos. Without going
:ﬁ into too many details, we follow [35) and note that it can be computed by first ob-

taining C(c) as in Eq.(4.5) in section 4a for various d, and forming the ratio

cd(e)

1
K, ,(€) == n +——F—
2,d T cd+1(e)

s (4.8)

_ SN

vwhere Cd indicates C for dimension d. In the limit,

:ﬁ L1im

< dre K, ,(e) ~ K,.

f': o 2,d 2 ,

)

N Table 2 gives K2 for Re = 66 and 81 within the first two windows of chaos.

For comparison, the table also lists K2 for the Hénon map from [35].
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;
; Table 2: The Kolmogorov entropy
)
by Signal K,
u at Re = 66 ~ 0.22
’ u at Re = 81 ~ 0.24
E The Hénon map 0.325 * 0.02
]
§ 5. Discussion of Results
e
A We have shown that several features of transition to turbulence behind circular
E cylinders are in essential agreement with the behavior of low-dimensional dynamical
systems. We emphasize that many details discussed above in the near-wake region hold
$ also at around x/d = 50, although less conspicuously.
E One particularly important feature of this work is the discovery of windows of
chaos interspersed between regions of order: these latter regions are three and four-
1 frequency quasiperiodicities in the low Reynolds number range up to about 140 (possi-
bly even higher!). Not all observations we have made can be understood within the
. present framework of chaos and dynamical systems, but we find it amazing that the
\‘, dynamics of fluid motion which we believe are particularly governed by the NS equa-
:\ tions should be at all represented by extremely simple systemg. One aspect of this -
work is the fine resolution (in Reynolds number, frequency domain, as well as in the C
'\-: phase space) with which measurements have been made. It seems to us that even finer ‘ ‘-'_:S.-
:} resolution, especially within the windows of chaos and regions bordering them, will ‘7-15
\‘j perhaps disclose even more interesting aspects. o "ﬁ

We have shown that, during early stages of transition, a strong connection (spec-

tA
. -./‘

::: ulated previously, but never shown to be true conclusively) exists between the dimen- TN
:: sion of the attractor and the degrees of freedom as inferred from power spectral den- T 5‘{::}
:: sities. Provided this interpretation is true also in windows of chaos and (moderate- 5 ,é:'.::;:
o) ly) high Reynolds number turbulence, our results suggest that the degrees of freedom ':?:'-P:
2 are not too many even up to Reynolds number of the order of 10*. Our numerical cal- ﬁ
. culations based on Schewe's data lead us to expect that the dimension of the attrac- i‘\-‘
5 tor, as computed according to (4.4) and (4.5), is not high even at higher Reynolds \
.'-.: numbers corresponding to the fully turbulent state (Re = 10%). If the attractor is
sufficiently low-dimensional, a clever projection of it can perhaps be used to our

.-: advantage. (If the attractor dimension is even as high as 20, however, no matter

.;: what projection one devises, it will perhaps look uniformly dark!) At this stage it
o is not clear how one could use this information, but, without entering into a detailed

_4 discussion, we may point out that it lends credence to concepts embodied in renormal- 2
::;' izatfon group theory,slaving principle, or, closer to home, large eddy simulation .-‘
"‘C or orthogonal decomposition techniques. :.'»;:-‘
1-‘ We thus believe that there is much that we can learn about transition and turbu- __'::
: lence from chaos theories. In the immediate future, these theories provide a strong E‘-:
- 63 s :':‘:
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motivation for looking into newer aspects of fluid flow phenomena; discoveries of
close correspondence between fluid flows and low-dimensional chaotic dynamical sys-
tems will undoubtedly prove useful in the sense that the rich variety of results from
dynamical systems can be brought to bear on fluid flow transition and, perhaps, even
turbulence. In the long run, the hope is that they will help us in coming to grips
with the eternal problem of turbulence, namely, the enormous amount of 'information'
that seems to be available to us! Perhaps we can then model, even at high Reynolds
numbers, at least local behaviors by low-dimensional dynamical systems.

Do we then conclude that the key to the understanding of transition and turbu-
lence lies totally in low-dimensional dynamical systems? We think that such state-
ments are optimistic at best and misguided at the worst. Apart from the fact that
the spatial structure of turbulent flows, which is their single most important char-
actertistic, lies outside the scope of dynamical systems theories — at least as they
stand today — there is a lot that they do not or, perhaps, cannot, tell: for example,
they do not tell us anything about the origin and physical structure of the various
bifurcations that can occur, or how the drag coefficient varies with Reynolds number.
To answer these and similar questions of practical interest, we suspect that we have
to revert to the NS equations!

One final comment should be made. It would be useful to make a concurrent flow
visualization study and relate the various findings reported here to the spatial char-
acteristics of the flow. It is unfortunate that we cannot use much the extensive
flow visualization observations made by others (for example, Gerrard [36]) because

the details from one experiment to another do not precisely match.
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Let bl' bz. ceny bn be the state variables of the system (1.1). In an n-dimen- t}\}

sional space spanned by b;, by, ..., b , each point determines the state of the sys- _]ig

tem completely at a given time, t. As t evolves, we obtain a continuous sequence of e

ATt

points which form the trajectory of the system. As t+o, the bi's need not go to in- R
o

finity, but may terminate (in two dimensions) either at a node or a focus or on a

limit cycle or, in higher dimensions, on to a more complicated object. This object
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on which the trajectory terminates is called an attractor if all other trajectories
starting near the said trajectory converge to the same object as t*», (That is, the
attractor is the limit set of a representative point in phase space. Thus, an attrac-
tor attracts all nearby trajectories.)

1f the system is stable and gteady the attractor 1s a point — a node if the mo-
tion is critically damped (figure Al) or a focus if the motion is damped but oscilla-
tory (figure A2). If the system executes a periodic motion, a limit cycle is obser-
ved in the phase plane (figure A3). Quasiperiodic motion with two incommensurate
frequencies results in a two-torus (see figure A4), with the entire surface of the

torus covered by the trajectory eventually. A projection of the torus on to a plane
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may have different shapes depending on the orientation of the plane, but it is clear
that a section of the torus, say, by the plane A in figure A4 (the Poincaré section)
will yield a limit cycle. To obtain such a section in practice, one has to intercept
the trajectory each time it crosses the plane (or 'sample' the system at the frequency rl
f1 and at fixed phase), and plot b1 and b, (say) corresponding to these periodically
sampled data. The phase portrait corresponding to the quasiperiodic motion with three
frequencies is a three-torus, and so on.

The attractor has been called a 'strange attractor' if (roughly speaking) it is
a complex surface repeatedly folded onto itself in such a manner that a line normal
to the surface intersects it in a Cantor set. That is, if one successively magnifies
regions of this intersection which appear, at some level of resolution, to be entire- o
ly 'filled', one sees regions of 'emptiness' interspersed between regions of 'occupa-
tion'. One cannot test this property of the strange attractor directly if it is con-
structed from experimental data (because of noise and the finite resolution of the
instrumentation), and so, one uses several of its other properties to determine its
occurrence. For example, any two neighboring trajectories on the strange attractor
will diverge exponentially apart for small t (the so~called sensitivity to initial
conditions, measured by positive Lyapunov exponents or the Kolmogorov entropy); the
so-called dimension of the attractor (see section 4) is generally a non-integer; the
spectral density of the temporal signal used to construct the attractor will have

broadband components orders of magnitude above the instrumentation and other noise

levels.
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Some Contributions 6!‘ Two-Point Closure to Turbulence ' g;
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S Since their introduction over thirty years ago, two-point-moment !
E; closures have offered promise of providing practical and theoretical : ;
information concerning certain aspects of turbulent flows. More recent- gV
» ly, both experiments and direct numerical simulations have suggested a ;f[w
- high degree of organization (coherent structures) in even homogeneous :ilﬁﬁﬁ
E flows, which contradicts--at least in its extreme form--the assumption 'qug}
. of near Gaussianity central to closures. We examine here some successes {f‘i:_
and failures of closure for several problems including three-dimensional B
turbulence, and quasi-two-dimensional flows of the sort employed in geo-
N physical context.
We begin with a brief discussion of the theoretical foundations of
two-point closures, which are based upon modified pertubation theory or
{ variational methods. We then consider what closures have contributed to
- the following problems: (1) the decay of homogeneous turbulence and
if scalar variance, (2) the return to isotropy of two- and three-dimension-
. al flows, (3) two~-dimensional flows at high Reynolds number, and (4)
‘. thermal convection between slip boundaries.
'; The results suggest that closures--overall--are sufficiently quan-
i titative that in most cases the ease with which they may be performed
: (as compared to a full simulation) and the probability of their contain-
ing valid information make them a useful tool for considering turbulent
é flows. v
3
> 1. Introduction
. A central problem in the theory of turbulence is the prediction of
N the distribution of turbulent eddies that emerge from a simple initial
f state of Gaussian chaos. This is the problem posed--for example--in
D Batchelor's (1959) monograph, to which the early theories of Heisenberg
(1948), Oboukhov (1941), and Kovasznay (1948) were addressed. At that _.,f
; time, there was perhaps hope that the detailed shapes of the eddies CE?‘
> played only a secondary role, and it would be possible to determine ii;?
‘ their size distribution (in the sense of Fourier modes) without knowing E§;5
| very much about what constituted precisely the coherent structures or .
” 68
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: the flow. Such a characterization is reasonable for flows that depart ' 'ihg
.f weakly from Gaussianity. The approaches mentioned above were heuristic, ;é?i
f} relying upon dimensional as well as physical reasoning in fixing the $@£
functional forms that give energy transfer in terms of energy spectra, =
f; and to fix the empirical numbers entering the theories.
3 These heuristic theories pivot on the idea that the small scales
f act on the larger as an eddy viscosity. That such interactions can be
so characterized is rooted in the same general concepts used in statist-
N ical mechanics to derive viscosity itself: the statistical independence
ﬂ of large and small scales., It remains a central concept in the more
(Y elaborate spectral theories whose results are the focus of the present
g’ paper. Their remaining ingredients are: (1) the conservation con-~
2 straints of inviscid flows, and (2) the use of experiments to fix numer-
z: ical constants.
- As noted by Kraichnan and Speigel (1962), these early theories
: lacked an equipartitioning tendency, which--at least in a certain test- o
A case--may be demonstrated as a rigorous consequence of the non-linear 3.“ it
2: and pressure terms. The particular test-case consists of the Euler ) *iﬁj
:E equations (zero viscosity) confined on a finite wave-number range. TO | §:§
? fix ideas, consider the (complex) Fourier amplitudes of the velocity isﬁ
" field u(k,t) on a wave number range (0 < k < kg). Then, (as first f&*éii
N suggested by T. D. Lee [1950]) the real and imaginary components of u(k) ' _$5
X constitute independent degrees of freedom of a conservative system, and {%%,
>: in equilibrium (steady state) each degree of freedom shares egqually the éI}{
total available energy, E. In three dimensions this leads to an energy “;ﬁ
ﬁ spectrum, \Ebt
< E(k) = 3{E, /ko} (k/k)? (1.1) EE
- v
Although our test-case exists only in a computer, it is nonetheless AL
I important to check that any proposal for E(k) equilibrates as (1.1) for _i?f
S v=0, and (0 < k < ko). Isotropy is of course simply angular equipar- 'Qéf
2 titioning. P
\; Equipartitioning and eddy viscosity concepts may be combined to S ~‘ﬁ
- give a plausible guess of how 3E(k,t)/at behaves if k is much smaller ’-EiF:
J‘ than the energy containing range: v::z::z
o L
IE(K,t)/3t = T(K,t)m K* A(E}=(v + voq, JKZE(K,¢) (1.2) :;"‘
L i
= Here A{E} and “eddy(E} are yet-to-be-determined functionals of E(k,t). \hf
2 (1.2) is the only (analytic) form of T(k,t) available as k--> 0 if we : zﬂa-
5& assert equipartitioning (for v=T=0) and eddy viscosity. As we show E:EE
) shortly, (1.2) alone suffices--in large measure--to determine the decay ’2@3

of total energy, Ey(t):

"
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.
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E,(t) = [,dKE(k,t)

One of the earlier formal theories free of empiricism was the
quasi-normal approximation proposed originally by Proudman and Reid
(1954), and by Tatsumi (1955). The defects of this early theory are
well known (see, e.g., Monin and Yaglom, 1975; Orszag, 1974, for
summaries). However, later theories such as Kraichnan's (1959) direct
interactior (DIA) approximation and its Lagrangian history variants
(LHDI) are numerically only slightly more complicated, so that in prac-
tice a numerical code that will solve the gquasi-normal approximation
will-~with only minor additions--also solve the DIA. The important
point about these theories (the QN and DIA) is that they are free from
empiricism, and directly generalizable to inhomogeneous problems such as
shear flow and thermal convection. For completeness, we have recorded
the DIA in the appendix for the special case of homogeneous and isotro-
pic turbulence. We also have recorded there other more practical and
simpler approximations, to be used in subsequent sections.

We now discuss how the formal closure is related to simpler heur-
istic procedures, and to equipartitioning. First, it is straight-
forward to demonstrate (l1.2) from the DIA, by using suitable expansion
of the right-hand side of (A.2) about k--> 0 (see, e.g., Kraichnan,
1976; Lesieur and Schertzer, 1978; Herring et al., 1982). The result
for the functional A{E(k)} so obtained has a simple interpretation in
terms of how the theory represents Navier-Stokes dynamics. Thus,
A{E}k"* stems from the k-->0 expansion of the Fourier transform of

fax"det<{uevu} (X) {uevu} (x")> G(x",t";x",t")

--> (14/15)k*[_"da/q?[_"dsE(p,t,s)E(q,t,5)G(K,t,S) (1.4)

with respect to (x-x'). 1In (l.4) {a}g is an incompressible part of a,
and <F>g evaluates the relevant moments as if u(x) were multi-variate
Gaussian. The (time) integral of G(x,x';t,s) represents the time during
which the force, (u-vu) acts to accelerate u(x,t). Eq. (1.4) has the
form typical to Brownian motion theory: the acceleration (3ju/at) is
proportional to the mean-square random force (usvu), integrated over
time typical for the force to act ([/dsG). The eddy-viscuous term in
(1.2) is necessary to restore energy conservation if the modeling of
(uevu) is via a random Gaussian field, u(x). Of course, u(x,t) is not
Gaussian, but the above formulas emerge from a formal perturbation ex-
pansion in which the Gaussian part of u is assumed dominant.

Further insight into the closures is provided by examining its be-
havior at scales much smaller than the energy containing range, and

T T T T e e e ihe Y % fe e % -
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making suitable expansions for large k. This is illustrated by consi-
dering a typical term that arises in the evaluation of E(k,t) (see Eq.
(A.3) of the Appendix):

[dpB(k,p,q)E(P)E( |k-p|) ....

If kK >> kg (kg = the energy containing wave number), we may expand
E(Ik—pl) about p = 0, and retain the leading order term. Collecting all
such terms (to order k2) gives for the transfer function T(k):

T(k) ~ a/3k{k“a/dk[k~2E(k)/1(k)] (1.5)

where t(k) = 1/u(k)

1/2
and wik) - {jokdppza(p)} /

The above transfer function is close to Leith's diffusion approximation
(1968), except for the non-local nature of the diffusion coefficient.
Eq. (l.5) seems a plausible model for E(k,t); it possesses a proper
(k=-5/3) inertial range, and a mechanism for equilibration of energy in
k. However, a closer examination of its predictions shows it to be only
order-of-magnitude accurate. Further, the large scale equipartitioning
properties are wrong.

2. The Decay of Total Energy and Scalar Variance

We first turn to an old problem: the decay of total energy
and--for a passive scalar--the variance. Much has been written about
this simple problem, both theoretically and experimentally. Perhaps the
best source of experimental information on this point is the paper of
Corrsin and Compt-Bellot (1967). We recall that most recent experiments
concerning the decay of kinetic energy suggest that E (t)~t™R, with
n~(l-1.5) being the typical value. This aspect of turbulence decay has
been explained by a number of theoretical ideas (see, e.g., Monin and
Yaglom (1978) for a review), However, the concepts of equipartition, as
discussed above, have some distinct predictions to make that are not of-
fered by other approaches. To see how this happens, we first note from
(1.2) that if the initial (t=0) spectrum behaves (as k--> 0) as
E(k,0)--> kP, then a short time later E(k,t)--> kP', n' = 4 for n>4
and n' = n, 1<n<4. Then to first order:

E(k)=ck" , k<ko (2.1a)
- 2/35/3 ) o (2.1b)

where  af E(t)/at = =¢ = =2v[_dkk2 E(k,t).
[o) o

- "- “I‘ . I'."..Q . “.-
G AR R R Ll oy A SO S SR u'~w= NS

-’

5

3
L3

"avl‘
:wﬁll

L3000

T 2Vt

"

s

S % "
»

4 _ " l.' l‘ "'
RO

SN
Lh

2

AN
""‘ .
PR X

-,
LA
'

e




MYl AnE BT A ¥ BB 0 AN A I D SR R N Y T k0 e a6 2R v Ot e S 0P S0 \pk lak et kb a6, 8. B's B B's 8 8§ o Vnn ot

In (2.la) (2.1b), kg and C are related so that E(k) is continuous
across kg. To complete the story, observe that if E(k)=-->C(t)kh' as
k-=>0, then (1.2) implies C(t) is independent of t, provided n<4. If
n=4, the argument breaks down, and more detailed analysis is needed to
determine C(t). The problem is considered in Lesieur and Schertzer
(1978). Briefly, if n>4, {(t) is determined by (1.4). Dimensionally,
this is eko™>; the coefficient must then be determined by numerical
integration of the closure. Their result (using the EDQNM) is:

E(t)~tP, p=2(n+l)/(n+3), n<d, -t~ 20377 g, (2.2)
y measures the magnitude of the input term (1.4). They estimate y~.l6, f,it;
p=1.37; however, the value of p(4) is a closure-dependent number. It is :;'z}fi

of interest to note that the actual inertial range slope used (the

correct -5/3 or the incorrect -3/2 (DIA) is irrelevant to (2.2)). This , g
point is discussed in more detail in the Appendix. The above calcula- fﬁ.*l:
tion is similar to that given by Corrsin (1951), except that now there ‘Ni;;

b
b

v .
[
Ja ¥y S}

are some additional constraints implied by (1.3). We make two comments
about these simple considerations. First, if the initial spectrum rises
very sharply (n>4) at t=0, the (modified) Von-Karman p=1.37 law takes on
a quasi-universality; any spectrum sufficiently steep initially will
have p=1.37 at later times. Secondly, if at t=0, n<4, (1l.2) suggests
such a power law remains--as a fossil--for all t.

As noted by Schertzer (1980), the above discussion uses only the
rudiments of closure, as contained in (1.2). That the detailed spectral
calculations confirm (2.2) is actually somewhat fortuitous. If we apply
the abqve arguments to two-dimensional flow, the equivalent of (1,2) is
Ak? instead of k'A. Suppose, for example, that E (k,0)-k, and we
assert, using the two~dimensional equivalent of (1.2), that C is con-
stant. Then we may use the large k analog of (2.lb) (i.e., E(k)-k~3),
and the near constancy of mean-squared vorticity to infer that ko 1is
also a constant. But this is at variance with Batchelor's (1969) self-
similarity solution E(k)"V2tF(kVt), where V is the R.M.S. vorticity.
Since Batchelor's theory uses only self-similarity and conservation of !;;

Yy

v .

e enstrophy for inviscid flows, and since these principles are also con- ;31
~. . . . . L os oS
2 sistent with the closure, the k3 range must intrude significantly toward ;{3
.. . . : . N

k==> 0. A numerical study of the closure in two dimensions shows E(k,t) Wiy

as in Fig. 1. We note that the dominant small k shape becomes k3, con-

e
.uj.b

ij sistent with Batchelor's theory. Thus, the two-dimensional spectrum
:: possesses a higher degree of universality than the three-dimensional,
4 . . . . . :

t; because of the extra inviscid constraint. The two-dimensional problem

is discussed in more detail in Lesieur and Herring (1984).
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Fig. 1. Energy spectrum E(k,t)
t =13 for two-dimensional turbulence for
N several t, measured in initial large-

t=0
\ AN scale eddy turn-over times. (E(k,0) =

/////// \ k/(1+k)". Notice the evolution from
k! to k3 at small k. This is contrary

to three-dimensional turbulence for
which any_spectrum beginning at small
k with k', n<4 preserves its small k
shape, according to Eqg. (1.2). After
€ =43 =1 Lesieur and Herring (1984).
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Of perhaps more interest is the joint decay of turbulence and
passive scalar. In this case, we may inject the scalar at quite differ-
ent scales than that of the velocity field, and ask for dependence of
the scalar spectrum on the energy. One interesting but simple aspect of
this problem is to characterize the scalar decay rate, Ee(t)/Ee(t) in

Ay

: terms of the corresponding decay rate of the velocity field, and possi- o %
- bly other aspects of the velocity-scalar spectra. This problem has been " ;E

studied experimentally (Warhaft and Lumley, 1987; Sreenivasan et al.,
1980) and theoretically (Corrsin, 1951; Larcheveque et al., 1980; Kerr

i and Nelkin, 1979; and Herring et al., 1982). An interesting parameter L
> is the decay ratio, r, defined by: e
% r = (B /E))/(E /B . (2.3) L
7 2/3 1
- We recall Corrsin's proposal r'r(Lv/Le) / . where the L's are integral ,‘k
- length scales for the fields, and r~1l. We may derive this relation if 5
E(k) has an inertial range, and if Lv > LO' E
- The closure may be used to make quantitative predictions for (2.3). h
.j To this end, we introduce profiles (Ev(k),ﬁe(k)), which agree with
_: (Ey(k) and Eg(k)) at k<<ky g and also for k in the inertial range: ;
- 2/3 -
v Ev(k) = ay (k/ko)” €23 ko3, k<ko g
-‘ N
::.. = av 52/3 k-5/3' k>ko ;
: - b
b\ with similar expressions for Eg(k). We may now compute r: E
‘. r " (ay/ag) (ko/ky)2/3Fo/Fy, (2.4) '
L7 where N
A - - ]
v Fy= [Ey(k)dk / [Ey(k)dk, Fq = [Eg(k)dk / [Eg(k)dk . 2
From (2.4) we note that the more rounded Eg (k) is near kg, relative i
73 - ‘
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Fig. 2. Decay of a scalar field variance spectrum 2Eg (k,t)
after injection into high Reynolds number(R,=2000) turbulence. The
initial E4(k,0) = &(k-kg), where kg = the dissipation sga}e of the '
turbulence. Curves are labeled by run times t after initial injection.
During the time shown, E,(k,t) changes insignificantly.
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Fig. 3. Decay ratio r as a function of Ly/Lg, where the L's are ot
- the integral scales of the velocity and scalar fields. Dashed line ~ T
{3 marks the trajectory of the run of Fig. 2. Other curves are for low R, LA
2 (20-50). Note that the Corrsin prediction (L,/Lg)?/? pertains only N
/53 to the large R, run. The explanation seems to be that at low R, the >
;%: scalar is sugjected to the whole velocity field, and not to only a frac- , gt}’
' tion (L,/L,)%" 3% as at large R, as shown in Fig. 2. After Herring L. G
,‘ et al. (1982). S
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to Ey(k), the larger r. Fig. 2 shows results of a TFM calculation in
which the scalar is injected in the dissipation scale of Ey(k). Note
that as time proceeds, Eg (k) is entrained towards smaller k by the
equipartitioning mechanism discussed in Sec (2). The behavior of r(t)
during this calculation is shown in Fig. 3 along with other lower
Reynolds number runs. The latter apparently do not conform to (2.4),
and are more nearly straight lines. The value of pr from the large R,
calculation is r=2.1, although other calculations for which the scalar
spectrum is centered initially near the peak of Ev(k) give r=1.62.

3. Return to lsotropy

We have already indicated that the two-point closures include a
tendency towards isotropy as an aspect of their equipartitioning proper-
ty. This has been examined via closure by Herring (1974), Schumann and
Herring (1976), and Cambon et al. (1980)., The first order of business
is to examine the formal basis for the proposal of Rotta (1951) that an
homogeneous flow relaxes toward isotropy linearly, if the initia. de-
parture from isotropy is small. Usually this proposal is stated as:

D<uiuj>/Dt = - C (e/E) <“i“j> . (3.1)

where we have omitted the viscuous contribution for simplicity. Here
D/Dt denotes the substantial derivative, and C is a constant of order
unity (usually taken as C=1.4-1.1, by turbulence modelers). A deriva-
tion of (3.1) from more basic closures seems formidable. We may compare
two-point closures with numerical predictions of C(t), as given by
(3.1). Such a comparison (with DIA) for axi-symmetry is presented in
Fig.4. The initial conditions are stated in the figure.

Fig. 4. Evolution of the
"Rotta" constant C(t) (see
equation (3.1) for direct nu-
merical simulations (the light
solid lines) and the DIA (the
heavy solid line). Eight sim-
ulations were necessary to ob-
tain an accurate representation
of C(t) for the numerical sim-
ulation. Here E(k,o0) ~“k"exp
(-k?),R, (0)=30.
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The results are plausible, but a closer examination suggests that
(3.1) is something of an oversimplification in several respects. First,

the decay rate, C , depends on the symmetry of the initial field; axy-
symmetric turbulence and shear flows clearly must be characterized by

: different C's. Secondly, (3.1) can only be expected if the turbulence
ﬁ length scales do not change significantly during the decay studied. The
:{ second point may be appreciated if we consider a stationary isotropic
o turbulence field into which a small anisotropy is introduced. Since the
ﬁ turbulence eddy turnover time decreases with increasing wave number, we
-%’ expect the small scales to isotropize faster, leaving an isotropy at
'; large scales only. Since there is no limit to the large scales, the
decay will proceed progressively slower with time, leading to an alge-
f braic (t~P) decay of anisotropy instead of an exponential as implied
( by (3.1).
‘2 To illustrate some implications of the closure, we can make rough
v expansions of the wave number interactions at different scales, as indi-
'{' cated in Sec. I above (see Eg. (l1.5)). For three dimensions, the for-
;i malism is somewhat obscure, so we state results here in two dimensions
E: only, where the results are more transparent (Herring, 1975). The clo-
» sures lead--roughly--to the following simple picture of the relaxation
. of the spectral Reynolds stress, a(k):
:? Da/bt = -(1/8){3(xE(x))/axc} - j;pzdpA(P)t(P) - u(x)a(x) . (3.2)
- Here u is a local isotropization rate, and t(k) represents the average
time the large scale strain acts to distort the isotropic component
(E(k)). Both are computable from the theory (:~1/u, and p~r.m.s. large
- scale strain). We note that (3.2) may be expected on heuristic grounds;
3 anisotropy is produced by distorting isotropic x-sized eddies by large
: scale anisotropy (the first term), while local interactions cause a
f& dissipation of anisotropy. Further, if E(x) is steeper than “«~! (its
:' two~dimensional equipartition shape) the anisotropy at x has the same
i sign as that at larger x, and vice versa.
'-:-. 4. Two-Dimensional Turbulence
3{ Beginning with the numerical studies of Regallo and Fornberg
:9 (1976), it has become increasingly clear that the decay of strictly
T two-dimensional turbulence may be very non-Gaussian, especially at small
:z scales. The more recent studies of McWilliams (1984) have reinforced e
zg this impression, and have helped to delineate in some detail the charac- ng
; teristics of the coherent structures and their emergence from initial ﬁ%a
_ Gaussian chaos. The spectra of this highly intermittent flow are f*f
*; steeper than the closure-predicted (ln(k/kl))-1/3k_3, and it is not yet . aﬁi
2% - AN
G R R s -.;:'-'f'-;\';.'f\.-.; AR " RO OE COR DN
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é clear if it is strictly a power law or, indeed, if there exists a

1 universal shape independent of initial conditions. On the other hand, i\ﬁ#
; randomly forced flows, with sufficient damping, may be quite close to ;.ﬁi?ﬁ
o Gaussian for a rather wide range of scales. It remains to be seen if .; QQEE
i such flows are sufficiently non-linear to be of interest. {i §§§
1 These problems are of considerable significance in meterology, ;&jggﬁ
f where the two-dimensional system serves as the -implest analog of large- ;#;7"
v scale planetary motions (Charney, 1972; Lilly, 1983; Gage 1979). !
) To discuss these issues in a guantitative sense, we may introduce

>, an effective Reynolds number, R:

R = E(t) /V(t)/[ dkv(k)E(k) . (4.1)
; Here V(t) is the r.m.s. vorticity, and v(k) ~ «x* is a "hyper viscosity," ;
$ which allows for the dissipation of V a small scales. In many numerical b f
experiments v(k) is sharply peaked at high k, so as to provide for a ;?7 "
long span of dissipationless large scales in the numerical study. For gg'. g2
. the earth's atmosphere, we estimate R = 103. cCurrent numerical ?:;i;_;
; simulations (256x256 spectral resolution) reach only R ~ 100, even those f_:.“"
f that utilize a hyper viscosity to reduce the needed wave number span. ;i '\ﬁ
’ Fig. 5 and Fig. 6 show a comparison of direct numerical simulations and TN S
" the closure (TFM), for forced, dissipative flow (Fig. 5 for forced- N
’ e R
“ IR AT X
.‘ "3 5. . = 3
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or Fig. 5. Comparison of (256x256) numerical simulation for random aﬁkf
forcing at k0=20,.and mo@ified_viscosity v(k)=yg+y,k",compared to L
, theqry(TFM, described briefly in the Appendix). A%ter Herring and ‘(ﬁ
s McWilliams(1984). Aol
) F
;? Fig., 6. Comparison at late time of numerical simulation to the N
; TFM for decay of two-dimensional flow. Resolution of simulation is
) 256x256, and modified viscosity is v=2,x10"%k", Enstrophy dissipation :
v is maximal at t=4., After Herring and McWilliams (1984). L
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dissipative flow, and Fig. 6 for decaying flow). The agreement for the
forced case is quite satisfactory. Here, R = 10. Notice that the
actual slope in the (enstrophy) inertial range is closer to k™" than
k3. The former is a particular prediction of Saffman (1968), and
appears in all two-dimensional low R calculations. For this case,
measures of non-Gaussianity are small (i.e., <(ng)“ >/< (ng)2>2~3.

This is not the case for the decay experiment for which
<(Vxu)*>/<(vxu)2>2-40 at late times. We note in this case a strong
disayreement between theory and simulations. A closer examination of
the vorticity field shows that it consists of intense vortex regions,
interspersed between quiet regions, where the vorticity is small. The
decay (of enstrophy) process here consists of merging (and near merging)
of these vortex regions, with vorticity dissipation at the time of merg-
ing. The spectral shape--at large k--is much steeper than that pre-
dicted by the theory. A closer examination of the decay experiment
shows that theory and experiment are in good agreement for t less than
the time at which the enstrophy dissipation achieves its maximum,

Both cases can be understood by arguing that the disruptive effects
of random stirring prevents the formation of coherent structures in a
considerable neighborhood of the stirring wave-number. It may be that

in the atmospheric application, the energy input mechanism (baroclinic
instability) simulates-~roughly--the random stirring, which would re-
store to some extent the validity of theory.

5. Convection

Thermal convection is probably the simplest inhomogeneocus flow to
which to apply the theory, since the conditions of axisymmetry are more
manageable. Moreover, if slip-boundary conditions are used on the con- ‘;'iﬂﬁ
fining plates, the flow becomes quickly turbulent just beyond the criti-
cal Rayleigh number, Rc=657. This is a rather surprising and recent
result (see, e.g., Zippalius and Siggia, 1983).

Fig. 7 shows the vertical velocity field plan form for a numerical -?ﬁ*ﬁéf
simulation at Ra=7Rc,P,=10, and an aspect ratio of 4. The flow ) ,;5
plan~-form actually has considerable order. Fig. 8 shows a probe signal :  %?;
located near the mid-point of the flow, The flow field has a large com~ Rocy
ponent in kz=0, which is a two-dimensional turbulence generated by the E&‘
"beating" interactions discussed in Sec. 2. -
The maximally unstable component of the flow is destabilized by its :?ﬁt
interaction with the two-dimensional component, and hence the vigorous Eiﬁ:

time dependence. Calculation of the Kurtosis of the various fields show Pt
only a small departure from Gaussianity. -
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4

n
i
2
jé Fig. 7. Contours of the verti-
3 cal velocity field for slip-boundary 0 R 270
~; thermal convection at Ra=7Rc (Rc=657), .
and Pr=10. Initial conditions were generated as a three-dimensional,
Gaussian realization. The value of t ~ 200 thermal diffusion times.
v Fig. 8. Time series for the flow field shown in Fig. 7.
s
- Calculations using DIA on this problem are currently being done by
Dannevik (Thesis, U, St. Louis, 1984). For air (Pr=.72), he reports
good agreement between DIA and numerical simulations for both the
Nusselt number as well as the heat and momentum flux budgets in the
statistically steady state (<5.0%).
e It may be that closures could be unexpectedly useful for this problem, NG
!: As noted above, the cell plan-form of Fig. 7 is destabilized by the A ;i;
‘f vertical~-vorticity modes, which are essentially a two-dimensional turbu- ' ri{-
‘N lence. The spectrum of the latter is strongly peaked at the largest % ,\
- available scale sugyesting that a much higher aspect ratio may be needed ! 'ff'
Fj to accurately simulate the statistics of horizontally homogeneous flow. &i&
? If an aspect ratio of 10xl is needed, the simulation is prohibitive. On 5 ‘E?ﬁ
- the other hand, closures have no problem with the very largest scales, ﬂ;ﬁ
3 and their effects can probably be represented analytically by an exten- - =
jj sion of the methods of Sec. 2. gz:
e The numerical task to solve the inhomogeneous DIA is prohibitive, R
'f at larye Ra. The use of sophisticated algorithms may well help to , .
2 overcome these difficulties, however. For example, Dannevik (1984) has " t_
k" introduced a double time scale analysis, and uses the Pade approximation , Ffm
. to render the time-difference dependence of the problem manageable. iig
e Further simplifications of the numerical task is to use FFT's to e
' evaluate the wave~-number convolutions (Domaradzki and Orszag (1984), ﬁv,
Y private communication). %!i
:E 6. Concluding Comments ,;.3'\:':
;: Our results here suggest that two-point closures cannot be ?E
’ completely trusted to faithfully represent the physics of turbulent %1
. s .,'.'p'.’
¥ : 9 ;3;‘;':;:1;;'.
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: flows for all interesting cases. Rather, the best that can be offered ' R
§ is that such procedures are useful tools for certain flows, and that }; fﬁg
$ they may give some insight as to how certain (moment) aspects of the 'f;gﬁg
' turbulence behave. We surmise that they have the best chance of ' ".%{
§ succeeding for cases in which the flow is not far from Gaussian, a

Z; condition which can only be assessed a posteriori. From the examples

i surveyed here, it would seem that conditions of near two-dimensionality

) may be the most inhospitable for application; in this case--at

2 least-~-the source of their failure may lie in the stability of intense
;E vortex elements. We may thus also expect poor results for shear layers,
‘N and other quasi-two-dimensional flows. On the other hand, thermal

# convection and perhaps stratified flows may be a more hospitable

Y regime--at least if the preliminary results of numerical simulations are

ﬁ a valid guide.
'i Are these methods useful in turbulence studies? The answer depends o
Lﬁ in part upon how difficult the (numerical) task of solving the closure ?T7§T:

equations is. As we have seen, a nontrivial amount of coding is needed i;ﬂ 7%?

to solve such equations. [A brief sketch of the numerical algorithms
used here is given in Appendix B.] For homogeneous problems, once the
investment is made, solutions are much easier to obtain than with the
DNS. It is not so clear, however, for inhomogeneous problems--shear £flow

ey

?( and convection--that closure competes well with DNS. However, we must -k

k. bear in mind that new algorithms--e.g., the use of Pade tables (Danne- e

k: vik, 1984) for time histories and FFT's for the convolution sums (Orszag .-:‘E"
s and Domaradzki, 1984, private communication)--may soon reverse this. e fr
. Granted that new algorithms make closures competitive (and this is ;;_;22
‘o especially to be expected at sufficiently high Reynolds numbers), we N T
f; must always stress that such methods furnish only limited information '”Exk
- about turbulent flows. Their role is that of a computational tool, and ‘\{

as such their usefulness is mainly confined to quantitative information:
relaxation rates, spectra, etc.

e
bl
‘i

v
P}

f NSOy
?é Among the problems surveyed here, we may consider the decay of &}é%é:i
FQ homogeneous turbulence (bearing a passive scalar), the return to iso- ;@%ﬁ:;'
T tropy, and thermal convection at moderate Rayleigh numbers as cases in B
:) which closures succeed. The problems in two dimensions (M.H.D. and Eis
ii Navier-Stokes) represent more severe tests, and ones for which the re- _ &?{
b, sults are mixed (see, e.g., Frisch et al., 1983). On the other hand, t¥’ﬂ

' the question of singularities in non-dissipative flows clearly cannot be iﬁi

- investigated along this avenue. 1Indeed, the gquestion of the analytic N
oy character of such systems is as yet unsettled, and its resolution is a $E$‘
fg prerequisite for designing a closure to treat the statistics of the flow :E?
by A
‘ 80 % '\7’:
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Appendix A

Here we record the DIA equations, in their isotropic form. For the

A

'Navier-Stokes equations,

Ju(x,t)/3t = -Vp-u » Yu + V%u, v c u =10 . (A.1)

We form an ensemble mean,

<u(x,t)u(x',t*)> = U(x,x',t,t') . (A.2)

8 The DI equations of motion for the Fourier transform of U(x,x,'t,t')

b (which we simply denote as U(k,t,t"')) is:

) 3U(k,t,,t")/at = [AB(k.p,q)dpdq[jot.U(p,t,s)U(q,t,s)G(k,t',s)ds

[ fulk,t',5)G(p,t,s)U(q,t,s)ds] . (A.3)

<

o L

AL

Here, B{(k,p,q) is given by:
B(k,p,q) = (1/2)sin?(p,q) {p%-q2?)(k2-g2)+p2k2}pa/k . (A.4)

Equation (A.3) contains a Green's function, G(k,t,t'), whose equa-

l.l <O

-
a

%

i
o x

tion of motion is needed to make a deterministic set with which to ad-
vance U(k,t,t') forward in time, For the sake of brevity, we shall not

.%‘t

record this equation, but instead shall simply indicate the physical
characteristics of G. As originally proposed by Kraichnan (1959), G
represented the response of u(k,t) if a small impulsive perturbation is
applied to the right-hand side of (A.l) at time t'. The resulting equa-

iEx

% x
tuCE .

& tion for G(k,t,t')-~as derived by a modified perturbation theory--resem-
o bled (A.3) (for U(k,t,t')), except that the first right-hand-side term
. is missing, and that the time integral on the second term is over {t',t}
3 instead of {(0,t} as in (A.3).

t: Most two-point closure calculations to date have used a much sim-
ﬁ pler set in place of (A.3). We refer here to the "Markovian" theories

which involve only the simultaneous times (t,t), and use a simple ap-
proximate memory time to replace the effects of G(k,t,t'). The yeneric

.n:.a. Al

"Markovian®" theory may be written simply as:

v

%

o

-

{3a/at+2v k2}U(Kk,t) = jAdpdqﬁ(k.p'q)d(q.t){U(p.t)-U(k.t)}, (A.5)

)

B(k,p,q) = B(k,p,q)0(k,p,q) ,

-

oy

A7

o(k,prq) = (1 =exp{-u(k)+u(pl+ul(q)t)/lu(k)+u(p)+u(q))

K

X

Here, the triple moment memory time o(k,p,q) is simply characterized in
b terms of an amplitude dephasing rate u(k). An approximate B2
connection between (A.5) and the DIA is established by taking:

G(k,t,t')=exp{-u(k)(t-t')} ; U(k,t,t")=U(k,t',t")G(k,t,t"). t
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In this approximate characterization, the DIA is nearly the same as
Edwards (1962) theory. The expression for u(k) in that case is

w(k) = [dpdgB(k,p,q)U(q)/lu(k)+u(p)+tu(q)] (A.6)

1/2
k ([y dpE (P} . (A.7)

(A.7) is a rouygh approximation to (A.6) in which we have assumed U(q) to
vary more rapidly than u(g) in order approximately to evaluate the inte-
gral equation. The above approximations (A.3) and (A.5) do not behave
properly under random Galilean transformations largely because of the
lack of invariance of (A.6). This error means that the inertial range
computed on the basis of (A.6) (A.7) will not be correct. Several

. methods have been proposed to build perturbation theories that more
properly incorporate Galilean invariance. The gist of most of these
proposals is to replace the u(k), Equation (A.7), by the large-scale

-
ol

IR W

v 7

. o
-9.9

’
&

N (r.m.s) strain rate:

N w2(k) = v{[,"dpp2E (P)} (A.8)

f: The value of y (or its generalization) is generally fixed by the theory,

‘:3 or--as in the Test Field Model (TFM) (Kraichnan, 1971)--by comparing the

:: approximate procedure for some simple problem to a more exact method.
The closure utilizing (A.8) is called the Eddy Damped Quasinormal

:; Markovian (EDQNM) approximation. The test field model has a more

:} elaborate determination of a generalized u, but effectively reduces to

:E (A.8) at large k. At small k it has a term “kj:dpE(p), in addition to

W (A.8). See Herring et al. (1982) for details.

" Generally, the larger the u (as in DIA), the smaller the transfer.

_? The sensivity of decay to variations in p is presented in Fig. 9, which

:? shows Ey(t) for Edwards theory (y given by (A.6)), the TFM, and the

,} Markovian Quasinormal approximation (Tatsumi et al., 1978). For the

w

Fig. 9. E_(t) vs. t (units of N
P(4,TFM) . . . !
4J wel P(4,EDW) = . initial large-egdy turn-over time) ;&{,

] +EDW) = 1.41 « V] for three theories: TFM (solid line), )
" E P(4,MQN) = 1,31 . Edwards (dotted line), and the
TS ¢ ] Markovian Quasinormal (dashed). R, (t) ity
”? [ ranges from 600 at t=0 to 50 at t=100. N
-'] 1 The value of P for the Quasinormal xis
ﬁ3 ';ﬂ - Anj; — “7; m— Eéiggy may not yet be converged at e

’ .
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latter, p=0. Notice that the decay exponent p(4) (see eq. (2.2)) is
quite similar (1.35, 1.41, 1.31) for TFM, Edwards, and MQN). However,
the values of E,(t) differ markedly. This variability may be under-

PP b i

stood by the analysis of Sec. 2.

ol
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%’ Appendix B

’5;“

i In this section, we sketch some numerical techniques we deem appro-
N priate for the closure equations (essentially (A.3) or (A.5;). The two
’f problems to be addressed are: (1) the wave-number dependence (including
o~ the evaluations of convolutions (fAdpdq)), and (2) time stepping.

™

After considerable experimentation, we have found that the wave number

4 representation is economically written in terms of collocation utilizing
& (cubic) splines., To explain this, we abbreviate (A.5) as:

au/at = F(U) . (B.1)
" Now approximate U(k,t) in terms of a discrete set {Ui} (i=1l,...,N):

y _ N

) U(k) = § U.s.(k) . B.2

& iél i%i (B.2)

Here {si(k)} is an as yet unspecified set of linearly independent func-

. tions. We now determine {Ui} by the integral relation
ot - -
) [x, (k)dk{3T(k)/at=F(T)}, (i=1,2,...,N) . (B.3)
. In (B.3), x;(k) (i=1l,...N) is a set of arbitrary test functions.
. Note that (B.3) may be converted to a set of N equations for dUi/dt.
2§ Our choice for the si(k) are B-splines (see DeBoor, 1977). Brief-
’ . : - )
v ly, these are (C-2) unit-height pulses centered at ki (i=1, N-2) vanish-
- Y

ing (cubically) outside the interval (ﬁi-z < k < ki+2)’ for 4 < 1 < N-3.

They are related to the standard (cardinal) splines, Ei(k)lgi(ﬁj) = §,..]

x: by a line?r transformation. For i < 4 si(k) vanish at ki+l an? are ij

Y unity at kl' The si(k), i > N-3 mirror this behavior at kN. We

:? choose the set of computational points:

3 [kl'k2'°"kNl ' (B.4)

33 :

>, at which the spectrum is specified as identical to {ki} except for k2

?Q and kN-l' Their distribution on the computational domain [kB,le will

. be discussed presently. The B-splines have the advantage over the card-

5 inal splines, Ei(k), of greatly economizing the (dpdg)-wave number con-

& volution integrals in (A.5). In addition, the splines seem optimally

$1 suited to representing accurately spectral shapes which may vary by

w several orders of magnitude over the computational domain. Furthermore,

E ‘ e e I Y W .‘tz;'i.::::
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they yield considerably more accurate evaluation of the (p-q) integrals
than, for example, linear interpolation.

If x;(k) = s;(k), (B.3) is a Galerkin procedure, while if x;(k) =
5(k-ki) (i=l,...N), it is collocation. For the former, exact energy
conservation is incorporated, whereas for the latter, it must be added
as an additional constraint. However, preserving exact conservation
laws is not necessarily a part of the best numerical procedure, and for
the present problem, we have found that collocation is actually superi-
or. Conservation properties may then be used as tests of numerical
accuracy.

In approximating the right-hand side of (A.5) with (B.2) and (B.3),
we first rewrite it in terms of an appropriate (ds) integral of
U(k,t,s), where

U(k,t,s) = exp(-u(k}(t-s))U(k,t) .,

and apply spline interpolation to U(k,t,s). This makes the approxima-
tion procedure parallel to that for the DIA, and more importantly
obviates an awkward functional dependence of e(k,p,gq) on s(k} which
otherwise would occur. This amounts to applying the rule,

F(p,q) =12.F(Pi:qj)si(P)sj(Q) ’

e ]

where needed. Here we recall that Ei(k) are the cardinal splines.

The final approximation equations to be solved are but a discre-
tized version of (A,5), with different coefficients B:

{a/at + zvkg)U(n,t) =

! B(n,a,2)0(n,m,2)U(L,t){U(m,t)-U(n,t)} , (B.5)
m,%
where,
U{n) = U(kn) ’
N N
B(n,m,2) = %'EIAmm.AEl.IB(kn,p.q)dpdqsm,(p)sl.(q) ’
and, -1
Am*= lsn(km)l . "
The (p-q) integrals are here effected by the appropriate (Legendre or fu5;
Tschebycheff) method, depending on the analytic character of B(k,p,q). VSfS“
There remains to discuss the distribution of computational points OO
(B.4)., Other computations (beginning with those of Kraichnan, 1964) '}?f
utilize an exponential distribution kn= exp(an). This distribution has 5;:
the advantage of rendering linear interpolation exact for power law Qj}:
spectra. In addition, it concentrates points near the spectral peak, Sﬁ;
where energy transfer changes rapidly, and has relatively few points in ﬁft
the large k dissipation range, where transfer is small and smooth. The -

g
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;; approach used here is dictated by the following considerations: (1) the
vy {ki}-distribution should be such as to optimize the satisfaction of the
) existing conservation constraints; (2) cusps in U(k,t) near ky or k, may
develop in certain studies, and hence {ki} should have high density at
. end points to preserve accuracy; (3) if a wave number diffusion approxi-
é: mation to the closure like (l1.5) is an approximate guide, a (piece-wise)
;f Gaussian collocation {ki} may be optimal (Printer 1975).
Guided by these considerations, we settled on the following
stretched Gaussian points as fairly optimal:

k; = Blexp(Ay;-1)+k; . (B.6)

Z.J«I_L/L

Here y;are Gaussian points mapped onto {0,N-1}. The two numbers [A,B]
are chosen so that: (1) (B.6) yields k(N)=kT, and (2) energy conserva-
tion by non-linear interactions is optimized for an anticipated test

A 1
.
L

B a el

U(k). The calculations reported here all use N=32, This appears also
adequate even for quite large Reynolds numbers.

P

The time integral of (B.5) may be most economically effected by a
guasi-linearization of the right-hand side (Herring and Kraichnan,

L
‘A ‘l

1979). To this end, we rewrite it as

Sl

N
aun/at =m§lAnm (e)U, + where, (B.7)

ERAENIRE

A= -zvkgsnm+(1/2)IE{(E(n,m.z)+E(n,z,m))JU(z)

e

- 1 (B(n,r,mU(n)+s B(n,r,2)U(2)]} , (B.8)
r

B(n,m,2) = B(n,m,¢)8(n,m,%,t) .

3, e,
a0

The basic strategy in solving (B.7) on an interval (tl,tz) is to solve
first for U(tz) using A(tl), and then iterate (B.8) using the predicted
value for U(tz). In practice, it suffices to simply use the average

- (1/2)(A(tl)+A(t2)) on the corrector phase. This procedure is able to

; take steps ~100 times the time step in an Adams-Bashforth or Euler

'ﬁj time step scheme (for the same accuracy). Hence, the time spent in

g
AR
.'.‘.'.\'

eigen mode computations is more than compensated in increasing the
allowed time step. [We note that a typical time for eigen-made analysis
; of (B.7) is about twice the time needed to evaluate the right-hand side
i of (B.5) for N=32.] The physical reason for this economizing can be
appreciated if we recall that the spectrum moves coherently to larger y
scale, without much distortion., The main feature is then characterized 4
by the value of the spectral peak, ko(t). The maximum quasi=-linear time
time step is a significant fraction of ko(dt/dko), whereas the more
standard methods may take only a fraction of the small-scale eddy turn-
over time before diverging.
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Intermittent Turbulent Flow

W. Kollmann ) -
Department of Mechanical Engineering, University of California, Davis, CA 95616, USA
b i
Q) D &
\ 1. Introduction )
2 Corrsin [1], [2] established several decades ago the existence of a sharp )
- interface between turbulent and nonturbulent fluid for a variety of shear flows. S v
-' Since then a large number of papers appeared reporting experimental results on You!
ﬂ, conditioned variables. For the flat plate boundary layer measurements of the . .-
W intermittency factor and conditional mean velocity components [2]-[11], including el
X flows with non-zero pressure gradients [3] and normal stress components, point et
:\- statistical expectations [4]-(11] are now available. The turbulent zone shear \ A ﬁ
< stress was reported in [6], and fundamental questions concerning discrimination By
- and the dependence of conditional moments on threshold levels received attention '
[7], [8]). Measurements in plane jets including the initial region with potential if'
-_: core and point statistical moments were reported by several authors [12)}-[16]. \-‘:
N For round jets measured intemmittency factor and some conditional moments are _':::-__.::_
;;' available [2], [17]-[21]. The comparison of free and ducted round jets [17] shows ;;.‘: ',‘;
™ that the radial intermittency factor profiles deviates significantly from the '
: common Gaussian shape due to the presence of ducts. For mixing layers and wakes "r';’;-,
' less data for conditional quantities are available [22]-[24]. Complex flows such . ':::':‘
' as interacting mixing layers [25]-[28] wall jets [29], transitional flows [30] and ‘;'
ha reacting flows [31]-[33] are receiving increasing attention. The existence of ‘~
- large scale structures lead to new views on entrainment [34}-[35] and averaging .
EZ:' (381, [39]. The theoretical treatment of intemmittently turbulent flows was
initiated by Corrsin [2], [40]) and continued by Corrsin and Phillips [41], [42)],
~ and Gibson [43], [44] and Lumley [45], [46]. The statistics of multi-valued
‘ random variables was introduced [45] to deal with the interface separating ‘
': turbulent from non-turbulent fluid. Closure models were first suggested by Libby .‘.:::_,
: (471, (48] and further developed [49], [50] to allow calculation of intermittency "'_:::
,’ factor and conditional moments [51]. The advantage of conditional moments over ‘
unconditional quantities is exemplified in the measured pdf of two velocity =
X components in a v-shaped premixed flame in fig. 8 of ref. [32]. The pdf has two ‘:'.4
:'.;i distinct maxima and very small probability for velocity values between the :'::i
X maxima. In this case corresponds the unconditional mean to values which have, :1'\:1
thus, small probability of actually occurring in the flow, whereas conditioning it
:'_ produces the mean values near each of the maxima of the pdf. Thus it can be : -.':
YO S ‘o
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argued that conditioning leads to less complicated statistics and explicit
transfer processes between different zones.

The present paper investigates conditioning and the corresponding
intermittency factors. Representations for the sources of intemmittency are
established. Reacting flows are considered as an application and the closure
problem for the intermittency source is related to an existing closure for the
pdf-equation. Finally, some results obtained with a conditional second order
closure model for incompressible flows are présented.

2. Conditional Events and Their Description

The experimental evidence indicates that turbulent shear flows huve random and
non-random properties. Thus, an important question arises for the theoretical
description of turbulent flows: how to incorporate chaotic/random and non-random
features. First, it should be noted that the distinction between random and
non~random propertics is by no means an easy matter, because non-random solutions
to equations describing mechanical systems can have the complicated appearance of
randomness without being random. A second paint to consider is the fact that the
experimental observation of a non-random structure in a turbulent shear flow is
usually incomplete and the non-random features can only be extracted by pattern
recognition techniques involving some short time or spatial near-field averaging
processes [34] [52]. The probabilistic analysis of turbulent shear flows can be
based on the following considerations. The variables describing the flow
(velocity, pressure, etc.) are decomposed into contributions pertaining to
different properties of the flow. Statistical operations are then applied
observing certain conditions. Both decomposition and conditioning can be achieved
in many ways and their choice will detemmine the usefulness of the resulting
equations.

2.1 Decomposition
The decomposition of the flow variables will be classified in temms of the
decomposition of the physical flow domain & (with boundary 3®) it induces.

Denoting the flow variable by ?’(bt) (which can be a scalar or vector quantity),
the decomposition

wixt) -l plt pfllo s

is either disjoint, such that for a point X ¢ B only one member “0‘“) is
non-zero, or it is overl_apping where for any x ¢ d at least two members of the
decomposition zp(” *;V(J) are non-zero. The tagging of material points in a
subdomain of the flow field c9 at some reference time with a non-diffusive property
is an example for a disjoint decomposition: at an Eulerian point X either a tagged
or a non-tagged material is present but never both. An important example for an
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overlapping decomposition is obtained by means of Fourier transformation. A
disjoint decomposition of the image variables in Fourier space produces members in
physical space (wave packets) which are non-zero nearly everywhere in 3 [53].
Vice versa is a disjoint decomposition overlapping in Fourier space. A particular
overlapping decomposition was suggested by Hussain and Reynolds [38] which uses
conditioned and unconditioned variables in the decomposition.

2.2 Conditioning

The decomposition of the flow variables is achieved by prescribing conditions
for which a member ly(i) can assume non-zero values. The conditions defining
the members in a decomposition of the flow variables can be classified (referring
to physical space) as local, where information at a single point x ind and a
single instant in time is required for the evaluation of the conditions, and
non-local, where at least two points in time or space are required. In the
following it will be assumed that the conditions can always be expressed in terms
of a finite set of discriminating variables defined in .9 or a transformed space
{(i.e., Fourier-space). Then it is always possible to form a finite set of
indicator functions

1 condition (i) is satisfied at (x,t)
0 otherwise
defined in physical space, or
1 condition (i) is satisfied at (k,t)
Xi(ﬁ’t) = (2)
0 otherwise

defined in the transformed space. The members of the decomposition are then

defined as

v <X o peo (3)

and analogously in the transformed space. In order to show the flexibility of
this approach two examples will be considered. First, consider a single
non-negative scalar #(x,t) as discriminator in physical space such that the
condition is expressed as inequality

#(x,t) >d >0 (4)

where d is a chosen threshold value. The indicator function X marks all points of
the flow field where this inequality is satisfied. For local discrimination the
inequality is evaluated at the same point in space and time as the flow variable
. [If the discriminator ¢ and the threshold d are such that the condition amounts
to distinguishing turbulent from non~turbulent flow, the standard intemmittency
factor is obtained as expectation of the indicator function. As an example of
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non-local conditioning, consider then

s 6(x,) >d for T<t and é(x,t) >d (s)

which amounts to requiring that the scalar is above the threshold at the present
time and at some earlier time irrespective of the events in between. A more

: restrictive condition would be
Li
l?
: 6(x,t) >d for t-T<Tx«t (6)
o involving a finite time interval T. Comparison of the time history of the
N, discriminating scalar with a chosen function S(t)
. S(T) -d <6 (x,¥) <S(¥) +d fort-T<T <t (7)
9. allows conditioning with chosen patterns S(T) within an interval 2d, which itself
:- could be time dependent. In each case the indicator function X can be formed and
58 its expectation
¥(x,t/T,S,d) & <X(x,t/T,S,d)> (8)
. (notation for comparison with S(T) in time interval T) is called intemmittency
.Ej factor. It measures at a given point x of the flow €ield the statistical
- frequency of the event that the condition is satisfied. Conditioning non-local in
0 space an be done in analogous fashion. If the flow variable tyis taken at x and
P b(li’t)zd,i.lgo-on,n>1
:E is required, various subsets of the flow domain u9 are obtained depending how x
and/or the x. are varied and whether x is identical with one of the x; or
not. If x is kept fixed and x 4 x; for a i = 1, . . . n and varied arbitrarily
i X(x,t) =1 for ¢ > d somewhere in 8
-:: and no condition is imposed on the sampling of 9}(5,1:) if d is small enough.

If x = X then

4 1 for 6(x,t) >d

0 otherwise

) because all X; = x is a possible configuration and local conditioning results.
4 If the configuration of the L (relative distances and enclosed angles) is kept
\.2 fixed and the configuration is allowed to transiate and rotate genuine non-local
: conditioning {s obtained. As for non-local conditioning in time conditions

analogous to (7) on subsets of & with non-zero volume can be constructed in order
to single out chosen spatial structures in terms of the scalar variable ¢.

As second example conditioning in Fourier-space is considered. Let zp'(l,t) and
#(x,t) be realizations of the flow field at a given instant t, then

Pl - f f [ dxpixt) etex
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and
ok, t) = '(;%377” f dx Bx,t) &%

Now let the condition be
[é(k,t) | > d

at the same wave-number as z?lfor local conditioning. The conditioned variable
is P (k) = Xk t) Pk, 0) (9)

and gives transformed back into physical space

Pelat) = f j [ Al 1 Plt) &7 (10)

The transformation acts only on those wave-numbers k for which |3(5.t)|2 d.
If 6 is proportional to a positive power of |k| the high (or low) wave-number
range of z",} can be singled out. Furthermore a combination of conditions in
physical and Fourier spaces is possible, where the condition in Fourier-space acts
as a filter and the condition in physical space acts on the filtered realization.
8oth examples show that for non-local conditioning the geometric relations of
the conditioning and sampling point together with the conditions must be given.
Furthermore, it is possible to deal with non-random structures if some of their
properties are known a priori. Non-local conditioning in space or time can be set
up with appropriate discriminating variables to recognize them and, therefore,
sample in phase with their appearance and state. The problem of existence and
generation of non-random structures is presently excluded, however.

3. Conditional Moments

Expectations of conditional variables and pdf's form the basis of the present
investigation. The methods of conditioning discussed in the previous chapter will
be applied to obtain the intermittency factor and conditioned moments and their
exact transport equations.

3.1 Intemmittency factor: local conditions

First local conditioning in physical space is considered. This case was first
analyzed by Corrsin (1] and Corrsin and Kistler [2] for turbulent-nonturbulent
discrimination in several shear flows. An equation for the intemittency factor
appeared subsequently in Libby's papers [47], [48] and received exact
interpretation by Dopazo and O'Brien [49], ([50]. The analysis §s based on a
non-negative scalar #(x,t) which is transported by convection and diffusion and
may be created or destroyed by various sources or sinks. Thus,




P T e Eond e Fe e AT E e A e b BTy £S5 00e % Tw

_3! + vy _'-‘;. ? a‘
at e axa i (r'?x-—) + R(#)
a )
holds instantaneously in the flow fieldd. The local condition is expressed as
1 for #(x,t) >d
x(bt) - {

0 otherwise

1 for é(x,t) >d or é(x,t) < 1-d

X(bt)'[

0 otherwise

for a scalar bounded from above and below and normalized. The threshold level d >
0 can be considered a function of the Reynolds-number in particular if é > d
corresponds to turbulent flow at x,t and é < d to non-turbulent flow. For
sufficiently smooth boundary conditions and source R, the solution of (11) is
twice differentiable and then defines for any instant t

S(x,t) = é(x,t) ~d =0 (12)

-

a subset of the flow domain, which has a bounding surface determined by the limit
points of sequences y, with S(yi,t) < 0. This surface is called an interface
between the zones with ¢ > d and 4 < d. A point on this interface moves with
velocity V in the direction nomal to the interface relative to the fluid. Thus
) VS
naV=v,- Ve s RejET for VS| >0 (13)

’ I!."l 7y
A LA

L)
o

7
"'.

2 denotes the interface velocity. If the scalar variable #é(x,t) is

sufficiently smooth in x the normal vector n, will exist nearly everywhere, For
the indicator function follows then ([54] Ch. II1)

%t’{* Vo%'%”” (14)
a

where v

where &(S) emerges as a derivative of X with respect to its argument S (D/Dt
denotes the substantial derivative). Ensemble averaging results in the exact
transport equation for the intermittency factor

w e -0 (15)

where Q denotes the intermittency source defined by

Q » <DS/Dt &(S)> (16)

The source term of the intermmittency equation can be expressed in termms of the
relative progression velccity V of the interface S = 0. Thus, the first
representation of Q is obtained

Q= <VIVS| 8(S)> (17)
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which follows from the fact that the left hand side of (14) is zero for points
moving with vi. A second representation for the intermittency source Q can

be given by applying (11) to (16)
Q= <f5- (r%%) + R($)]8(5)> (18)

1inking Q to the dynamics of the discriminating scalar variable . These
representations allow one to draw several conclusions. Considering (17) we note
that this representation is equivalent to Dopazo's form of the intemittency
source [49]

L] . 1
t) =1 dAv (19)
Ut e WILS >

as shown in the appendix. U denotes here a particular sequence of neighborhoods
of the point x and Ug is the intersection of U with the surface § = 0 (see
appendix for details).

Dopazo's representation (19) can be interpreted [69] as a correlation of the
relative progression velocity V with a local measure for the amount of interface
area per unit volume. The relative progression velocity is determined by

Vels) = qggy {a (P30) * R6) fats) (20)

as shown by Corrsin [55] and Gibson [43]. V can grow over all bounds if points in
the flow field appear where Vb = 0 and either R(é) ¢ O or molecular diffusion has
non-zero effect (extremal points and lines). If a fluid is considered which is
initially at rest and a scalar ¢ such that the sources are zero initially, then ¢
is distributed in & with extremal values at the boundary. Two agents are then
able to produce extremal points (maxima or minima) or extremal lines (saddle
lines) in & as time evolves: convection as shown by Gibson [43] and sources. If A

the scalar ¢ is non-negative and the threshold level d in (12) is sufficiently E

small the gradient |V 5| will be small and the second derivatives will be positive
with high probability thus making

lézl ?:_ "'%:‘) 20 for x: é(x,t) =d >0
a a

Molecular diffusion wil) therefore most likely produce a positive progression of
the interface in the direction of the negative normal i.e., into the zone with
S < 0. Little can be said about the source term unless a particular scalar ¢ is

chosen except
lim R(6) > O (21)
$»0

because 4 must remain non-negative. The influence of R(#) for small threshold
levels is however worth investigating because it represents the growth of the zone
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S > 0 not linked to transport of mass. For this purpose the scalar
“i.t) = “.u. (22)

is considered as discrimination between turbulent (S > 0) and nonturbulent zones. B
The source term follows from the vorticity transport equation as

<uw >

R=-2viu!

?
+ ' ey o |t +
2 0 —— {<vin'> <va“8>)

g a 3)(B a “8 B a N
3«0; au'c d ‘::;M‘i.:‘
. [} [ ' 1 - — y
+ <w8> w, SGB + LA <SOS> + ucussas 29 3"3 3*3 (23) R
R o oy
-
1 Y, ¥V PSS
where S .= 7 Gt 3x-) denotes the rate of strain. In this case, therefore, B
’ 8 T
1im R(d4) = O because all contributions to R are proportional to the fluctuating : ;::,t
RN A Y%
vorticity. Consider now the free boundary of a turbulent shear flow where the ,wj,s
spatial variation of the mean quantities is small and outside the zone S < 0 the . S
—
motion is nearly inviscid. Then for points (x,t) with S < O the é-source is PEA,
dominated by the vortex-stretching term ) t‘vs%
N
Ve ' Ny
R®wwS,e ;:Z\;*.,
If vorticity fluctuations are present in this zone at a level below the threshold w;
d, they will be amplified by the strain rate stretching them most efficiently if ’ :
they are aligned with the dominant direction of stretching. Conversely, if the - '._‘
low level vorticity is homogeneously distributed little effect on the scalar ¢ %\1
results, because the strain tensor has zero trace. Thus, only in the case that H
low level vorticity in the zone S < 0 is nearly aligned with the stretching :"-S
direction created by the large scale motion in the turbulent zone, will the ‘-"-
e
interface defined by (22) move faster than the interface defined by a conserved S
scalar with the same diffusivity.
3.2 Intemmittency factor: non-local conditions : \
Gy
Conditioning at more than one point in space and/or time leads to moments or :";;‘
pdf's that contain a certain amount of scale information. The range of gﬁ
possibilities for non-local conditioning is vast and for this reason the simplest RN
case of two points is discussed first. A single scalar #(x,t) is considered as :"W
discriminating variable and the conditions are given at two points X,y at the same B "':;::‘f
time t
1 If é(x,t) >d and é(y,t) > d*
xz(!_st/l’t) = (24) "\.'.."
0 otherwise ntd
»:'.‘;\
where d, d* are positive threshold levels. Since the condition at (x,t) and {y,t) g
is the logical product of the conditions at each point, the two-point indicator ' e
J‘\-' 1
% b
\‘.-‘..'-;.'.'- A . V3 et L) ..-'.;‘-.'-'."-..-\'.,-’.;'.,-’.._-".,-’.,-‘\"-,-,'_- '-"-,f-."-.' " AN ) ) \'.' L '.'-:,\:.}'»:,.' ‘,'f-a;s;
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function Xz(g.tlly_.t) can be considered as a product of single-point indicator
functions

&

gt

¥

RS
LA S
X

X,(x,tly,t) =X(x,t) X*(y,t) (25)

A
¥ -

where the asterisk denotes the level d*. Now the two surfaces, S = 0 and S* = 0
(in the three-dimensional flow domainQ), are defined by

S® ¢(x,t) -d and S* ®é(y,t) - d*
determine the value of X,. They can be viewed as a single surface in the
six-d imensional space of point (x,y) in Dxd c R3 X R3. The equation for the

rate of change of the indicator function follows for (24) using (25) as in the
case of local conditioning

ay , W, 0é Dé

3T ¢ V(%t) w +v (pt) E'-X*(,Y_.t) 8(S) gt (x,t) +X(x,t) 6(5*) gr (wt)
(26)

Ensemble averaging leads to the exact transport equation for the two-point

intermittency factor

G OOWNAYRLE  ASMUALEN L

YZ(_x_otIl’t) = <&(£|tIth)> (27)
given by
312 3 .
s 3—:: < (x,t) Xp> * W, < (Lt) X5 = Qy(x,t/y,t) (28)

by
LA

where 62 denotes the intermittency source defined by

l' - )‘ ’l.

Q,m <x*(yt) 6(5) D (x,)> + <W(x,t) 6(5*) & (y,t)> (29)

RO

L

Representations (17) to (19) carry over to (29) without modification. If &(bt)
denotes the instantaneous value of Q in (16), the structure of 02 becomes
evident as

AR

R _ 135

Kl

Q, = <x*(y,t) &x,t)> + <x(x,t) &(y,t)>

"L where we have the contributions of the single-point intermittency source at each :;,.
=] point x, y provided that the condition is met at the other point. A two-point e
E‘ intermittency factor is able to capture topological properties of the interface »:'-,,;
.;: between two zones that the corresponding single-point variable does not see. In ;::'.E:
e order to show this a fixed configuration of points x,y is considered where x '::x::
2 varies in the flow field and y = x *+ r with fixed r 4 0. The equation for the HAe
N intemmittency factor 72(_:5,3;,t) can be recast then in the form
2 Y2, 2 : % %
T W, Wl t) X o> = Qy ~ <(v (x*r,t) - v (x,t)) W (0) S
i analogous to the single-point equation (15). ’ "'.,
o’
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Fig. 2 Interface with folding in Fig. 3 Intermittency factor vyl
y-direction and y2 and function F defined
in (31) for fig. 1

Now consider the free boundary of a turbulent flow with dominant direction of
the mean flow along the x-axis as sketched in fig. 1 and fig. 2. Two cases are
considered: in fig. 1 the fluctuations of the interface does not produce folds
with respect to the y-axis (crossflow direction), whereas in fig. 2 the same
fluctuations of the interface are assumed with folds added to the interface with
positive probability. The shift r in the two-point intermittency factor is taken
as r = (0,ay,0) with ay > 0 and of the order of the spatial macro-scale of the
discriminating scalar 4. Let the single-point intermittency factor y(x,y) be
known, indicated as the full line in fig. 3 and fig. 4. Then we note that
vz(i.g,t) in case A (fig. 1) turns out to be

vo(%,¥) = vy (x,y*8y)
for x held constant, shown as the broken line in fig. 3. This follows immediately
from the assumption that in this case no folds with respect to the y-axis appear,
because then the event that the condition is satisfied at y + ay always implies
that the condition is satisfied at y. Thus X,(x,y/x,y*ay) = X(x,y)¥(x,y*sy) =
X(x,ytsy) and ensemble averaging yields the relation above and no new information
is contained in Y2 compared to y; in the case of no folds of the interface.
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Fig. 4 Intermittency factor yl and :v".:
v2 and function F defined in (31) :?s,}
for fig. 2 '?45‘;
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Now considering the case with folds added to the interface as sketched in fig. 2
E: we note that always
& Yz(x;)’) < Yl(xoy) ’ Yz(xo.V) < Yl(xoy"'A.Y)
Lo must hold, because the condition in Y is more restrictive than the condition in
';' " at either point (x,y) or (x,y*ay). The presence of folds, however, will for
P given (x,y*ay), such that the condition is satisfied at this point, reduce the
Ay < es
probability (which is unity without folds), that the condition is satisfied at
" (x,y) too. Hence fya
':.: Yz(x’.Y) < YI(X’Y*A.Y) -
<
' for a shift ay of the order of the fold size. If we now define a foldedness
. measure F(x,r,t)
N Flxor,t) @ vy(x.r,t) - vy(x,t/xtr,t) (31)
.':-: we note that this function has several interesting properties:
N 1) F(x,r,t) = 0 if no folds appear in the direction of the shift r.
< 2) F(x,r,t) > 0 if folding appears with respect to r.
N
N7 3) F is composed of statistical moments for which exact transport equations
) can be derived.
- Furthermore we note that F depends, as two-point correlation, on six
independent spatia' coordinates. If, however, a reasonable estimate for the fold ’A _,“
: size is known (..e., macro-scale) then r can be set to a constant as in the ' "Nj
example above and the transport equation for F can be incliuded in single-point M‘
. closure schemes to provide, for {instance, improved treatment of the entrainment ' ‘{’
Y mechanism at free boundaries of turbulent shear flows. In this case the form (30) ,.j-j.::
,'ﬁ of the transport equation for v, is appropriate and closure assumptions for the :';l;:
" right hand side must be developed. A growing body of experimental information -.*.f-';
[y .“.
[34] exists on development and properties of large scale structures, which can be &-t'
‘. expected to reveal conditions for folding of iso~scalar surfaces and the transport -.
N DA
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Thus follows the transport equation for vy, by intergration from (32) without
recourse to the notion of an interface. From this brief outline can be concluded
that non-local intermittency factors can be constructed to suit particular needs
in terms of the function fk and the exact transport equation for Y, can be A

. )
established. f”f“‘:‘f

3.3 Conditional moments

The indicator function discussed above allows definition of conditional
moments: let A(x,t) be a fluctuating variable (such as velocity, pressure), for
0<cc<X><1

<XA>

TR , A*xmA-A (34)

>1
n

the expectation in the zone with S >0

ﬁsﬂ%—:—fo)-A—a . e -k (35)

conversely the expectation in the zone S < O and A*, A0 are the corresponding
fluctuations. Considering local conditioning according to (11) and (12), the
Navier-Stokes system can be averaged conditionally and yield for constant density

the equations

'37:: (v,) = <v_ n_IVS[s(s)> (36)

as a consequence of mass conservation and

a , ~ ava 1 2 e 13 2 avc < N

_o . —s _ _2_9 *uk) . = + -9 —2) + 7 e

? Vs Xg Y ax (v qua) o ax o ¥ axa) S (37) =

o

and AN

Yot

I - S S Ty ) ) v:v:)_%2L+._3_(\,._".)+'§ (38)

follow from the momentum balance. The terms §° and gu reflect the transport of

momentum through the interface and can be viewed as force per unit mass exerted by
the zone X = 1 on the zone X = O and vice versa [49]. These sources can be
represented in terms of point-statistical moments [49] as follows. Introducing [58]

v
Fomelv, Vela -y T M) 17516055 - si—a <v v n [vS}5(S)> (39)

we get )
= - % 2 -
S F and g = Fo (40)

SR a

where the superscript at F applies to velocity and presure in (39). The momentum
sources S, and ga have no counterpart in unconditionally averaged balance

.........................
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_ Thus follows the transport equation for y, by intergration from (32) without
‘ recourse to the notion of an interface. From this brief outline can be concluded
'l that non-local intermittency factors can be constructed to suit particular needs
b in terms of the function fk and the exact transport equation for Y, can be
; established.

3.3 Conditional moments

The indicator function discussed above allows definition of conditional
moments: let A(x,t) be a fluctuating variable (such as velocity, pressure), for
0<c<X>»<1l

= <XA> ~
= o5 A* m A - A (34)

>

- the expectation in the zone with S >0

= <1 -%)A> 0
= - <x> , Kan-k (35)

N conversely the expectation in the zone S < 0 and A+, A0 are the corresponding
fluctuations. Considering local conditioning according to (11) and (12), the
Navier-Stokes system can be averaged conditionally and yield for constant density
the equations

>it

Ty v) = <v_ n_[VSIs(s)> (36)

as a consequence of mass conservation and

> av. = av = o =
: ey 2 12 Ayl 8 (e, (37)
: ? B axg I a B b, Xy g a
" and
av av = av
e
i —s+y o _ 1 3 (4 00 1 , 3 (e,
N it Vs xg Iy ((1-v) v vp) o X, * axg (v ”B) gu (38)
‘ :
: follow from the momentum balance. The temms S; and 'S'a reflect the transport of
- momentum through the interface and can be viewed as force per unit mass exerted by
g the zone X = 1 on the zone X = 0 and vice versa [49]. These sources can be i
BOCASS:
. represented in terms of point-statistical moments [49] as follows. Introducing [58] -::;-'.;:
'u\ b\s
' av N
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~ o a axa 8 axs a8 ,
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’, B equation. They contain new unknown correlations and for this reason it is important
: to investigate their properties. It will be shown that §° and §¢ are not
jndependent, but connected with the intermittency source Q via a local relation.
This follows from the fact that the unconditional mean velocity is given by

0 W > =y -\;g +(1-y) 30‘ (41)

. 5 and the uncbnditional stress tensor by

\ Lor - -

o 'y a v CEOR - 0,0 - v -V v -v

> : WV =y VEVE ¥ (1-4v) VoVg * Y (1 -v) (v, -v) (vB VB) (42)

5 JSH

AN ]

5 13,.5 locally. Applying these relations to (37), (38), and combining to obtain the

] “ equation for the unconditional mean yields the result

- t - = e . 1 .,= = Ay
vsa*(l-v)gg-(va-va)‘l*;(?-ﬂaxa (43)

5

e : as claimed. This relation has important implications for the closure of

= conditional moment equations, because it essentially removes one of the momentum

_-..-: sources from the set of unknowns. This type of local consistency requirements
\: carry over to higher order moments such as Reynolds stress, but become

A\ » increasingly complex.
. *E” Non-local conditioning offers too many possibilities for an exhaustive
';i discussion. We note, however, that for the case of two points in space the
2 decomposition . X
= - + -

3 | v, X2 v, W - X)) Vo (1 Xl) v, (44)

.. - with Xl =X1(_x_,t) and Xz(g-_r;.tll,t) as defined in (24) leads to three

j.': ' contributions representing the velocity in the core of the zone S > 0, the
" velocity in the zone $ > 0 near folds and the velocity outside this zone., The
-'.'-j shift r is considered constant. Averaging and appropriate definition of zonal
means shows that the second part in (44) is proportional to the foldedness
o measured introduced in (31). G
’.‘,; 4. Turbulent Flows with Chemical Reactions 3

Turbulent flows with chemical reactions can be separated in zones with ﬂ

;:Z; '_ : distinct properties by the extent of reaction that takes place. If significant '.;
o T amounts of heat are released by the reactions, the density will be variable. In R

«

.

e
N
i Aty
;.uu&“'

this chapter two cases of turbulent flows with chemical reactions in the gas phase
) wil]l be discussed: non-premixed and premixed combustion. The chemistry of
- : combustion in the gas phase involves complex systems of reaction steps with

.- N
£ , numerous components. In order to keep the problem tractable, only a greatly E::\
- o 3N
F::.'f simplified and global description of chemistry will be employed. In both cases I::.w

" N

-
.
(]

particular values of scalar variables arise, which lend themselves to conditioning
¢ and the corresoponding sources for the intermittency factor will be analyzed.
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4.1 Non-premixed combustion: diffusion flames

P W WA

The simplest model for the chemical reactions in diffusion flames consists of

a single infinitely fast and global step, in which fuel reacts with oxidizer to
3 product. The instantaneous description of the local themo-chemical state can
! then be reduced [59), [60] to a single conserved but non-passive scalar variable
" 6(x,t) with values in the interval [0,1]. The thermodynamic variables density,
temperature and composition are local functions [60] of this scalar é(x,t) which

Y . is usually called mixture fraction [61]). For the combustion of hydrogen and
hydrocarbons these local relations are strongly non-linear and information on the

pdf is requird in order to calculate the expectations of thermodynamic variables.

e The composition of fuel and oxidizer streams determine the stoichiometric value
Aot of é, at which the infitely thin flame sheet is located. The conserved and

non-negative scalar mixture fraction is now taken as discriminator and the

stoichiometric value Aot is considered threshold value. Hence the fluid

consisting of fresh oxidizer and product (plus inert components) is the zone where

i iach
SR

T,

'

Se2 ¢ - Ay < O and the fluid consisting of fuel and product (plus eventual
inert components) is the zone S > 0. The surface separating the two zones is
identical with the infinitely thin flame sheet. Furthermore, both zones are
turbulent but show different levels of density fluctuations: the zone S < O
exhibits strong fluctuations whereas the zone S > 0 shows weak fluctuations (for
fuels like H, they are negligible). Following the suggestion of Janicka [62]
the indicator function is weighted with the density and the intemittency factor
follows then as

L

o s
¥,

P APRERNERN

-’

’

LA A A A A

13

[

4:‘\:
X

[

[

1 for é(x,t) >

v = <wX> s X(x,t) = { st (45)

Pt
P *
[ "Nl

-ty ,
A
e g

0 otherwise

.,
*

-

v

where w = p/<p> denotes the weight function. The conditional moments analogous to
(34) and (35) are now

Sl
RTINS
&’

J
v

(K-ﬁ;& , A*mA-ARA (46)

and Ae ﬂ—&%-)& , Alma-R (47) S

o . Then the dynamics of the weighted intermittency factor are determined by
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with the source
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Qs <o %2— 8(S)> (49)

This source is closely connected with the pdf of the scalar ¢. This connection
can be analyzed by considering a second indicator functionxl.

X, (xt) = [1 for Bx,t) < Ay + m (%)

0 otherwise
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with ax > 0. Then follows that the difference of the corresponding intermittency

factor is
A et 8 .
\ -
Y-y - XI da P(1) f%;l = A\ P(xst) +0(ax%)
st

where P(a,x,t) is the pdf of #(x,t) and P = wP. From (48) follows

Lo (o> (1=17)) * 5o (co>an v, (X-2)> = ax [ (o> P) + %:p Vh1 e omd)

and _ . .
Rl g (e3P - Q0 = Angy + 81)) + 0(an)

where ;c is given by (46). Going to the limit ax » 0 and using the scalar pdf-
equation for high Ret numbers

~ : ~ "~ 2 A
2 (o> P) + ;:: (<o> v P) = -2 (<> RP) --:_af <oI'Vé. V6P>

the relation of the intermmittency source 6 to the pdf is obtained (for A = *st)

. - 2 a
B2 (o> RP)+ a_:f <orvé. veb> (51)

where P = s(o - ‘st) [56]. Integration yields finally

Q=<p>RP + 37 <or'vé. VP> (52)

for diffusion flames the scalar ¢ is conserved and thus

Q= :_A <» €y §(S)> (53)

where g% rveé .vé denotes the instantaneous scalar dissipation. This
representation of the intemmittency source shows several properties. The
derivation indicates clearly that conditioning (50) introduces a new independent
variable 1 and separation of the flow field in several zones is closely related to
the pdf F(x) of the scalar via (51). For diffusion flames with infinitely fast
single step chemistry the intemmittency source (53) can be viewed as divergence of
a flux due to scalar dissipation along the scalar axis taken at the value of the
threshold. For small threshold values (53) is positive. It must change sign at
least once with respect to A and therefore 6 is negative in the range of large
threshold levels, because (53) integrates to zero over all vaules of ¢. Finally,
it is worth noting, that closure models for (53) are already available in the
context of pdf-transport closures [63], [64] hence no new effort is required.
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4.2 Premixed combustion E 2
" !v
?\ The thermodynamic state in premixed combustion can be described locally in .}
terms of a single progress variable (Bray-Libby-Moss model [65], [66]) for E
% simplified finite rate chemistry. This scalar variable é(x,t) is, however, not s.,,-
conserved and its transport equation contains a nonlinear source/sink term. A ":I"‘@:
; small threshold value for é is introduced in the BM. model and used twice to ‘
1 define three zones: unburnt mixtures for ¢ < d, reaction zone for d < 6 < 1, ' ”
_ burnt mixture for ¢ > 1-d. In the BM model a powerful assumption is introduced, _.' B
5 namely that the probability of finding the reaction zone at a given location is S
"'_" very small compared to burnt and unburnt zones. A different point of view can be ..""5-",-.'\- y
- taken by taking the value 61’9 of the progress variable that corresponds to the y
ignition temperature as threshold level. Then follows for the intemittency e
o) source from (52) R K:\:
;; Q = <p> RP + ':T < ¢y §(S)> (54) ::E:
o oS
1‘ from this relation it becomes apparent, that the progress of the zone, where B3
:-: 6> dig (main reaction zone and burnt mixture), depends on the reaction kinetics ;_‘1'
.2 as well as the turbulence dynamics. Since the threshold level is not necessarily ';-::

:: small enough, such that the turbulence contribution is positive, conditions can be
inferred from (54) for (')5_ 0. If the turbulence level in the fresh unburnt fluid
is high enough, then <p <4 §(S)> can decrease with A and result in negative
production of the intermittency factor. This implies that the 2zone containing
reacting and burnt mixture ceases to grow at the expense of the fresh mixture,

:} 5. Applications

J-:‘ The approach discussed in the previous chapters can be ijllustrated in many
-, ways. Three cases were selected from the areas of numerial simulation,
- experiment, closure model. First, the numerical simulation done by W. T. Ashurst
': of Sandia, Llivermore of a plane v-shaped flames in a premixed fluid is
;j. considered. The dynamics of turbulence is represented by a large number of vortex

lines in the two zones of burnt and unburnt mixture, each having different
density. The reaction zone appears as a thin sheet as shown by the fyll line in

| 198

- fig. 5 for a particular instance in time. The indicator functions K YRS,
PO, SN ¢
L 1  burnt fluid at (x,t) : :“:-‘i
-‘ x (L't) = { -‘\::
N~ 0 otherwise
. and -
> 1 burnt fluid at (x,t) and (x*r,t) SN
:. Xz(iotll"zo t) = I'.:::':.J
,. 0 otherwise AN
: e
5 are defined as suggested in Chapter 4, where X and x*r are on the slanted straight "f:’?"
o Lj.-:;.‘
--"‘
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Fig. 5 Numerical simulation of a v-shaped premeixed flame (courtesy
of W. T. Ashurst, Sandia Livermore). Full line: Interface burnt and
unburnt mixture.

; line shown in fig. 5. Taking a sufficient number of realizations the
p intermittency factors ys <X> and vy, = <X)> can be calculated as a function of x
and v, as a function of r for x fixed. The result is shown in fig. 6 where the
open symbol represents y and the full symbol p- The single point intermittency
factor y is nearly constant, whereas v, falls off with increasing relative
distance. This implies that the foldedness measure defined in (31) is non-zero,
hence considerable folding takes place in the direction of the slanted line (fig.
5). If the same calculation is done normal to the slanted line in fig. 5, vy and
' Y2 turn out to have the same profile shifted by r, hence the folding measure
(31) is zero.
The experiments of Dibble and Schefer [67] in a turbulent Hz-air diffusion
flames provide instantaneous density records at fixed x/D = 50 and y/D = 5.1,
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. Fig. 6 Numerical simulation of a v~ "y
: shaped premixed flame (courtesy of W. T, A
: Ashurst, Sandia Livermore). Intermit- o\

. tency factor yl1 and y2 along slanted IR
w straight line in fig. 5.
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These records can be used to establish two-point intermittency factors Yy = < o>

>0 %

2 1 for olx,t) < Kyop . and olx,t42) > Kyo o
% Xolx,t/x, t+T) =
0 otherwise
f with K; = 0.9 and K, = 0.9/0.6 as shown in fig. 7. The intermittency factor
; vy s in this case equal to the two-point correlation of the single-point
indicator functions. The curves in fig. 7 show the typical form of two-point
N correlations remaining, however, always positive. ‘ “:,{
’ A
N ! for P2 090, ., Qet)2dp, e "'{Q‘
e, I\ X/_{,A,v-/ ] il mas TSR Vo 1o,
’ 33 \\ O  orernise. "
\ ) d*s09 o
- v 2) :a*s043 A
'.' \ 3) - d*044 .._.b
‘;‘ LSk :".
- o
m!
3 2024 el
& ’:":E
x 1 N
4 . (N
—— TN %
e T ™ e e e e T et
y ao } +
o0 r0 20 T [ms]
& Fig. 7 Turbulent H,-air diffusion filames [68]): Two-point intermittency
- factors using density p(t)
2
pes Finally, a single-point closure model [58] for intemmittent shear flows in "
-~ considered. Thz details can be found in ref. [58], but it should be noted that [
er the closure model consists of transport equations for the intemmittency factor vy, . ;--'j'.'_:
N the turbulent zone and non-turbulent zone mean velocities, the turbulent zone L-
stress tensor and the dissipation rate. The stress tensor in the non-turbulent
.' ‘.'_\'.
X zone is related locally to the turbulent zone tensor using a closed form of the ::j.:::.
o Corrsin-Kistier [49] equation. The closure model is applied to the plane jet and . ;:::j::'
P-. compared to the measurements of Gutmark and Wygnanski [15] in fig. 8 to fig. 10. ';:
' The intermmittency factor y in fig. 8 is determined with a closure for the source, F Y
- Q, which includes the effects of the mean strain rate in the turbulent zone and ;.‘,::l:i
'.:; the spatial variation of y itself. The mean velocities in the two zones in fig. 9 ;:i::l"
x show that the non-turbulent zone mean decays significantly slower than the ::-I:I:'.E
e .s“.\‘
' turbulent 20ne mean, since the shear stress in the former zone is much smaller. i 1
- =)
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5 ~ Fig. 8 Conditional closure
7 model [58]: Intermittency

- Plane jet: Conditional model. factor in plane jet (symbols

] (15])
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d :‘\ Plane jet: Conditional model.
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° Fig. 9 Conditional closure
< o] model [58]:Conditional and
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Fig. 10 Conditional closure

: 2 model [58]: Conditional and
3 i unconditional normal stress
S s (symbols [15])
™ © 025 050 o075 1 125 150 135 2 225 250 273
< ETA

The normal stress component <u'2> for both zones and the unconditional case in
. fig. 10 combine nearly linearly because the contribution from the relative
N movement of the two zones is small. This is not always the case it is possible
. that the unconditional fluctuations are larger than both zonal fluctuations (for
¥

density fluctuations in ref. [68]).
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6. Conclusions ;ﬁgﬁ

The idea of conditioning provides a concept for the classification of methods "‘.25:::‘:

of decomposition of flow variables describing turbulence. The classification in };y::‘gg

local and non-local conditions was discussed and a variety of examples was given. "_«“

In particular, allows non-local conditioning the construction of expectations in :f\

phase with recognizable structures provided some of their properties are known. fizz

Conditions, which can be expressed in temms of scalar variables called Y

discriminators, allow the construction of indicator functions and intermittency ‘ '
factors as their expectation. The source term in the equation for the ~

intermittency factor and for local conditioning can be represented in several ways
leading to the following conclusions. The source is the expectation of the
relative progression velocity of the interface defined by the local condition
times the absolute value of the gradient of the discriminator. This product has

- - e -
» e r A
BT taamad 75
.

well behaved statistics and is determined by molecular transport and the rate of ::::ES
formation or destruction of the discriminator at the preset threshold level. ;":f.:
Hence, for erample, the discrimination between turbulent and non-turbulent fluid
v with conserved and non-conserved discriminators is not equivalent unless the SN0
- formation rate of the discriminator at the threshold level is sufficiently small. ‘_:-'_{
_ The simple case of two-point conditioning as example for the non-local case allows ;‘_
- construction of a measure for the amount of folding of the interface between two _.L
zones without recourse to statistics of multi-valued random functions [45].
Application of the idea of conditioning to turbulent reacting flows reveals the e :Z:ifi_
o close connection to the pdf of the discriminating scalar, which is chosen as
N mixture fraction for diffusion flames and as progress variables for premixed I::l;:"'
flames. Existing closure models for the scalar dissipation in pdf equations can ;
E be applied to the intermittency source in diffusion flames. The flame sheet can
'.jj be the interface if the threshold value for the discriminator is set to the
.:: stoichiometric value of the mixture fraction. Several applications show that
conditional information can be extracted from experiment and numerical simulation
and closure models for turbulent shear flows can benefit from these results.
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Appendix

Consider the representation (17) of the intermittency source Q

Qlx,t) = <V 195 ] 8(S)> (AL)
and Dopazo's [49]) representation
. . 1

‘ *(x,t) = lim < jf dA V> (A2)

: wupo VO

5 S

)

‘é where Uc denotes the intersection of the neighborhood U of x with the interface
given implicitly by S(x,t) = O and WU) is the volume of U. The surfaces S =
const are assumed to be orientable and sufficiently smooth (at least once

3 continuity differentiable) such that a unique normal vector n (positive into

: zone S > 0) exists nearly everywhere., Both the sequence of neighborhoods U of x,

N and the statistics of V must satisfy certain restrictions to afford the

y representation (A2) as explained below. Then holds

Q= o (A3)

. To show (A3) we consider a realization for S and V and the fundamental sequence
for the Dirac function

o

5 1/e for - ¢ /2<S<¢ /2

8,(5) = { n n n

- otherwise
with €, > 0 and €, > 0 as n» . Then the set

v . _ £ €

> K()® {yed:-F<Slpt) <5

ﬁ

Y

is formed (9 denotes the three-dimensional flow domain). Now consider a point

v x ¢, then either S(x,t) = 0 or S(x,t) # O because S = 0 is a smooth surface. If
* S ¢ 0 an index n* can be found such that

t

M 6;(5) =0
= and thus
N, = *

X |V S) cn(S) 0 for n>n* . N :"
3 : 305
o If S = 0 then (with probability one) the normal vector n, through x on S = 0 S opoad
N exists and the intersecting points 5_+, x of n, with the surfaces S = ¢/2 :'“t
i and $ = - ¢/2 can be found for n > n* for some n*, because the surfaces are 3
o sufficiently smooth. Thus, for x ¢ Kn(t) :.:‘Z:‘
”' + - :‘.':::::‘
R 7S]« ——+0(Jx -x7]) oy
1 Ix - x| . . o
» and ( V <o can be assumed, because for V unbounded |Q} and |Q*] »w0) U u
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I
3
2 V(x,t)
v ! + v.0()x"- x1) for x eK (t) (A4)
3 X -
- vwslcn(S) =
: 0 otherwise

e

for n > n*. Now construct the neighborhood U  of x as cube with side-length
!x‘— x~| centered at x and a side aligned with the normal N, then is

V(x,t)

" + -
\;I:: 1 l—m"’ V.O(]x -X l) for US 0 (AS)
U,s 0 otherwise “‘
X where V(Un) a ]g- x'l3 is the volume of U and Us is the intersection .
% of U, with the surface S = 0. Comparison with (A4) yields the result
P 1 ( ¢ -
Vivs| Gn(S)-mUJJdAV*O(lX-X’)
& S Y
v s
o and letting n » » -3,
! VIvS] s(S) = h'mWITT Jquv g
m Yool =
-~ Ry ¢
< Ensemble averaging leads to }:
A
. D |
<V|VS] &(S)> = <11mw—y JIdAV>
no& n US
:.33 The limit on the right hand side commutes with the expectation if the random
% variables X_
; Lo
n= ¥ Unf UdeAV
have distribution functions Fn(x) such that the expectations h:
3 " o3
"o T
["(X) F,(dx) LE
” -“ -
Fa' ) X
a3 converge to a finite limit for any continuous A(x) (see theorem 2 of [70] Ch. {%
~ Lo
o VIII.1). Thus under these restrictions on V and the sequence Un constructecd o -t
b above, follows " WL
1 f 3
, <VIVS] 8(S)> = lim O] fdAV> (A6) o
b, n->ao<v Yn Ug} N
s NCN
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The Spectra of Single Reactants in Homogeneous Turbulence

Edward E. O'Brien -;'fx."

Department of Mechanical Engineering, State University of New York at Stony Brook
Stony Brook, NY 11794, USA

A closure is proposed which is appropriate for a numerical study of the spectrum
of a single, chemically-reactive species in turbulence. The objective is to predict
the effect of moderate rate reaction kinetics on scalar spectra in situations in
which the fluid density is not significantly affected by the reaction. The method
of approach is to use the Fourier transform of the two-point scalar probability
density function as the primary independent variable whose evolution from an initial
state is computed. Two closure approximations are needed, one for turbulent trans-
port and one for molecular diffusion. We propose an EDONM-style spectral closure to
represent the former and a cluster expansion closure due to Lundgren for the
latter. These two closures are combined to preserve almost all realizability con-
straints of the system except the coincidence property of two-point density functionms.
Preliminary calculations have teen made in the no-reaction limit to reproduce previous
spectral results. Computations of linear reaction kinetic spectra are under way with
the expectation that the results can be compared with previous flux cascade spectral

predictions. More general reaction kinetic situations will also be investigated.

1. Introduction

The earliest theoretical study of chemical reaction in statistically isotropic
velocity and concentration fields is due to Corrsinl. It followed on the heels of
his pioneering work on the properties of temperature fluctuation52'3 in turbulence
which, in tandem with the Obukhoff4 paper, laid the ground work for subsequent
investigations in that important field. The problem of chemical reaction in turbu-
lence is also of significant practical importance, so important in practice that much
of the work of the last two decades has concentrated on modeling inhomogeneous flows

and reactions fields which have immediate applicability to a laboratory or industrial
reacting flows.

Study of the spectra of reactants in turbulence has not been as wide spread as
. .5 .
the study of temperature fluctuations. Corrsin” contributed one of the few papers
on this aspect of concentration fluctuations with his study of the spectrum of a

first order reaction. He used on Onsager-like cascade process applied to the P::i
statistically stationary portion of the spectrum in the equilibrium range of wave ;ﬁuﬁ
nurbers. llis student, Y. H. Pao6, extended these ideas to turbulent mixing of a ?izj
multicomponent mixture of reactants, all of which are first order. The second Aﬁé
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order, single species reaction was considered in Consin's earliest paper” and its

K asymptotic behavior in the final period of decay was subsequently deduced7. Other

b, studies pursued a nurerical treatment of the species conservation equation using a
' 9 . X ;
modified version8 of the Direct Interaction’ approximation for turbulent advection
10

and an inequality preserving moment closure approximation for the reactive terms™ .

s Over the last two decades turbulent transport of reacting scalars has received

T
>

N W N N

considerable attention from two fresh viewpoints, One stream of research has focussed

I

on the probability density function (pdf) of scalar concentrations as the primary
11,12,13

\A"“. ‘

quantity whose evolution is to be modeled and computed , while others, espe-~

cially from the perspective of combustion, have emphasized the relationship between

. S
turbulence structure and the reaction process“’1 '16. There have been some efforts

to combine both approachesl7’18. In this paper we pursue a continuation of the

OIS

former method which has certain important advantages such as a close attachment to
the conservation laws and the ability to incorporate in it various chemical kinetic

L Y

schemes without requiring a new closure with each.

It also has disadvantages, the chief of which is the high dimensionality of the
o defining equations. In practice, with only a few exceptions to be mentioned later,
i. this has meant limiting consideration to the l-point pdflg. From a theoretical
2 point of view the l-point pdf is on a par with the moment closure theories of :irbu-
lence and turbulent scalar diffusion in the sense that the evolution of length scale,

or any other parameter requiring two-point information such as dissipation rate, must
20

"7
PR

be brought into the description in an ad-hoc rmanner. The recent work of Pope

[/

denionstrates this; he has brought the l-point pdf description of reactive scalars

SRS A A
Xy
o

e e

s into close agreement with second order moment closure practice for the transport of

e,
h

non-reacting scalars in certain turbulent shear flows. A fundamental flaw of one-

LA,

. point descriptions is their inability to btring in the basic physics associated with
r a spectrum of eddy sizes,

'.”." "l b

s
"i

What seems to be missing from the literature on reactive flows is a genre of

.

= spectral closures such as exists for turbulent non-reactive scalar transport and

_f; which have been used in that field to gain insight into the degree of universality

- of certain parameters of second-order modeling. They have also teen used to deduce

:j the proper foms of sub grid-scale eddy parameters in large eddy simulations. The
;j spectral closures for turbulence which have been most developed are the eddy-danped ) g
yj quasinormal Markovian21 (EDQNM) approximation, the test field mode122 (TFM), the ,{K
f; direct interaction z'mproximation:',3 (DIA) and its cousin the Lagrangian history direct ,ﬁ;
ij interaction2 (LHDIA) approximation. A recent paper25 elatorates on the successes L';i
v

of EDQNM and TFM with regard to their influence on second order modeling and their T e

< relationship to the more complicated DIA and LHDIA methods.

ﬂ

': In this paper we develop, in the 2-point pdf format, a description of the spatial
,’ (spectral) effects of turbulent transport at a level equivalent to the EDQNM and TFM

approximation; while simultaneously representing, by a suitable closure, composition
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R space transport due to reaction and diffusion. The choice of the EDQNM and TFM ;
;; methods to approximate turbulent effects is tased on the practical consideration
e
R that both DIA and LHDIA in their own right are very demanding on computational
. resources. The EDQNM and TFM methods have been shown to preserve energy positivity
ﬁ; and Kolmogoroff scaling at inertial-range wavelengths. Their more suttle properties

Y have bteen reviewed recently by Herring et 3125; enough is known about them to make
X either of them plausible representations of the major spectral features of scalar
mixing in homogeneous turbulence. In this paper we arbitrarily choose EDQM over
TFM, a decision which can be reversed if necessary.

g e,

There is no closure for composition space transport which is as well developed

fs as the EDQNIM closure is for turbulent spectral transport. The paper by Kuo and

’ O’Brien26, which developed the 2-point 1evlev27 approximation for a stochastic

¥ system undergoing molecular diffusion and reaction, is one of the few to have looked

i: in detail at two-point pdf equations; another is the seminal work of Lundgrenz8 who

:: described the equilibrium range of isotropic turbulence starting fror a two-point

L: velocity pdf description and a pdf closure hypothesis. The Ievlev closure mentioned
above is a formal one which, at the two-point level, has been shown to satisfy all

js of the realizatility conditions of reduction, coincidence, separation and normaliza-

;: tion and to give a physically reasonable representation of the evolution of a reacting

)

H

scalar field in composition space26.

(]

s

The levlev closure can also be used to represent turbulent convective transport
in Fourier space27, but a previous study29 showed that it was not feasibtle to carry
:j‘ out a numerical solution of the resulting closed equations. Even for transport in
by composition space the computer memory requirements of Ievlev's closure are likely to
be excessive when it is applied in conjunction with an EDQNM representation of turbu-

3 lent spectral transport. In the following pages we outline the Ievlev closure with

g a view toward incorporating it into the study when methods are found to make its

o solution a reasonable mumerical pursuit. However, we initiate the study by adapting
two other closure proposals to the problem of transport of the two-point pdf in

. composition space. One is due to Lundgren‘28 and amounts to an expansion about the

$; jointly nommal distribution, the other due to Kuo30 is based on a linear mean square

:.: estimate closure. Both are simpler than levlev's formalism but both represent the
coincidence prope.ty only approximately. Lundgren's closure is the more attractive

] because connection to a standard statistical state is more apparent, as we show

*3 later.

‘::- 2. Turbulent Mixing Approximation

’1; A scalar concentration ¢(x,t) satisfying the rate equation

L Rewvo-ov? o+ i@ ¢

has a corresponding single-point fine grained density

P = &8 - 6(x,t))

- 118
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(1)

which satisfies

s
y

: )
g %2_, uVp-D V2 p=- éu{w($)p] - D-gf [ (Voe¥d)p] (2)
i t  ~

¢ T
5 where u is the turbulent velocity, 8 designates a (non-random) value of ¢(§,t) and
X @ is the chemical production rate term supposed, for our purposes, to depend expli-

citly only on concentration.

* In (2) the right hand side is concerned with composition space transport, the

left hand side with transport in physical space.

;} 1f, for the moment, we ignore the composition space terms, p obeys an equation
ii analogous to the conservation equation for a non-reacting scalar ¢
' .g%‘g,v¢-nv2¢ (3) .
5: Equation (3) is the starting point for the derivation of the ENQNM or TFM spec- :ttxl
K tral closure methods(zs). For the purpose of this study we will discuss only EDQNM; (s
bEY . l.“’
» both it and TFM are readily found in the literature. By an analogous series of :Qkﬁ:

arguments one can obtain a closed EDQNM equation for the physical space transport of . i
ﬁg the two-point pdf P,(al,ﬁz,r,t) = <D(¢l.§l,t) p($2,§2,t)> where the values of § at ’
_3 the two points (x;,X,) are labelled ($1,62), T = |§1-§2| and the angle brackets
5 denote ensemble averages. A form of the result can be written in terms of the one

dimensional Fourier transform of PZ’ say H($1,$2,k), where
X ~ sin k r
¥ P(3,,8,,1) = [ H(®.8,k) S F—d k.

o
)
' We find

th oH 2 3 dpd
- S ffe) (xy+ )k’ pHE) E() - p° HOK) E()) B2 4)
x at A kpq Pq ot
o e
;{ E(q) is the energy spectral density of the turbulence which can be described by a ) Ega
'%Z similar well-known EDQNM expression(zs); q and k are wave numbers; the integral 52&
A o [ ¥y

[ dpdq is over all (p,q) for which (k, p, q) can form a triangle and (x,y,z) are

cosines of the interior angles opposite (k,p,q). The quantity Oqu 1s an inverse

P W

relaxation time whose prescription is a fundamental parameter of the EDQNM method.

3 ..
L

3 Its form has been developed for the mixing of non-reacting scalars so as to guarantee
by realiability properties of the resulting spectrum. It may need to be reconsidered
T carefully in this context, but we begin with the presumption that it is identical to
:s, the analogous expression in the EDQNM equation ftor G(k,t), where G is the scalar
s spectrum.

{% The two terms on the right hand side of (2) carry information about pdf trans-

: port in composition space due to chemical reaction and turbulent diffusive smearing :
e of concentration fluctuations. The latter term requires a closure approximation in :':i
?g composition space(lz). Analogously there are residual composition space termms in E;i
¥ the equation for P2(¢1.@2.r.t) which have to be subjected to an appropriate closure. -5

o '
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¥ 3. Transport in Composition Space Due to Molecular Diffusion and Reaction 1 "?
v b
3‘;2 Equation (4) is in closed form; it must be supplemented by an expression for "’~
A the time rate of change of Il due to composition space transport whemever 5)(0) is i
,q non-linear(sn. If the reaction is linear in ¢, 5:(0) can be eliminated from (1) by 's""’h*
: a simple transformation of the time coordinate which leaves the remaining terms in 2 cfg}.,‘
": (1) unchanged; there is then no need to use composition space. One way to treat ) b
i non-linear reactions is to use the Ievlev approximation technique(27) applied to the E
. diffusive-reactive terms in the equation for P2($1,$2.r,t). The two-point pdf for
: a stochastic diffusive-reactive system has been explored previously(zﬂ and yields
$f the following equation for Pz(ﬁl,ﬁz,r,t):
L+
' T2, Do p,] + 52 [68P]
+ >{w(@,)P,] + w($,)P
- LR AU P T AR
W
3. ) (1) 9 (2)
. = [c*'P,] + [¢*“P,] 5)
= qF; 20 7 3%, 2
where <) = 1in D V2 E(8,;(8,,8,)
’ 3% -3
&
[
N and @ <1 p VP E3.13,,8,)
A XX X 31v1*72
‘J; ~3 -2 =
In the above expressions the subscripts on § and x refer to a particular spatial
oY location. For example, 62 is shorthand for ¢(§Z’t)’ E(@SMI.OZ) represents a condi-
‘-;:i tional expected value and Xg is a third spatial point whose existence clearly demon-
"y strates that (5) is not closed but must bte approximated. Ievlev provided a framework
for doing this; the details of its application to this particular problem are in the
' literature and cannot be repeated here. The end result can be written in the format ;:"::1
:'.}' of equation (5) but with the following constraints on ¢ which yields a closed ':::::':
:'_: equation for PZ' satisfying both realizability conditions and uniqueness. '{'\ﬁ
= (1) . 2 5
[ irdd =V [8 P48 =
. Lo Te N
>, JeWp ag =1inv? o P ad (6) R
:' 2 2 ~0 T 22 2 - t;_-.
64 The realizability conditions guaranteed by the set of equations (5) and (6) are (26) LA N
i = “"ﬁ
Reduction [Pz(az,ol) d ¢2 P, (8) E('
-. %
= inci i - o
$§ Coincidence Lim P,(3,.8,) = P, (8,)6(8,-8,) e
; ~2 ~1 o X o,
S
R . '.‘v “
b Separation lim PZ(OI,GZ) = l?1 (¢1)P1($2) =3
|x,% [+
~2 =1 LA
; : o
W Normalization [P (8.,8)d3 d8 =1 Lo
'- 2 71’72 1 2 '.",\
' This system has been examined numerically and has been shown to give a physically v '-":
” reasonable representation of the evolution of P, in composition space under diffusion
7 P
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and reaction(zc). It has also been demonstrated that singular (atomic) portions of
. a two-point pdf are mixed correctly by this approximation.
It is easily shown that the Ievlev closure can be rewritten straight forwardly
K in Fourier space as follows:
‘ M a0 =2 ffE (53,0 +n 8, H®,8,,pt)dpda
[ ot '1°v2? 2 351 A Pa 11 1'72 1’72
1 9 k
. T, ]l{ 7 [2,(3,,q) + hy(3,,0)] H(3,,%,,p,t) dpdq (D)
l
E; where 8ys By h1 and h2 are weighting functions uniquely determined by the constraints
< on P2 and its symmetry properties. The symtol A is shorthand for the constraint
A
L8 kK + P . q= 0
,:' The realizability conditions listed following Eq. (6) can also be expressed in
T Fourier space as:
~ . ~ _
.. Reduction / P, d9, =P (@) &K
’ Coincidence / P2(¢1,$2,5) dk = Pl(ﬁl) 5($1-$2)
-
2 (8)
Nommalization [f P,(3,,8,,k) d 8, d 8, = 6(K)
- Equations (6) and (7) can be solved simultaneously by numerical computation
1% given an initial state, and it can be shown that the solution will satisfy (8) if the
f; initial state does.
g In principle the Ievlev closure for the composition space evolution of
- H(Ql,ﬁz.k,t) can be combined with the EDONM closure for simultaneous evolution of H
i in wave number space. The combination of the two closures can be shown to be formally
:ﬂ adequate in the sense of satisfying constraints. We have found it to be unrealisti-
t.c
- cally demanding of computational resources at present tecause of the multiple integral
. format of the Ievlev equation which exacerbates the difficulty of high dimensionality
:; presented by H(¢1,$2,k,t). We now invoke two simpler closed representations of
::: composition space transport due to diffusion as potential replacements for the Ievlev
g approximation.
‘%; The first is a linear mean square estimate (IMSF) closure suggested by Kuo(zo).
}; It satisfies all the realizability conditions (8) except coincidence, which it
;i} satisfies exactly only when the process under consideration is jointly normal. Using
¥ LMSE approximations, one can write
e E(3519,,8,) = 3,8, + a8, =
Pod Puy = Prqbf Pry = PgyP b
:~¢ where a = 31 32712 and 5 = 32 ;l 12 I;i'
g - -
2 1- 9 1 -0 e
. p..(r,t) is the correlation coefficient of ¢,.,¢.. i;g
o ij i’"j o
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Since only small structure is likely to be well represented by the homogeneity assump-
tion it is consistent to approximate p . by the form

0~ exp[-r As (t)]

where As is the scalar microscale which will be obtained from the two-point pdf, at
each time step in the solution process and pij is replaced by a single scalar corre-
lation function p(r,t).

The connection between p and H can be derived
——-1
2 k
otr,t) = ¢°  [[] %8, H($,,8,.k,t) o+ s‘“ ~dp dp,dk

We have found it to be most convenient to represent the effect of molecular
diffusion in composition space by using spatial coordinates as independent variables
and subsequently converting to a wave number description by a fast Fourier transform
after each tinme step of the evolution.

In conposition space using the LMSE approximation for diffusion alone (reaction
can be treated exactly) we find

3p2 ) ] 4r p p2
‘at—( 1,62,!‘,t) =D 3&; 01 P2(6135) + 1-92

2 2
3 f4ar‘p ar’p
i o { $ P,8,.8) - (6 . T’?] 0292(01.02)} %)

This approximate representation of composition space transport, combined with
the role of reaction in composition space can then be added to the EDQNM approximation
(4) to produce a closed evolution equation appropriate to
describe non-linear reactants.

for spectral transport

A second closure approximation which might usefully replace the levlev scheme
is a two-point pdf closure used by Lundgren(ls) in a study of turbulence dynamics,
It can te represented as a closure for the three-point pdf which 1s embedded in
conditional expectations such as E(63l¢l.§2). For example

E(®;18,,8,) = ] 8, P.(3,]8,.8,) a8 a3,
-y 85 st 4 a e, (10)

By analogy with Lundgren's work an approximation for 93(61.62,63) is invoked
which is an expansion about the multivariate Gaussian state. Writing P($1,$2,$3) as
P3(1,2,3) and analogously for lower order pdf's the approximation is:

P3(1,2,3) = P (1)P,(2,3) + P (2) Py(1,3) + P,(3) P,(1,2) - 2P (1) P,(2) P, (3)
G G G G G G G
¢ P3(1,2,3) - PI(1) P,(2,3) - PI(2) Py(1,3) - P (3) P(1,2)

G G
« 285 Pl Pi(3), an
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vwhere Pg, for n = 1,2 or 3 is the jointly Gaussian density with the same mean and

correlation values as Pn.

This expansion satisfies all realizability constraints except coincidence; and
it can be combined with EDQNM and composition space transport due to reaction to
produce a closed evolution equation for H(@l,ﬁz,k,t). The relationship between

Lundgren's expansion (11) and Kuo's closure (9) can be examined by computing
5(03|$1,¢2) from (10) using (11) and inserting the result into the diffusive terms
of (5). It turns out, for example, that

) - Mg+ b F;T {vi E(3,18,) P,3)) Pl(az)}

D 53; {120 2,18 p 0 P 8)
)
1
9
1

D e {Vi p(r)(¢2-$) 91(01) Pl(az)}

2
X N I SICROENCRENCRY
where the first term, written LMSE, signifies the terms obtained using Kuo's approx-
imation. It is apparent that the two approximations coincide when the process is a
normal one but, in general, Lundgren's closure expresses better the departure from
normality.

4. Combined Closures for Turbulent Mixing of a Reactive Scalar

For freely decaying isotropic fluctuation fields the case of turbulent transport
of a8 linear reaction is amenable to a mathematical transformation of the species
conservation equation which reduces it to an equation of transport of a non-reacting
scalar(SI). All of the closures of the previous section can be shown to preserve

this property.

For two-species reacting systems which have unity Lewis number it is possible
to obtain the statistics of a progress variable related to species concentrations
by employing the equation of transport of a non-reacting scalar(17). When the
species are unpremixed and the reaction rate is also extremely rapid the statistics
of the concentration fluctuations can be computed directly from that of the progress
variable(sz). All the closures of the previous section also preserve this feature.
More generally for very rapid reaction of dynamically passive reactants which are
not premixed the reaction effects are diffusion limited and modify only the small
scale segment of the scalar spectrum. In this case one can reasonably expect to
nodify the known statistics of scalars in the equilibrium ranges of high Reynolds
number turbulence to describe the behavior of reactants which obey specified kinetic
laws, without having to invoke the full closure apparatus described in this paper.
We do not know that this has yet been done,

A more difficult situation arises with finite rate reactions which may only be
treated by direct numerical computation of spectral decay. Since the task is formi-
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dable it makes sense to follow Carsin's lead and bepin by investigating a dynamically
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cys : .
M passive, single-species, dilute reaction to establish the feasability of formulating ¢
and solving a closure equation which is adequate in both corposition and spectral ;L.;

spaces.

o

The strategy is to obtain a closed equation for H(ﬁl,ﬁz,k,t) whose evolution has B
terms incorporating turbulent mixing (EDQNM) and transport in composition space due R <
to reaction and molecular diffusion (levlev, Kuo or Lundgren). Ideally, the closure
should be such as to satisfy (4) in the absence of reaction so that standard non-
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2 reacting scalar spectral results obtain, and should satisfy (5) and (6) when turbu-
€

N lence is absent (stochastically distributed molecular diffusion and reaction).

? The four realizability conditions on P($1,$2,k,t),(8)_,should also be satisfied

by the closure. This suggests comtining (4) and (7) by simply summing the right hand

‘; sides of each equation and adding the closed chemical reaction term to it to obtain
bt an expression for 3—}: ($l,$z,k,t), which will automatically satisfy the constraints _,;];,
-} mentioned above. A time splitting technique(ss) can be used to compute alternately ";:::.'
the evolution of I in each of the two spaces, Fourier space and composition space. 5 h
Fourier space transport has been successfully computed for the evolution of the R,
*: spectrumn of a single passive scalar(34) using a technique due to Leith(ss) to solve - :‘(};
::f the time-consuming integrals over all triangles E +p+gqs= 0 which occur in the - ;:‘:'-'.
- EDQNM approximation. We have successfully repeated those calculations for (4). i.___':f" N
Preliminary calculations of (7) and the constraints associated with it, have
f.: shown that it is excessively demanding of computer resources to compute (4) and (7) f ) -._‘:2
‘:: simultaneously unless novel technique can be found to simplify the mmerical solution. ' }.';‘*
b An alternative is to replace the Ievlev closure (7) by either the Kuo closure (9) or . "";.."‘
. the Lundgren closure (11). We are focussing on the latter tecause it appears to be : .,( r;
'-:f better suited for the treatment of non-normal random variables, which a non-negative ::1::, '
. variable such as concentration must always be. Since (11) is clearly an expansion :.:‘
about the nomal process we expect it to be valid only for slow to moderate speed :.ﬁt
_' : reacticn kinetics, which is the limit unable to be treated by the progress variable - =
‘:: analog referred to earlier(sz). It should also be noted that use of Lundgren's E:i‘-
:' closure leads to a reasonable value of the Kolmogoroff constant in the inertial sut- P ; :zf‘:‘::::’:
.,-_; range of the spectrum of a non-reacting passive scalar contaminant (28). ;%‘g?. ;
No definitive spectral results have yet been obtained for any reactive species ' E
::. by the method outlined here. If the computations succeed we expect, inter alia, to f::
-_f: compare the results with predictions of various spectral ranges for linearly reacting N
j species made by Corrsintwo decades ago(s) without any computer assistance. N
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In this article we present a critical review of the present state of
knowledge of turbulent spots. We discuss the properties of both new-

g W N

born as well as fully-developed spots. Both ensemble-averaged results
and also the underlying structure of the spot are presented. It is
shown that the ensemble-averaged results can be misleading, and that
the spot has many features similar to those of a fully-turbulent
boundary layer. The mechanisms by which a turbulent spot spreads into
the surrounding fluid, which were first suggested by Corrsin and
Kistler (1955), will be elaborated. Finally, similarities between

spots and other flows will be discussed,

1. Introduction

W e o O DRPL Y gt g BN NP RV AP J

g In 1951 Emmons, while studying the flow of water over a nearly horizon- ;i'xiﬁ
] tal water table, observed that transition to turbulence occurred ! g}ﬁ

through the appearance of small, individual patches of turbulence in ' 15,
an otherwise laminar boundary layer. These patches, which he termed ;
spots, started at random instants in space and time as very small

SN
v
y

regions of turbulence, and grew in an approximately linear manner as
they were swept downstream. The number and size of the spots increased
in the downstream direction until the spots amalgamated into a fully-
turbulent boundary layer. Based upon these results, Emmons proposed
that transition from laminar to turbulent flow occurs through the
generation, growth, and amalgamation of turbulent spots.

The viewpoint that turbulent spots play a central role in boundary
layer transition has become generally accepted. Furthermore it has N

AN N A NPLRIAY ! (A SEIPINE | JOPGE S SN

been suggested that spots are dynamically similar to turbulent ;ﬁ}
boundary layers but simpler, so that their study might be profitable §$§
in shedding light on the complex dynamics of turbulent boundary layers. Eﬁf
1t has been also suggested that turbulent boundary layers might be a =
composite of turbulent spots, so that the spots are the basic building gg

block of the boundary layer. Thus the study of turbulent spots has be- 32¢
come an essential part of the study of both boundary layer transition gﬁﬁ

and turbulence.
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Important dynamical questions with regard to turbulent spots are:

(i) under what conditions in a laminar boundary layer can a spot
exist; (ii) what are the internal dynamics of the spot; (iii) how does
the spot grow; and (iv) how is the spot (re)generated. These ques-
tions have received considerable attention since Emmons' original
study.

In 1955 Corrsin & Kistler performed an experimental and theoretical
study of the freestream boundaries of turbulent flows. The principle
objective was the study of the interface between the turbulent boundary
layer fluid and the contiguous nonturbulent fluid in the freestream,
and of how this interface propagates normal to the boundary. They
found that the front consists of a very thin ®superlayer" and propa-
gates through the direct action of viscous forces transmitting random
vorticity to the previously nonturbulent, irrotational fluid. This
process, now known as entrainment, explains the propagation normal to
the boundary of both the turbulent boundary layer and the turbulent
spot. However, Corrsin and Kistler, in discussing the spi:eading of
the turbulent spot tangential to the boundary, pointed out that
*<e..... it is possible that the dominant turbulence propagation mech-
anism is different. 1In particular, it may be that a destabilization
of the already rotational flow occurs in addition to a transmission of
random vorticity by direct viscous action at the turbulent-laminar
boundary®. We will show in this article that the spread of the spot
by entrainment normal to the boundary and destabilization tangent to
the boundary are the principle mechanisms for spot growth.

Other research has shed considerable light on the questions raised
above. A coherent picture of the spot is forming, although much still
remains to be discovered. The objectives of this article are (i) to
present a critical review of the present state of knowledge of turbu-
lent spots; (ii) to explore possible relationships between spots and
other flows; and (iii) to delineate areas needing further research.

In the next section we will discuss the initial stages of the spot
(i.e,, the incipient, or embryo spot); in the third section the average
properties of the spot will be detailed; in the fourth section we will
describe some of the underlying dynamics of the spot; in the fifth
section the spot will be discussed in relation to several other flows;
and finally in the last section we will present our opinions on the
overall picture of the spot and possible directions for future research,

2. The Incipient Spot

The two dimensional linear stability theory (Tollmien, 1931) is now
well understood and verified experimentally (Schubauer & Skramstad,
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1948). However, this theory does not explain the mechanism of actual
transition which is strongly three-dimensional in nature (Klebanoff,
Tidstrom & Sargent, 1962; Kovasznay, Komoda & Vasudeva, 1962). 1In an
attempt to include some of the three-dimensional effects, Benjamin
(1961) and Criminale & Kovasznay (1962) calculated the fate of an
isolated pulse-like disturbance in a laminar boundary layer with a
Blasius velocity profile. They used linear stability theory combined
with asymptotic methods to evaluate the solutions in the far field.
However, because of the asymptotic approximations used, the overlap
for making direct comparisons of laboratory experiments with theories
was minimal,

Experimentally, Vasudeva (1967) applied a localized disturbance to a
boundary layer to study its subsequent development both in its initial,
linear phase and in the later, highly nonlinear range. This later
stage compares with the breakdown pattern obtained in the experiments
by Klebanoff et al. (1962) using doubly periodic excitation (periodic
in time and in the spanwise direction). Vasudeva (1967) speculated
that the laminar instability created a localized disturbance which
further developed by nonlinear amplification into a local spot of
incipient turbulence, whose form did not depend on the laminar
instability theory.

Gaster (1975, 1978) and Gaster & Grant (1975) have performed carefully
controlled experiments along with theoretical/numerical solutions
which avoid asymptotic approximations. These studies have led to a
fairly complete picture of the initial stages of growth of the spot,
which we will now describe.

Gaster & Grant (1975) carried out experiments on a flat-plate boundary
layer in a low turbulence-level wind tunnel. They created a disturbed
patch or packet of waves by impulsively disturbing the laminar boundary
layer at a point using an acoustic pulse. The initial impulsive
disturbance excited a broad band of modes, and a wave packet formed
through selective amplification and interference of the most unstable
waves. This pulse excitation simulated natural transition better than
a periodic wave maker, since excitation by freestream turbulence occur-
ring during the early stages of natural transition also involves a
wide spectrum of modes. Disturbances were detected with hot-wire
anemometers placed slightly outside the boundary layer, near where the
disturbance level was the highest. Gaster and Grant overcame fairly
severe signal-to-noise ratio problems by both ensemble averaging and
digitally filtering their signals. The temporal development of the
wave system was measured for a range of locations in the streamwise
(x) and lateral (z) directions, giving a fairly complete picture of
the incipient spot development.
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X Near the source, the wave system appeared to be elliptically-shaped

Z- (Figure 1), and then gradually developed a distinctive bowed shape as
- it was swept downstream. In the early stages of development it
_f appeared to be a wave packet which grew and changed due to amplitude
3 modulation and dispersion of the unstable waves. However, further

S downstream the packet became somewhat distorted, with maxima appearing
b syrmmetrically off the centerline. This distortion appeared to be due
s’

& to the rapid growth in a band of oblique unstable waves. Harmonics of
; these waves appeared, indicating that the dynamics of the wave packet
j: wete becoming nonlinear. Steep shear layers resulted (Gaster, 1978),
;: with structures similar to hairpin vortices forming. The formation of
-2 these vortices is reminescent of the bursting process in turbulent
- boundary layers.
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The steep shear layers led to a local violent breakdown of the flow,
quite unlike that observed in experiments with periodic wave trains
(Klebanoff, Tidstrom & Sargent, 1962). 1In fact, significantly, it was
found that these modulated waves (wave packets) break down at much
lower amplitude than periodic wave trains. The breakdown appeared to
be part of a cascading process. The first nonlinearities introduced
frequencies into the flow which were about an order of magnitude
higher than the frequencies in the initial wave packet. Then these
higher frequency instabilities were observed in turn to break down
into disturbances of frequencies of an order of magnitude larger. It
was suggested that this cascading process continued until arrested by
viscosity.

Gaster (1975) also examined this flow theoretically. His method
avoided the asymptotic analyses of former studies (Benjamin, 1961;
Criminale & Kovasznay, 1962), and consisted of performing a numerical
summation over a linear combination of unstable modes of all wave-
lengths and frequencies. His initial spectrum was assumed to be flat,
in approximate agreement with the laboratory data, and he treated the
boundary layer growth in an ad hoc manner. The overall shape and
growth characteristics of the incipient spot were well predicted by
this theory, as shown in Figure 2. There was also good agreement with
the details of the flow in the early stages of development. However,
the irregular distortions and subsequent breakdown were, of course,
not predicted by this linear theory.

Amini (1978) conducted a wind tunnel experiment of the incipient spot.
He introduced a weak point disturbance in an unstable laminar boundary
layer developing on a flat plate. Amini used hot-wire anemometers to
measure the streamwise velocity component of the disturbance prior to
breakdown into a turbulent spot. The disturbance structure evolved roe
rapidly in time, its length increasing by almost 100 percent during
transit past a fixed probe. The contour of this structure in a plan
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520
view was arrowhead in shape. Velocity measurements far from the wall f?ﬁf
and in the plane of symmetry of the structure indicated the presence gﬁf
of small *spikes", similar to the ones observed in the breakdown stage %;%:
of Tollmien-Schlicting waves (Klebanoff et al., 1962). Close to the -
wall, a velocity excess occurred. In the spanwise direction alternate Wk
regions of streamwise momentum deficit and excess developed. Aty
Leonard (1980, 1981) used a three-dimensional vortex filament descrip- : gf‘;
tion of the vorticity field to numerically simulate an incipient turbu- . R
lent spot as it evolved from a localized disturbance in a laminar 1:};
g boundary layer. The filaments were marked with a series of node points S:J%
y which were tracked in a Lagrangian frame of reference. The numerical " ég%
A results were limited, since the model could satisfactorily represent e BN
. only the very early time development of a spot away from the wall 3!%
< region. Nevertheless, good agreement with experiments were achieved :‘}?{}
ﬁ for the gross properties of the embryo spot, including the velocities ‘;Qé
- of the leading and trailing interfaces and the velocity perturbation  'ié§
away from the wall. t%ﬁ
j More recently, the present authors performed flow visualization experi- .:
D ments of the early stages of the spot. The study was conducted by hRGL
; towing a flat plate through a water channel. The spots were initiated iwa
by ejecting small amounts of water through a minute hole on the working e %ig
X surface. 1In order to visualize the embryo spot, closely-spaced fluore- AR
N scent dye lines oriented parallel to the flow direction were released _giff
" into the flow near the wall. The dye lines were excited with a sheet késé
= of laser light formed by projecting a laser beam onto a glass rod rﬁf
o transverse to the axis of the beam. When observed from a plan view, ,?i
g these lines were first seen to be straight. However as the spot began fﬁ}g
“ to develop, these lines experienced a wave-type motion (Figure 3), with fg{g
N wavelength and phase speed approximately equal to the corresponding fﬁgﬁ
wavelength and phase speed of the most unstable wave (based upon linear e
; stability theory). This wavy motion was followed by a very rapid ;;%3\
‘S breakdown into turbulence. As the incipient spot was developing, it .‘i}iié‘
jﬁ was also moving downstream. However, the photographs in Figure 3 have ‘y_?lg
- been shifted accordingly, so that the transition events would be e
'j depicted in a frame of reference moving with the embryo spot. RN
_3 Perry, Lim & Teh (198l1) also used flow visualization techniques to '3&;
X study the early stages of development of the spot. Their experiments GQf
b were carried out in a wind tunnel, using smoke to visualize the flow, ‘..5
‘) The smoke was made visible using a laser sheet. Spots were jnitiated \g!?
b by a short pulse of air from a hole drilled in the tunnnel floor. The N
g air pressure in the pulse was adjusted so that a spot would just form Zi:i
¥ in the test section of the tunnel. 1If the air pressure was too large, ;j:i
R,
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Fig. 4
Figure 3. Dye streaks visualization of an incipient spot; t is time in seconds after
initiation, Rx x 2x10°

Figure 4. Magnified plan view of the leading edge of a turbulent spot in the early
stages of development

the initial stages of the spot would be modified significantly,
although the latter stages would be much the same as any spot.

Perry et al., concluded from their visualization studies that the
incipient spot appeared to be an array of A-shaped vortices (alter-
natively called hairpin vortices, horseshoe vortices or vortex loops)
leaning forward in the flow direction. The vortices appeared to be
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very similar to the tightly-packed array of vortices suggested for the
structure of fully-turbulent boundary layers by Theodorsen (1952, 1955)
and observed recently by Head & Bandyopadhyay (1978). Figure 4 is a
photograph taken by the present authors to depict the early stages of
the spot. 1In this picture, fluorescent dye was painted across a
section of the flat plate downstream of the spot generator. The dye
was excited with a horizontal sheet of laser light at y = 0, and the
camera was zoomed-in to reveal a magnified plan view of the leading
edge of the turbulent spot in the early stages of development. A-shaped
vortices can be observed, especially in the region directly upstream
of the leading interface.

From their observations, Perry et al. hypothesized a sequence of events B A

which explains the early development of the spot. The undisturbed - A
boundary layer flow was considered as an array of vortex filaments %Eﬁ
oriented in the lateral (z) direction. The disturbance introduced by ' i@fﬁ
the wall air pulse caused a local bending of a (pack of) vortex fila- E?;

ment(s), resulting in a V-shaped vortex, as shown .~ Fi.... ... .3avey S E

Vortex Filament
Lateral Propagation
b
FLOW S
Fold
Lateral Propagation
8 b.

;
13

AA
m i
|
RO

(A A
o 2a T R
l‘l‘l

_____ e Heart-Shaped Zone
of Densely Packed Folds c.

Figure 5. Incipient spot. (a) Vortex filament develops an Undulation. (b) The filament
in front develops more lateral undulations and Induces Disturbances in the filaments
further downstream. (c) Footprints corresponding to the folds in (b).

(From Perry et al., 1981)
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disturbances propagated laterally, causing vortices to develop on each

vy

side of the primary vortex (Figure S5b). A-shaped vorticies formed,

which were swept downstream over previously undisturbed flow. These

vortices induced disturbances below them which caused the underlying
;p boundary layer to break down, again in the form of A-shaped vortices.
i’ In this way the spot propagated itself forward and laterally at the
ff same time. The "footprints®” corresponding to this hypothesized model

of the spot are the densely packed folds portrayed schematically in
Figure 5c.

It is possible that the results of Perry et al. are closely related to
the experiments of Gaster & Grant (1975). The lateral, wavy spread of
the disturbance could be related to the Tollmein-Schlicting wave propa-
gation in the wave-packet model of Gaster (1975). The breakdown into
downstream leaning A-shaped vortices is at least qualitatively simi-
lar to the nonlinear breakdown described by Gaster (1978). Perhaps

c quantitative analysis of the visualizations of Perry et al. could
determine this.

ey
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3. Average Properties of Spots

gy,

Many investigators have used fast-response probes to study artificially
initiated turbulent spots. Schubauer & Klebanoff (1956) used hot-wire
‘: anemometers to measure the velocity signals and celerities associated
;: with the turbulent spot. They determined the general shape of the

16) spot, its spread angle and its propagation velocity. The lateral

‘ spread angle of a turbulent spot is typically 10° to each side of the
-~ plane of symmetry. This angle changes with the imposition of a pres-

< sure gradient, and has a weak dependence on the Reynolds number
(Wygnanski, 1981; Wygnanski et al., 1982). 1In a plan view, the spot
has an arrowhead shape, with a leading interface convecting downstream
at a speed of about 90 percent of the freestream flow speed. Along

the sides of the spot, this convection speed decreases monotonically o b
to about 50 percent of the freestream speed at the extreme spanwise Y
position. The trailing interface convects at a constant 50 percent of §f~*
the ambient speed (Wygnanski et al., 1976).
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The Schubauer & Klebanoff (1956) measurements indicated the presence
of a "calmed region" immediately following the spot. The flow in this
region is characterized by a relatively full velocity profile, so that
it is more stable than the surrounding Blasius flow. Coles & Barker

“2 NN DL
.
A

o

b (1975) used conditional sampling techniques to study the spot's velo- ¢i§
‘3 city field. By assuming a two-dimensional mean flow, they educed the ﬁﬁﬁ
b streamline pattern in the center of the spot. They successfully :fif
%’ produced a synthetic turbulent boundary layer by generating regular -*3
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:. arrays of spots, and suggested a relation between turbulent spots and b%;
S bursting events in a fully developed turbulent boundary layer. is'.
A Wwygnanski, Sokolov & Friedman (1976) used V-type hot-wire ancmometers ‘Q¥§
to measure the longitudinal, normal and spanwise components of the i
j mean velocity in the interior of spark-generated turbulent spots. As 53:,
‘f a turbulent spot passed by a fixed velocity probe near the surface, §$?
N the probe registered an abrupt acceleration that continued up to the v;f?
vicinity of the trailing edge. Accordingly, the skin friction
.3 increased towards the trailing interface. The mean velocity profiles 3*{
i: in the interior of the spot were found to be the same as that in a :ﬁg
iz turbulent boundary layer, and could be represented by the universal ‘ ;iii
logarithmic distribution. The displacement thickness and momentum st
N thickness changed rapidly within the spot; however, the shape factor
N remained at the constant value of 1.5.
:i Wygnanski et al. (1976) developed an elaborate scheme to obtain statis-
f: tical data on the spot by ensemble averaging the more or less repeat-
able events. To avoid smearing out the sharpness of the spot's inter-
\S face, they performed frequency filtering to yield the envelope of the
j§ turbulent fluctuation component of each individual spot. This was com-
;: pared with a fixed threshold level to obtain the leading and trailing
' edge times. Wygnanski et al. (1976) have charted the shape of the spot
. in three-dimensions and have established that far downstream it becomes
.j independent of the initial disturbance. An example of their results
;i is shown in Figure 6, which portrays the development of the turbulent
b spot along its plane of symmetry. In Figure 6a, the spot generator was
o located 30 cm from the leading edge of a flat plate, while in Figure 6b
i' it was placed 90 cm further downstream, the air freestream velocity
; being maintained at 940 cm/sec in both cases (R6.|generator = 508 and
e 1220, respectively). The numbers shown on the abscissa indicate the
: average distance of the leading interface from the generator position,
.% integrated over the height of the spot and ensemble-averaged with
E; respect to the number of events. The maximum height of the spot
i corresponds approximately to the thickness of a hypothetical turbulent
boundary layer, originating at the spot generator's location, and with
ﬁS initial thickness equal to that of the laminar boundary layer at the Y
~§ same location. The height of the leading interface's overhang corre- ;Ef:
< sponds roughly to the thickness of the laminar boundary layer. ?ﬁb
5ﬁ wygnanski et al. (1976) used the velocity data to calculate the stream- Efa
- lines in the plane of symmetry of the spot in a frame of reference ZCQZ
'2 moving with respect to either the leading or the trailing interface of i;ﬂf
- the spot. In the former frame of reference, they observed an extremly j:ﬁf
~ large eddy (vortex) extending in the vertical direction well beyond Eij
o 132 oo
o . . .
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Figure 6. Elevation views of developing spots; numbers shown on the abscissa indicate
the average distance of the leading interface from the spot generator. (a) Generator
located 30 cm from leading edge. (b) 90 cm. (From Wygnanski et al., 1976)

the maximum height of the spot. This large eddy almost disappeared
when the flow pattern was considered relative to the trailing edge of
the spot.

Since the final transition to turbulence in a boundary layer is accom-
plished by the amalgamation of turbulent spots, the possibility exists
that the spot and the large eddy structure (in the turbulent boundary
layer) may have something in common. To explore this notion Zilberman,
Wygnanski & Kaplan (1977) extended the Wygnanski et al. (1976) work to
track the structure of the turbulent spot as it merged and interacted
with a turbulent boundary layer. They showed that the spot structure
tracked in the turbulent boundary layer retained its identity and
suffered a negligible loss of intensity, in spite of the random buffet-
ing by the surrounding turbulent fluid. The structure exhibited
features in detailed agreement with those of the outer region of the
turbulent boundary layer, such as a convection speed of 0.9 U_, and

was consistent with existing two- and three-point space-time corre-
lations taken in a turbulent boundary layer (Kovasznay, Kibens &
Blackwelder, 1970).

Laser-Doppler velocity measurements for the flow in the plane of symme-
try of a turbulent spot were conducted in a water tunnel by Cantwell,
Coles & Dimotakis (1978). The primary objective of their work was to
develop conditional sampling techniques which take into account the
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turbulent spot growth in appropriate similarity co-ordinates, thus
removing a major objection to previous work (Coles & Barker, 1975;
Wygnanski et al., 1976). Cantwell et al. (1978) graphically integrated

the autonomous system of equations for the unsteady particle displace-
ments, and obtained particle trajectories in an invariant form. Repre-
sentative particle paths from their results are sketched in Figure 7.
The particle paths are shown as dashed lines inside the body of the
spot, which is indicated by the solid line. In this analysis, Cantwell
et al. (1978) have neglected turbulent dispersion. From this fiqure,
they concluded that an ensemble-averaged spot contains two vortex
structures: the large transverse vortex identified by Coles & Barker
(1975) and Wygnanski et al. (1976), and a secondary vortex close to

the wall near the rear of the spot.

0.010

n
0.005
g ‘.———-.ﬂ-
ok SRSSAD. e L [l id —_—
PRIV ITID P77 72777277 I/ 7T 777777202777 7777

0.6 08 1.0
Figure 7. Sketch of particle trajectories in and around a turbulent spot; £ and n
are the concial variables XXo and Y , respectively. (From Cantwell

U (t-ty) u_ (t-t,)

et al., 1978)
Wygnanski, Haritondis & Kaplan (1979) conducted an experimental in- E

vestigation in the region following the passage of an isolated tur-
bulent spot. Their hot-wire measurements revealed the existence of a
pair of oblique wave packets that trailed the tips of the spot. The
packets were swept at an angle of approximately 40°, and exhibited
frequency and wave speed characteristics in agreement with predictions

made for oblique Tollmien-Schlichting waves. No waves existed near ZE*i
the centerline of the spot, not even in the calmed region where flow ;;?i

s . I3 I I3 3 I.“
visualization methods indicated the existence of orderly streamwise &k

vortices (Elder, 1960). Wygnanski et al. (1979) speculated that the
shape of a turbulent spot, its rate of growth and its spreading angle
are related to the accompanying pair of wave packets. These wave
packets broke down by generating strong shear layers in both the span-
wise and normal directions, giving rise to inflectional, highly un-
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stable velocity profiles. The vertical shear layers had a character-
istic dimension which was similar to the spacing between low-speed
e streaks in a fully developed turbulent boundary layer.

Although most of the information available on the structure of turbu-
; lent spots were obtained from flow visualization or velocity measure-
,’ ments, additional important data can be gleaned from measuring the
5 fluctuations in the wall-pressure field or in the concentration of a
' scalar contaminant within a turbulent spot. Van Atta & Helland (1980)
o and Atonia, Chambers, Sokolov & Van Atta (198l1) used temperature con-
tamination to study the structure of a turbulent spot. They heated a
flat plate to produce a surface temperature of about 100°C., Tempera-
ture measurements within a turbulent spot evolving in a laminar boundary
layer revealed the existence of "cold®” regions near the wall and "hot"
regions far from the wall. The temperature disturbance relative to
the laminar undisturbed values showed a structure strongly anticorre-
lated with contours of the longitudinal velocity component disturbance.
Mautner & Van Atta (1982) measured the wall-pressure field associated
g with artificially generated turbulent spots in a flat-plate laminar
2 boundary layer. The large-scale structure and predominant characteris-
" tics of the wall-pressure signatures were determined from ensemble-
' averaged wall-pressure distributions at several streamwise and trans-
verse locations.
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4. Underlying Structure of Turbulent Spots

From various experimental studies, especially those using probe
3 measurements and ensemble averaging techniques, a fairly complete pic-
§ ture of the overall behavior of the turbulent spot has been obtained.
g This work does not, however, tell us much about the underlying physical

mechanisns which determine the behavior of the spot. Such information
y= can often be obtained more easily using flow visualization. 1In this
section we will discuss some of the results which provide information
about this underlying structure.
Emmons (1951) first observed spots through disturbances made by the
spots on the water surface of his inclined, free-surface water table,
From these visualizations he was able to determine the approximate
shape of the spots as well as their lateral growth rates, Elder (1960)
later studied turbulent spots in a boundary layer produced in a water
tunnel, and used dye to visualize the spots. Dye visualization allows
for the observation of many of the overall characteristics of the spot,
but also reveals some of the detailed structures in the flow. Figure 8
is a photograph taken from Elder's work of the plan view of a turbulent
spot using dye visualization methods. Food color dye was emitted from
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Figure 8. Conventional dye visualization of a turbulent spot; R, & 3 X 105. (From

X

Elder, 1960) ]
R

A

a slot placed upstream of the initiation of the spot, and was illu- : {Qs
I,

minated with flood lights. The spot can easily be seen as it entrains
dye from the wall region. The spot has a characteristic arrow-head
shape, with the apex of the arrow oriented in the downstream direction

(Y LA s SENT LR Wb v

(consistent with probe measurement results discussed in the previous
section). Mitchner (1954) has noted, however, that a turbulent spot
developing in a shallow, free-surface flow (e.g., a shallow water

-v.‘ L4 .":'1" ¥

. table) has a significantly different shape, with its apex oriented in
'-I

? the upstream direction.

ﬁ In addition to the overall shape of the spot, Figure 8 also reveals

.

streak-like structures near the wall. These structures are easiest to
recognize near the rear of the spot. They are reminiscent of the

0

é% streaks observed near the wall in turbulent boundary layers (see, e.q.,
o Blackwelder & Eckelmann, 1979). These turbulent boundary layer studies
;; have revealed that the streaks are accumulations of dye produced by

. longitudinally-oriented vortex pairs located very near the wall.

:% Cantwell, Coles & Dimotakis (1978) used a different visualization

:g method which allowed better observation of these structures in turbu-
7ﬁ lent spots (Figure 9). They employed an extremely dense suspension of
!3 aluminium flakes in a water channel, and observed the flow near the

R- boundary of a transparent wall. The aluminium flakes responded almost
Sg ins;antaneously to the local strain-rate field in the flow, giving an

A Y

instantaneous picture, as opposed to the time-integrated view obtained
from dye visualization. The depth-of-view in the figure is the lower
part of the sublayer, so that the method also selects out for viewing
only the flow very near the wall. The streaks, easily observed in
this figure, are highly elongated in the flow direction. Analysis of
the streak spacing gave a value of 86 wall units, close to the gener-
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- Fagute v, Aluminum flakes visualization of sublayer streaks for turbulent spots in . Egs

"Fo water; R, = 2 x 10°. (From Cantwell et al., 1978) \
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e ally accepted value for turbulent boundary layers of 100, Perry et al. )

:ﬂ (1981) also estimated the streak spacing from their visualizations of

jﬂ the incipient spot and obtained values in the range of 80 to 100, again

9 close to the value of 100 for turbulent boundary layers. Thus the

ii behavior of the spots near the boundary appears to be very similar to

e that of a turbulent boundary layer.

tﬁ Usual dye methods allow an overall view of the turbulent spot. How-

N

F: ever, the use of fluorescent dyes together with laser light allows one

3

i. to observe a particular plane in the spot, and thus obtain better in-

o formation on the detailed structure of the spot. Figure 10 shows a

.

:g plan view of a turbulent spot moving from left to right. In this

:5 experiment (Gad-el-Hak et al., 1981) fluorescent dye was emitted from

ii a spanwise slot upstream of the spot initiation point, and an x-2z
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Figure 10. Visualization of a turbulent spot using fluorescent dye and a sheet of ‘ ey

laser light at y =0; Rx s 5x10°. (From Gad-el-Hak et al., 1981)
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plane located at the wall (y ® 0) was illuminated with a sheet of
laser light. Dye in both the laminar boundary layer and also in the _ .V\;
turbulent spot are easily distinguished in this figure. The light L e
sheet illumination was provided from both sides (the top and bottom in _ 'E;'
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the figure). Since some light absorption occurs, the sides of the
figure appear brighter than the center. As the spot moves over the
sheet of dye, it scours dye from the wall region and diffuses it into
the spot. The scouring leaves little dye at the wall in the calmed

: region behind the spot, resulting in the dark, triangular-shaped region
: to the left. To the right, the general arrowhead shape of the active
R part of the spot can be seen. It is interesting to note, however, that
' in the calmed region the dye is seeping in from the left and forming

ﬁ streak-like structures, indicating that counter-rotating vortices still
ﬁ persist at the wall in this region. Some evidence of streaks also

o appears at the rear of the active region of the spot; however, these

2

are better observed with the visualization methods discussed above.

L 4

Gad-el-Hak et al, (1981) also conducted experiments using other eleva-

i

tions of the light sheet (see, e.g., Figure 1l1l). For example, in one

¢

X

run an x-z plane located about two laminar boundary layer thicknesses
above the plate was illuminated. Ciné films from this experiment re-

-"-/

vealed distinct structures in the spot as they moved away from the wall

and penetrated the light sheet, First several eddies appeared in this

.

W plane. Then, as the spot developed, these eddies remained relatively
?' coherent, and new ones appeared towards the rear of the spot. There

_ was a slight tendency for the new eddies to first appear near the wing-
3: tips, and later in the middle of the spot. Both the streamwise and

"n

.

spanwise length scales of these eddies were approximately equal to a

LA 8

L3
LA

turbulent boundary layer thickness. Thus in the longitudinal direc-
tion, the growth of the spot appears to be due to the addition of new

eddies on the upstream side of the spot. This manner of growth is con-

.
Ol
»

sistent with the ensemble-averaged results of Cantwell et al. (1978).
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While Figure 10 shows a plan view of a spot in a particular fixed x-z

r v
g
o

A

plane, Figure 11 shows two x-z cross-sections of the spot at an in-
stant in time. Figure lla gives the spot in a plane very near to the
wall (y = 0), while Fiqure 1lb is a view in a plane approximately

one laminar boundary layer thickness above the boundary. The extremely

PRONAAY |1

A

"~y large overhang region, which was apparent in the ensemble measurements
!5 of Vygnanski et al. (1976) and Cantwell et al. (1978), is also apparent s
ﬁ% from these figures. This overhang region appeared to be rather pas- E:;
ﬁg sive, not growing very rapidly; but it exerted considerable influence ;::
E on the laminar flow below it. :ﬁj;',’:
Figure 12 (from Gad-el-Hak et al.,, 1981) is a photograph of a plan F S
N view of the spot at a fraction of the boundary layer thickness above iif
Eg the boundary. 1In this experiment, instead of allowing the dye to issue .i{ﬂ

Al

L :l.'
)

*
.

in a sheet, the dye was seeped through small holes, creating dye lines -

in the flow. Figure 12 shows these dye lines as they are being in- ! '1
A
]
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Figure 12. Fluorescent dye streaks visualization ofi a turbulent spot. The dye lines

undergo large-amplitude oscillations before being overtaken by the spot; Rx s 5x 103,
(Frem Gad-el-Hak et al., 1981)

gested into the spot. As the spot overtook the dye lines, large oscil-
lations were observed along each dye line. These oscillations are per-
haps similar to the wavy structures observed by Perry et al. (1981)
near the perimeter of the incipient spot (see Section 2). 1In the ciné
films from which Figure 12 was taken, these disturbances often appeared
to be wave-like, with streamwise length scale slightly larger than a
laminar boundary layer thickness. Points of constant phase moved down-
stream at approximately 0.4Uo to O.SUO, ana hence were rapidly
overtaken and ingested by the spot. Similar fluctuations have been
observed by Falco (1977) and Cantwell et al. (1978).

A possibly similar phenomena was observed with the light sheet ori-
ented in an x-y plane. Using close-up photographs of the overhang
region of the spot, the following interesting feature was found to
consistently occur in this region. The overhang region would first be
convected above previously laminar flow. At first the laminar flow
near the wall would appear undisturbed, However, shortly after the
appearance of the overhang, discrete lumps of dye form, indicative of
vertical motion. (See the sketch in Figure 13). These lumps have a
*wavelength®™ of approximately one or two laminar boundary layer thick-
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Large scale Figure 13. Events preceding the break-up
outer structure of wall dye; (a) Overhang moving over wall
dye layer; (b) Wall dye is separated into
lumps; (c) The lumps lift up. (From Gad-
el Hak et al., 1981)
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nesses, Subsequently the dye lumps explode into turbulence, becoming

Cad

a part of the spot, apparently without any entrainment occurring.

P At

This motion is consistent with that of Figure 12, and, as mentioned,
with the observations and model of Perry et al. (198l). From these
visualizations it appears that part of the spot is convected over s

3 laminar flow near the wall, inducing the laminar flow to break down ft:ii
3 into turbulence. '-f*fQ
‘3 A better idea of the growth of the spot normal to the boundary can be ﬁ?@

obtained by further examining x-y cross-sectional views of the spot.
‘;. Figure 14 presents an x-y plane at z=6 (approximately 1061) obtained
' with the aye layer method (Gad-el-Hak et al., 198l1). Preexisting dye
sheets are illuminated by a laser light sheet allowing a close examina-
tion of the method of entrainment as well as the motion in the irro-
tational region above the spot. The general shape of the spot obtained
was consistent with the ensemble averaged results of Wygnanski et al,
(1976) and Cantwell et al. (1978). However no single dominant eddy
was observed. Instead, the spot appeared to be composed of numerous
eddies having length scales of typically a turbulent boundary layer
thickness. The eddies grew and moved away from the plate, providing
the growth of the spot normal to the boundary layer. The eddies
seemed to move somewhat independently of each other, and, in fact, the

. > .
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S 8 SIS

_ interior of the spot closely resembled a turbulent boundary layer. N ‘;;
E; Most of the growth and entrainment appeared to occur on the upstream ;ﬁ:
is (i.e., rear) of the spot, consistent with the observations discussed . éé%
o above, and also consistent with the ensemble-averaged results of B

Cantwell et al. (1978). The entrainment appeared to occur by
"gulping®”, whereby large parcels of irrotational fluid are ingested
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Figure 14. Cross-sectional view in the x-y plane of the turbulent spot; z =108p;
Rx > 5 x 103, (From Gad-el-Hak et al., 1981)

Figure 15. Spanwise section of the spot in the y-z plane; Flow is out of the plane
of the photograph; Ry, = 5x 103. (From Gad-el-Hak et al., 1981)

£ 8 4 &

into the boundary layer between two eddy structures. Similar con-

» clusions have been drawn by Falco (1977) for entrainment in a fully-
developed turbulent boundary layer at moderate Reynolds numbers. Some
of the motion in the irrotational region in the vicinity of the spot

.
. can be inferred from the photograph in Figure 14. The outermost dye
3 layer, located at approximately two turbulent boundary layer thick-
2 nesses from the boundary, is observed to have been displaced about
20 per cent as the spot passes below. This is consistent with the
ﬁ strong correlation in the normal velocity component extending into the
3 potential region which was reported by Blackwelder and Kovasznay
'3 (1972) in a turbulent boundary layer. Downstream of the nose of the
- spot, dye lines at y=6t are displaced downward, consistent with B
.5 the ensemble-averaged results of Wygnanski et al. (197e6). VﬁfQ
3 A y-2z cross-section of a spot is shown in Figure 15, taken from 3?{:
N Gad-el-Hak et al. (1981}). Again the spot appears to be more like a .;s;
e collection of random eddies. Also, from the displacement of dye lines 3,‘{
o in the irrotational region, it can be concluded that, above the spot, O
~ﬁ there is motion away from the boundary, while near the edges there is Ei;
motion towards the boundary. RS
% From conducting experiments using a variety of different visualization -’:23:
methods and from examining different aspects of the flow fields in f_;
142 IR

ORI AN

A S A AT R SRR D




3

L e e &

ey w e W

ala, 4 S ud i

POPCPCR L --’

PP PPl

Co N Kt NeT tet ¥ Bat Wp Pt et P But TN R R » . Ve bl Lt

turbulent spots, Gad-el-Hak et al. (1981) could find no strong evidence
that the flows were dominated by one or two prominent vortical struc-
tures. To the contrary, the dynamics within the spot appeared to be
controlled by many individual eddies, similar to those within a
turbulent boundary layer.

The view that a turbulent spot consists of many vorticies is shared by
Matsui (1980), who used hydrogen bubble techniques to visualize the
spots in a water tunnel. Matsui suggested rather diverse possibilities
for the configuration of vortex-like substructures that exist within
the spot. He hypothesized that the generation of new vortices in the
rear of a turbulent spot caused the trailing edge propagation speed to
be lower than that of the leading edge. This velocity difference
caused the longitudinal growth of the spot, while the generation and
outward shift of new vortices on both sides of the spot caused its
transverse growth.

Based on the r~~-... [I.. . !~nalization resuls, Wygnanski (1981) has
concurred with the present authors' view that the treatmen. 7 *%.C
turbulent spot as a single entity (large horseshoe vortex) is an
over-simplification. He states that the entrainment calculated by
considering the average velocity in a spot gives only an overall
integral quantity from which very little can be inferred about the
kinematics of the process.

Wygnanski, Zilberman & Haritonidis (1982) provided additional data on
the rate of growth of a turbulent spot. They also conclude that a
similarity approach based on ensemble-~averaged data is severely
limited. It might be used to predict the overall scales and flow
field, but much more sophisticated data-processing techniques are
required to describe the structure of the spot. Itsweire (1983) and
Itsweire & Van Atta (1983) attempted such a data-processing method.
They developed a discriminative averaging technique to construct a
"statistically most probable®” spot with sufficient resolution to in-
clude some of the largest substructures detected in visual studies.
They suggested the existence of considerable phase coherence between
the structure of the most probable spot and vortical motions on the
next smaller scale.

The picture of the spot that emerges from these various visualization
and probe measurement studies is that (i) the interior of the spot is
very similar to a turbulent boundary layer; (ii) that no large-scale
predominate vortical structures are observed; (iii) that the growth of
the spot normal to the boundary appears to be by turbulent entrainment,
as in a turbulent boundary layer; and (iv) the growth of the spot lat-
erally is due to some mechanism other than entrainment.
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Gad-el-Hak et al. (1981) performed a series of visualization experi-

Al O i R A ]

*,
} ments to establish whether the lateral growth was by entrainment, or ,;é
“ some other mechanism. The process of entrainment, as first studied in mﬁ@?
o detail by Corrsin & Kistler (1955), has the following characteristics: 7;?3%?
! ~;
ﬁ (1) The turbulent region is separated from the nonturbulent region
ki

by a distinct interface.
(2) The process of entrainment must occur by direct contact, i.e.,

by the local diffusion of vorticity, since the turbulent
region is highly vortical and the nonturbulent region is
irrotational.

(3) If a passive scalar is introduced into an entire turbulent

LY

> region, then because of turbulent mixing it will also mark new

fi fluid acquired by entrainment.

A GR 5%,
Gad-el-Hak et al. (198l1) used this latter property of entrainment to . 'ﬁ;

» determine whether the lateral growth of the spot was due to entrain- ¢

‘4 ment. In one experiment, a blue dye was added tu the fluid in the

? solenoid valve used to generate the initial patch of turbulence, and

. hence mark the early spot. The same spot was also observed using a .

- red dye seeped from the slot upstream of the spot initiation location, %ﬁ;! t

43 The latter dye marked the entire spot. As the spot grew, the region ~5'?§;;

3 marked with the blue dye grew very little, while the spot was rapidly ﬁﬁf‘

5% growing. This indicated clearly that fluid was being added to the é;;“f?'
spot by a process other that entrainment. 1In another experiment, the e Fﬁ

? dye slot was partitioned into four different regions, and different ' ‘EQ;'

4 color dyes were issued from each slot. The lateral diffusion of the 5§$Q1

? dye was observed to be much slower than the lateral growth of the ;;35%
spot. Since entrainment proceeds at a rate similar to turbulent .

T diffusion, this again indicated the presence of an alternative growth ?Lin?

j? process. In order to investigate this mechanism further, Gad-el-Hak 3

;5 et al. (1981) also carried out studies of the turbulent wake of a

; roughness element placed in a laminar boundary layer. This work is

o discussed in the next section.

From the ensemble-averaged data of Cantwell et al. (1978), if h
denotes a characteristic length scale of the spot in the direction

b normal to the wall, then the growth rate of h in the downstream
direction is approximately 0.013. On the other hand, the growth rate
of the spot in the lateral diection can be estimated from the maximum
angle subtended by the spot as measured from its virtual origin. This
growth rate is found to be approximately 0.18, an order of magnitude
larger than the growth rate in the normal direction. Thus it is clear
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that the spot does not grow laterally by entrainment, but by some other ! }
mechanism that provides much more rapid growth. From the visualization y
studies, this mechanism appears to be a breakdown of the laminar but
unstable flow in the vicinity of the spot (as suggested by Corrsin &
Kistler, 1955), and has thus been termed "Growth by Destabilization®
by Gad-el-Hak et al. (1981).
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5. Relationship to Other Flows

‘? Turbulent spots in laminar boundary layers are dynamically similar to
b a number of other flows. Exploring these similarities can help in the
understanding of the dynamics of turbulent spots; also, conclusions

about turbulent spots have ramifications with regard to other flows.
Perhaps the flow most similar to a turbulent spot in a laminar boundary

K. layer is a turbulent spot in an otherwise laminar plane channel flow.
Carlson, Widnall & Peeters (1982) have carried out experiments in a
channel flow at a Reynolds number of about 1000. The spots were
generated artificially in an otherwise laminar flow, and were visual-
ized using small, disc-shaped mica particles. This visualization
approach, which is similar to that of Cantwell et al. (1978) discussed
in the previous section, allows the viewing of the instantaneous flow
field. The laminar channel flow has significantly different stability
characteristics than a laminar boundary layer. Furthermore the
Reynolds number is constant in the flow direction, while the Reynolds
number in a laminar boundary layer grows continually in the flow
direction.

The spots in the channel flow quickly filled the depth of the channel,
so that growth normal to the channel boundaries became unimportant;
only the lateral spread was of significance in determining the spot
shape. This shape was more oval than the arrowhead shape observed in
the boundary layer case. The spot subtended a half-angle of about 8°,
slightly smaller than the corresponding angle in a laminar boundary
layer. The front of the spot moved at about 2/3 of the centerline
speed, while the rear interface moved at about 1/3 of this speed.

Q These values are both somewhat less than corresponding values for a

3 turbulent spot in a laminar boundary layer. Interestingly, after the
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3 spot had grown to about 35 times the channel depth, it split into two :ix
4 spots, a phenomenon not observed in a laminar boundary layer. .

. The lateral growth of the spot appeared to be due to the instability ?\ﬁ;
ﬂ of the flow, similar to the boundary layer case. It was found that : ~€§?:
i the spot died out if the flow speed was below the stability limit, a $i3
e pPhenomenon which also was observed by the present authors for a spot

in a laminar boundary layer. Strong oblique waves were found both
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ahead of and to the rear of the spot. The waves at the front of the
spot were observed to break down into turbulence, thus increasing the
size of the spot.

Other flows closely related to turbulent spots are turbulent slugs and
puffs observed in otherwise laminar pipe flows. Wygnanski & Champagne
(1973) studied pipe flow at Reynolds numbers in the range of onset to
turbulence. They observed intermittant regions of turbulence in
otherwise laminar flow. These turbulent regions, termed.turbulent
slugs, were found to naturally occur for Re > 5,000, but could be
initiated at Re > 3,200 by introducing disturbances at the inlet.

The slugs occupied the entire cross-section of the pipe, and grew
rapidly as they proceeded downstream, The leading and trailing fronts
of the slugs were very sharp and well-defined, while the interior of
the slugs appeared identical to fully-developed, turbulent pipe flow.
It is the present authors' opinion that these slugs grow in the flow
direction in nmuch the same manner as do turbulent spots, i.e., by
instabilities in the flow and not solely by entrainment. Near the
leading and trailing fronts of the slug, velocity profiles develop in-
flections, hinting that instabilities are important. Furthermore, the
slugs cannot be maintained below a critical Reynolds number. And
finally, Wygnanski and Champagne found that, in addition to turbulent
diffusion, pressure diffusion was necessary to explain the propagation
of the front. The pressure diffusion could be related to pressure
fluctuations in the unstable laminar flow induced by turbulence in the
nearby slug, causing the flow to break down into turbulence, and thus
propagate the front.

For Reynolds numbers in the range of 2,000 to 3,200, Wygnanski &
Champagne (1973) and also Wygnanski et al. (1975) found that large
disturbances still produce a turbulent region, although one that is
less vigorous than that for a slug. These regions, termed turbulent
putts, do not have well-defined leading and trailing interfaces, and
are convected at a speed lower than the mean speed. Thus at the front
of the puff it may not be growing, but possibly relaminarizing. Puffs,
which have sometimes been observed to decay, have also been observed
to split, reminiscent of spot-splitting in a channel flow.

Another phenomenon closely related to a turbulent spot is the turbu-
lent wake of a roughness element placed in otherwise laminar boundary
layer. When laminar boundary layers have speeds above the laminar
stability limit, turbulent, V-shaped wedges are often observed, for
example, issuing from small imperfections in the surface of airfoils,
or from other fixed obstructions in the flow. Charters {1943) was the
first to report the observation of these turbulent wedges. He found,
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u. while studying bounuary layer transition on flat and curved surfaces, %ﬁ&
~ that turbulent, V-shaped wedges occurred behind local fixed distur- ﬁ&g
k bances in the flow. These wedges spread laterally at an approximately ﬁﬁ?
constant rate, and, once generated, appeared to be independent of the - B

5 generating source. Because these turbulent regions contaminated his k":i‘:
ﬁ laminar boundary layer by spreading transversely to the boundary, R
) Charters referred to this phenomenon as transition by transverse @‘6»5
' contamination. He found that the wedges grew at a half-angle of ?“‘;Qﬁ
ﬁ approximately 9.5°, and suggested that vortical fluctuations in the ".;'”
iﬁ wedge contaminated adjacent regions, causing the wedges to spread g:_i&*
N transversely. F#Exs
- Schubauer & Klebanoff (1956), as part of a study of turbulent spots, -

“ investigated the turbulent wake of obstructions placed on the boundary ‘ .hin
% surface. They found that at lower speeds the wakes possessed a tur- ,&;Ei
G bulent core subtending a half-angle of about 6.4°, with a highly R}f
”; intermittant region extending out to 10.6°. For higher speeds or »:3,
) larger obstacles, the fully-developed core extended out to 10.6°. 1In i fff
f the intermittant regions, the turbulence would arrive with an abrupt ' éﬁ;
f increase in velocity, and end with a gradual decrease, a behavior very ‘A~§¥$
E similar to the signals they had measured as a spot passed. Within the L o

turbulent core they found that the mean profiles were identical to t

~, those in a fully-turbulent boundary layer. Noting the similiarities f'ffzﬁi
:: between turbulent spots and turbulent wedges, they suggested that a _: ;:i:
25 turbulent wedge was just a succession of turbulent spots. A( ?;ﬁ
his In addition to studying turbulent spots, Gad-el-Hak et al. (1981) also T
A examined the wakes of roughness elements placed in laminar boundary

:ﬁ layers. 1In one experiment a small roughness element, coated with a ;f

t; red dye, was placed in an otherwise laminar boundary layer. The wake A

-y of the rougness element was easily visualized from the dye, and found

to subtend a half-angle of approximately 2°. The total turbulent
. region behind the roughness element was observed under indentical
: conaitions by seeping blue dye from a spanwise slot upstream of the
- roughness element. The turbulent region extended significantly beyond
: the roughness wake, subtending a half-angle of approximately 6°. Since

ji the growth of the wake region (red dye) is due to turbulent diffusion, ;S,
g: which proceeds at a rate closely related to that of turbulent entrain- QE$
> ment, this demonstrates that some other mechanism is causing the rapid iqff
L lateral growth in the turbulent (blue dye) region. When experiments .-L?
?i were carried out at towing speeds below the critical speed predicted ;E

': by linear stability theory, the turbulent region could not be sus- ii'

2 tained. This indicated that the additional mechanism was an insta- i »
‘F bility process, probably one in which the turbulence eddies near the iis
o inside boundaries of the wedge (or spot)induce strong disturbances in - ﬁk;
o , L g T
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the adjacent unstable laminar boundary layer, causing the flow to
break down into turbulence and become part of the wedge.
In the films taken frome these wake experiments, Gad-el-Hak et al.
' noted that structures which appeared similar to the wing tips of spots
"y would occasionally pass by. These structures subtended a half-angle
¥ of approximately 10°, and were probably the same intermittant pheno-
N menon observed by Schubauer & Klebanoff (1956) with their probe
measurements.
/ In order to obtain more quantitative information about the wake of
roughness elements, Gad-el-Hak et al. (1981) studied the wake of a
3 heated roughness element placed in a wind tunnel boundary layer. Both
the temperature wake (corresponding to the red-dye wake) and the

5 velocity wake (corresponding to the blue-dye wake) were explored by

3 traversing a thermometer and a hot-wire probe in the transverse, 2z,

'{ direction. Transverse profiles of the mean and fluctuating tempera-
e ture and velocity fields were obtained for a range of downstream

w. locations, The structures of the temperature and velocity wakes were
. significantly different, the temperature wake being much narrower than
~§ the velocity wake. Figure 16 gives the result for the widths of the

fluctuating temperature and velocity wakes taken from these experi-
ments. The wake width was defined as the location at which the

Z; profile had decreased to one-half its maximum value. The thermal wake
spread at a rate having a half-angle of about 1.3°, while the velocity
wake spread at a half-angle of approximately 8°, consistent with the
visualization results.

*5 The sequence of events associated with a turbulent spot initiation "
Y P
?3 (Figure 3) is similar to the transition route of a decelerating -
o bl
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Figurc 16. Growth of the thermal wake and the turbulent wedge.
(From Gad-el-Hak et al., 1981)
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laminar boundary layer as described by Gad-el-Hak, Davis, McMurray &

i Orszag (1984). Their Figure 4 depicts a laminar boundary layer that

g becomes unstable to two-dimensional waves when decelerated. These
waves break down into three-dimensional patterns, hairpin vortices and
finally turbulent bursts when the vortices lift off the wall.

) Liepmann, Brown & Nosenchuck (1982) observed a similar transition
process initiated by a dynamic-heating technique.

The above described transition events have strong resemblance to the
intermittent events that characterize fully-developed turbulent o
boundary layers; namely the bursting cycle (Blackwelder & Kaplan, ‘
1976). As discussed in the previous section, a common structure that
can be readily identified in both transitional and turbulent boundary
layers is the low-speed streak (Blackwelder & Eckelmann, 1979). The

J streaks' presence in a turbulent spot is evidenced in the schematic in
n Figure 5c¢, and the dye photograph in Figure 8. Low-speed streaks are

,'1
5

NN
)

A
: _'_;;u'-‘u

2 -9
»

low-momentum regions existing near the wall and are believed to be
caused by the pumping action of the counter-~rotating streamwise
vortices that are known to exist in the wall region (Bakewell & Lumley,
1967). The origin of these vortices developing in a boundary layer is
presently unknown, with the exception of a boundary layer developing
on a concave wall where the generation mechanism has been identified
as a Gortler instability (GOértler, 1941). Previous attempts to esta-
blish a quantitative analogy between the low-speed streaks in
transitional and turbulent boundary layers have failed. However,
Blackwelder (1983) argues that the reason for the apparent lack of
success is the use of a boundary layer thickness as a length scale.
Blackwelder has shown that, when viscous scales are used to normalize
the length and other parameters, striking similarities do indeed exist
between transitional and turbulent eddy structures near the wall.
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6. Conclusions

é A significant amount of information concerning turbulent spots has

? been obtained since their discovery by Emmons in 1951. This informa- 5 CLY

3 tion, almost totally experimental, gives both the (ensemble) average 5&:}

3 picture of the spot as well as details of the the underlying structure, ﬁtq:
ana has led to at least a qualitative understanding of the basic iﬁiﬂ

ﬁ dynamics of turbulent spots. Y

- e
v
v,

Most of the overall features of a turbulent spot are summarized in

ﬁl

N Figure 17, taken from Gad-el-Hak et al. (1981). This figure presents 3:,;
M a qualitative sketch of an x-y cut through the spot. For dynamical E:;?

. ) . ) o G 2L
N considerations it is useful to divide the flow field in and near the TS

£

= spot into at least 5 different regions. It has been found that the
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Figure 17. Schematic view of an x-y cut through the turbulent spot.
(From Gad-el-Hak et al., 1981)

primary internal part of a spot (Region 1II in the Fiqure) is dynami-
cally very similar to a fully-developed turbulent boundary layer,
having the same mean velocity and turbulence intensity profiles, the
same growth rates away from the boundary, and internal structure that
visually appears the same. Even streaks of approximately the same

g0 e W WS - h T e T R

length have been observed, although no study has as yet compared
bursts in the spot with those in a turbulent boundary layer. Thus,
our understanding of fully-developed turbulent boundary layers can

probably be carried over to understand the internal dynamics of the

spot. -
The unique features of the spot occur at or near its boundaries. ' ':ﬁ?‘

e
Region I, the overhang region, originally was part of Region III until : 'Qﬁ?}

it was convected over the laminar boundary layer. It appears to be
turbulent, although separated from the boundary, and hence from its

N ANSIC Y M £ P

primary source of energy. Region I appears to induce diturbances in RS o1

Region II, the laminar boundary layer below and ahead of the spot, f‘¢§f§;

causing the flow in this region to breakdown into turbulence and hence T-E}é{

become part of the spot. The method by which this breakdown occurs is ’:=ng
é still not clear. Region IV appears to contain somewhat active turbu- .ffﬁgg‘
S lence, which was once part of Region III, but whose upper part has - Sﬁs
5 been convected away due to shear. Finally, Region V is the "calmed" "'gﬁé
i region behind the spot, which also was once part of Region III, but v iésg
-~ now mainly consists of longitudinal streaks along the boundary. An N
3 important region which is not shown in this x-y cut is the region in e
\,

the vicinity of the wingtips (see, e.g., Figure 10). The dynamics in

i this region govern the overall lateral spread (and hence maximum angle

o subtended by the spot). There is apparently little or no overhang in :*

3 this region, and the spot appears to spread through instabilities in ﬁiﬂz
Q the adjacent flow, perhaps as suggested by Matsui (1980) or Perry 3:2:
< et al. (1981). Again the dynamics of this process are not well ?i”?
! understood. '_ﬂ
ﬁ From ensemble-averaged measurements of the velocity field in the spot ,j{i
§ (see, e.g., Figure 7), the spot appears to consist of two dominant }f}
N vortices which control the dynamics of the spot. Further experiments, ﬁﬁﬁ
i however, especially visualization experiments, show that this view of 5?“?
:
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the spot may be misleading., These vortices are never observed in the
visualizations, and, although the vortices exist in the ensemble-
averaged sense, the fluctuating motions about this average appear to

be the controlling dynamic features,

To better understand and predict the behavior of spots, there is a
need for further experimental, numerical, and theoretical work.
Experimentally, there is a need for ingeneous experiments to eluci-~
date the nature of the instability process{es) by which the spot grows
laterally. For example, is the breakdown due to the growth of
Tollmien-Schlictung waves, or is it a more catastrophic breakdown into
turbulence? The present authors think it is probably the latter.
Also, more understanding could be obtained by subjecting the spot to a
variety of different conditions, for example, favorable or adverse
pressure gradients, and accelerating or decelerating boundaries. The

¢ T Y Y R -

.~y e e "6
-'..c '.l »

present understanding implies certain specific responses; for example,
a favorable pressure gradient could stabilize the boundary layer and
thus inhibit the spot growth. Some work along these lines has been

.

-
B
-

; carried out by Gaster (1967) and Wygnanski (1981). Numerical experi-
:: ments, e.g., Leonard (198l1) and Orszag (private communication), also
N have the potential for shedding considerable light on the underlying
A mechanisms.

.: There has been very little theoretical work on the spot. Early

g stability theories, for example, Criminale and Kovasznay (1962) and
H Gaster (1975), have led to accurate prediction of the linear stage of

the incipient spot. But at the present there is no predictive theory
for the fully-developed spot. For example, there is no theory which
correctly predicts even the proper angle ofi spread. Such a theory
probably may have to inherently be nonlinear, and may have to include
the pressure disturbances induced in the laminar flow by adjacent
turbulent flow in the spot, and the subsequent nonlinear breakdown of

| SIS

"

this laminar flow.

; 'r'b“o

EA

Present turbulence closure models (e.g., k-¢ models) probably cannot
handle turbulent spots, because the physics of the growth by destabil-~

'.d. |2 AL

ization is not included in the models. However, recent modifications

;: of these models to take into account the interface between turbulent N
gg and nonturbulent flows using the intermittancy function (e.g., Dopazo & 'ﬁ;%
L O'Brien, 1979; Kollman, 1984) might be able to accurately treat the W

g spot dynamics, although clearly a number of ad hoc assumptions would

still be required. .
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Spectral and Statistical Characteristics of Breaking Waves ‘
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In the equilibrium range of wind-generated waves, it is postu-
lated that the processes of energy (or action) input from the wind,
loss by wave breaking and net transfer by non-linear resonant wave
interactions are of comparable importance throughout the range. Con-
sideration of the action spectral density balance then indicates that
the wave-number spectrum in this range is proportional to (cos © )12
us 9-12 k-7/2, where @ is the angle between the wind and the wave-number
k, and the frequency spectrum is of the form found empirically by Toba
(1973), namely u,g -4. These forms have also been derived by
Kitaigorodskii (1983) though on a quite different physical basis. The
spectral rate of energy loss by wave breaking is found to be propor-
tional to (cos 8)3/2 u,3 k-2 and the spectral rate of momentum loss
from the waves to (cos 8)5/2 g-12 u,3 k-3/2, As the wave field develops
with increasing fetch or duration, the total rate of energy input to
the water turbulence by wave breaking increases as Pauqs3 In(kl/ko)
where k1 and ko are the upper and lower wave-number limits to the
range; the total momentum flux increases also but asymptotes to a
fixed fraction of Pau.2., The various constants of proportionality
are found in terms of Toba's constant and a coefficient expressing the
rate of energy input from wind to waves.

The statistical distribution of breaking fronts is also con-
sidered. The average total length of breaking fronts per unit area
with speeds of advance between co and c]l is proportional to
u:;({tcf); because of the strong dependence on c, easily visible
whitecaps for which ¢ is above a threshold value c, constitute only a
small fraction of the total breaking events., The total length of white-
cap fronts per unit area is proportional to u,3 gcT-5 when the speed
of the fastest breaking fronts is significantly larger than c,.; the
number of actively breaking whitecaps passing a given point per unit
time to u,3 g c.-4 and the whitecap coverage to u.3 gTc_-4, where T
is the average duration of a bubble patch.
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1. Introduction

The breaking of waves is a process that is ubiquitous over
two-thirds of the surface of the globe. It is clearly responsible for
B part of the transfer of mechanical energy and of momentum from the
ik atmosphere to ocean currents and turbulence, for the enhancement of
v heat transfer and especially the exchange of gases between the atmos-
Q phere and the ocean as well as augmenting substantially but locally
the drag of the air on the water itself (Banner and Melville, 1976).

% In the past few years a great deal of attention has been paid
e to the dynamics of breaking and the search for criteria under which
h waves might be expected to break. The remarkable and pioneering

theory and numerical experiments of Longuet-Higgins and Cokelet (1976)
. have traced the evolution of finite amplitude irrotational waves on
deep water, either as a result of their intrinsic instabilities or of
impulsive forcing to the point of wave breaking and just beyond.
Less fundamental have been attempts to find a single thre:hold variable

'ﬁ such as local vertical acceleration, or combination of such variables,
j which determine the probability of breaking of an individual wave crest.
i This concept lay behind the original idea that led to the simple

‘ 92¢-5 saturation spectrum proposed a number of years ago. The idea

o has been taken a great deal further in other directions with

;; interesting success in a series of three papers in 1983 written by

: Snyder, Kennedy and Smith in various combinations. It does remain

N difficult, though, to associate any single 1ocal variable with the

_ examples of breaking calculated by Longuet-Higgins and Cokelet; it

ﬁ seems that the recent time history of the surface configuration is

L7 more pertinent than a single local threshold variable.

"y
- L)

In this paper, a rather different approach is taken, more in
the spirit of Hasselmann (1974) in which the detailed configuration at
e the point of incipient breaking is ignored - it disappears anyway as
soon as the wave breaks - while concentrating on the statistical con-
sequences of the ensemble of breaking events at various points on the
sea surface, The initial goal is to use simple dynamical reasoning to
provide as reliable an estimate as possible for the average rate of

r2a tote fo e

'$ spectral energy loss resulting from breaking; in turn, this leads to
; the form of the high frequency spectrum of gravity waves that was in-
s

-

ferred empirically by Toba (1973) and also to a series of simple
expressfons for quantities such as the average length of breaking
lines per unit area at any instant and the fraction of surface area
turned over per unit time.

‘ N,
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) 2. The Statistical Equilibrium of Short Waves

The spectrum of a random distribution of surface waves can be
specified by

—_—— ~Chker
-2 P-Ar 4

Y - / x r e odr .
. (k) (2m) S(x) 5(2x ) (r
¥
:3 where 7 represents the local surface displacement and the integral is
‘ 3
s over the entire separation (5) plane. The dynamics of the field is,

however, more conveniently described (particularly when wave-current

X interactions are involved) by the balance of action spectral density
N N(k) = (gle) (k) = (3/k)™ W(k), (2.1)

where o is the intrinsic frequency and the water density is divided out o N
7; throughout. Following energy paths (see, for example, Phillips, 1980), ff:;%;:
» AN W (Cuy)YN = -G T + 5. =D, (2.2)

where C is the local group velocity. The various processes that
modify the action spectral density following a wave group are repre-

- sented on the right. T(k) represents the spectral flux of action
resulting from resonant wave-wave interactions. These exchanges are
conservative for gravity waves and the integral of this term over all
wave-numbers vanishes. The rate of spectral input of wave action from

LADA

LA ]

'E the wind is expressed schematically by the term Sy and D represents
"g the rate of loss by wave breaking and possibly the formation of para- S
L sitic capillaries at large gravity wave-numbers, .ﬂ’g
! For those components at wave-numbers large compared with that '5.{$i
- of the spectral peak, in a well-developed wave field under the con- wﬁﬁi
b= tinued action of the wind, the time scales of their growth are long kﬁi
X compared with the internal time scales involved in wave-wave interac- RN
tions, action input from the wind and loss by breaking, so that for
:; these components the spectral balance reduces to
)¢
N -9V,-T(k) +S.,-D =o0. (2.3)
; In this equilibrium range, the detailed functional forms of each of
*Z these terms would be expected to depend on the nature of the spectrum
§ N{(k) in this range and it is of interest to enquire what spectral
,f- characteristics are associated with the possible balances among the
N three terms of (2.3).
:i The spectral re-distribution of wave action has been the sub- 3§ﬁ
;: ject of pioneering investigations by Hasselmann (1962, 1968) and ;ﬁﬁ
'i: others; it can be represented as a “"collision integral" over sets of §Eﬁ
> four resonantly interacting gravity waves: i
-
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~ V- T(k) = fﬂa‘ NG « NI N@INK,) -
= [NMks) « NUs)T NN} >

v S(koki-ka-beg) §(oec,-n -0y ) dc, ik, ey

R Y

(2.4)

where the coupling coefficient Q is a complicated homogeneous function
of the wave numbers k,..., k3 and is of order k3 and § represents
the Dirac delta function. Later work by Fox (1976) and Sell and
Hasselmann (1972) suggests that the interactions are primarily local
in the wave-number plane, so that the net action transfer to a given

i

N wave-number interval is determined primarily by the action spectral
)
density in this vicinity. Near the spectral peak, of course, the flux
» to neighboring wave-numbers is dominated by the peak itself, but in
f the equilibrium range, the net flux to or from a wave-number band
Y should scale with the local value of N, i.e. N(k). Consequently,
» since (2.4) is cubic in N and since Q2 ~ k6, the net spectral flux
divergence scales as
< 19/, Y
g 3 & -
S -Vi-T(h) ~ @ N ko = NAk)k , (2.5)
N as given by Kitaigorodskii (1983). This can be expressed equivalently
in terms of the dimensioniess function, the "degree of saturation"
S -
: B(x) = ghhVN(E) = kT¥(k). :
.; defined by the author (1984) in terms of which (2.5) becomes
-4 3
-v“'I ~ ?k B(.&'), (2.6)
N The rate of action (or energy) input from the wind has been
o the subject of many theoretical and experimental investigations over
- the past twenty years which have, if nothing else, demonstrated the
- complexity and variety of the detailed processes involved. In order
'ﬁ to give a simple expression for Sy in (2.3) the best guide seems to be
.3 provided by the analysis of careful experiments interpreted in the

A light of only very general theoretical considerations. Plant (1982)
suggests from a survey of such measurements that

Sw = 0:-09 cos@ o (4‘1/C)’. N(!,‘}u (2.7)
where 8 is the angle between the wave-number k and the wind, us is the
friction velocity of the air flow over the water surface and ¢ =
B (g/k)hﬁ,the phase velocity of the component concerned. This form has
been suggested by others as well; Mitsuyasu and Honda (1984) give a
numerical coefficient of 0.05 and Gent and Taylor's (1976) calculation
gives approximately 0.07., The form of (2.7) might also be justified

Navets

o 159

.

S T P N T T B I I R I Xt A P T L T R S T A -_'.‘ WA N TR S ‘-_‘ s R
DRI TN f&(‘:‘ Lfc.. B ORI D O A At L DA ATV &':;. R HAATY _3.{_’._\’ - .:.-‘--\' VI TR




? oh general dynamical grounds. The action and energy fluxes from wind ?’E

“ to waves result from variations in surface stresses in phase with the e Rl
% orbital velocities at the surface; with stress variations of order Ao, «§

- times the local wave slope, and orbital velocities also proportional

" to the slope, the net transfer rate must vary as Paus2N(k). For ,

N dimensional consistency, then swo (Pa/Pw) o (ux/c)2 N(k), which, apart

from the numerical constant and the directional factor (less certain
anyway) reduces to (2.7). In terms of the degree of saturation, this “
becomes

S, = mcos@ gk" (aanrc)” BOKE), (2.8)

'

Ka.a » 3 8K

where m = 0.04, but may be rather larger.
The development of an expression for the rate of spectral

E ™ - mpuT e |
LB ik

:i action dissipation is more tentative. The author has argued (1984) 1
ﬁ* that this will depend on the spectral level, represented by B (rather
% than the wind stress directly) since the occurrence of local breaking

and the consequent energy loss is the result of a local excess of L
$ energy or action, however this excess is produced. It may, for £
'j example, arise from a local convergence in an underlying current which
% increases the local degree of saturation and consequently the inten- ::
v sity of breaking. In an active wind-generated wave field where wave- ;;
¥ current interactions are negligible, the degree of saturation may be ?J.t ‘
$ enhanced by the wind stress, but the extent to which wave breaking f? ‘I:
ﬁ occurs still has as its primary causative property, the degree of
A saturation B. In the equilibrium range, B may be expected to vary
o only slowly with wave-number magnitude k, so that in spite of the
{: localness in physical space of the dissipation process, the spectral
? rate of dissipation of wave action at a given wave-number_g in this
" range may be considered to be a function of B at that wave-number:
- D(k) = gk™* £(B(k)). (2.9)
ﬁ- In summary, then, we have three physical processes that are
,ﬁ pertinent to the equilibrium range in an active wind-generated sea,
;. which balance among themselves and which scale as follow:
: Spectral flux divergence 3&" 8w .

:1:, Wind input m cos @ 9/:"'(«./:)‘ B(k) (2.10) f.::ﬁ
" EEREEYA,
_ Dissipation jk"’j(e(!y) t:‘i
" The form of the spectrum in this range depends upon the balances that E? 3
52 may exist among these processes, and several alternatives may be K

. visualized.
-
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Kitaigorodskii (1983) has proposed the existence of a
Kolmogoroff type of equilibrium range in wind-generated waves in which
the energy input from the wind is assumed to occur primarily at the
energy-containing scales with dissipation at much larger scales. This
then postulates the existence of a range of wave-numbers over which
the spectral flux divergence, wind input and dissipation are all
negligible; the spectral energy flux €y is constant over this range
and the spectral form must be such as to accommodate this constant
flux. On similarity grounds he gives for the (directionally averaged)
energy spectrum

. ”w

- Y -%, -V

; F(k) = j\F(k, 8) A6 ~ ‘,’j kT (2.11)
-

! and for the frequency spectrum

| S(s) ~ 6,'"9 s " (2.12)

Arguing further that € o (A /Pw)VU3, where U is the mean wind speed,
or, approximately that €g oc us3, he obtains wave-number and frequency
spectra of the forms uxg-12k-7/2 and usge-4 respectively for wave-
numbers and frequencies above those at which energy input from the
wind occurs and below those for which dissipation is regarded as
important.

The principal conceptual difficulty with Kitaigorodskii's
argument is the need to postulate that the energy input from the wind
is concentrated at wave-numbers close to those of the spectral peak,
To be sure, the air flow over the dominant waves may modify the rate
3 of energy input to smaller waves superimposed on the longer ones, but
) it is difficult to see why it should be suppressed entirely. Indeed,

according to (2.7), the time scale for wind energy input is (for 6~0)

N(&)/ S, o 25(cfus) e’ « 259" /ulea?
- which decreases rapidly as the frequency increases. Yet very careful
‘ measurements of the frequency spectra of wind-generated waves by Toba
(1973) and more recently by Forristall (1981), Kahma (1981) and
Donelan et al.(1982) indicate strongly that over a considerable range
of frequencies higher than that of the spectral peak, the spectrum is
much better represented as guwo -4 than as the g2o -5 saturation form
proposed in 1958 by the author on much simpler dimensional grounds,
It seems that the matter demands re-consideration -- twenty-five years
is a pretty fair lifetime for a simple idea.

The basic point of this paper is to indicate how an equili-
brium spectrum of the Toba type can be derived from a very different

s

7 )

QS

4 '.-") ‘o
2 161 by N
A Le Y m LVt % e i’s  *mLtet e st e N ST A R S R RV AP LT 2 KT ST T R T PN
2 ).. 4 .) PO I8 R ,}‘.\ Boen L et 4‘,-.’,71. = 1"-"" TR S, oA CR O L, $ o o g TR




RS

Rt L T L I W R T S I e IR

assumption about the dynamical balances in the equilibrium range and,
as a bi-product, to infer a number of simple properties concerning the
statistics of the breaking events themselves. In contrast to the
hypothesis made by Kitaigorodskii, let us suppose that in the
equilibrium range of an active wind-generated sea, all of the three
processes represented in (2.10), namely the spectral flux divergence
resulting from wave-wave interactions, wind input and dissipation by
wave breaking, are comparable throughout the range. Under this
assumption

B (k) o« meos® (Uase) B(k) = f(B(K), (2.12)
whence it follows immediately that
)
B(k) = B (eos8)*(uasc), (2.13)
and
£(8) = aBk), (2.14)

where/s and a are numerical constants. (Note that, from the definition,
8(5) = B(-E); in (2.13) -m/2 < < m/2).
This then leads to a wave-number spectrum in the equilibrium range

Vih) = k*Bl8) « plcose) fuase) k°,

. /s(ma; .a.""‘k (2.15)

similar to that given by Kitaigorodskii on a quite different basis.
The freqency spectrum can be found from (2.15), although care must be
taken to restrict the range of frequencies to those below which the
advection by the dominant waves (and the consequent Doppler shifting)
becomes significant. The orbital speed of the dominant waves is
approximately 2(8" o , where o, is the frequency at the
spectral peak, so that Doppler shifting becomes significant for com-
ponents whose intrinsic phase velocity g/oo is not large compared to
this. Accordingly, the frequency spectrum

/2 -
$(v) = 2/ ke k) [30/3k) “BJ:.

-m/a

= U, g

L3 C"/s

y oo g/la(§) e, (2.16)

where ot s 4. f (coso) ‘a6 « q- 364 ., This is the form found empiri-
cally by Toba (1973) from wind tunnel data and confirmed in field
observations by Kawai, Okada and Toba (1977), Donelan et al. (1982)
and others. The constant of proportionality measured by Toba in a
wind-tunnel was approximately 0.02 and Donelan et al.'s field measure-
ments are consistent with this, although Kawai, Okada and Toba's later
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field work gives a value of 0.06 * 0.01. Kawai et al. give some
explanation for the difference between this result and Toba‘'s earlier
estimate, though the reasons for the discrepancies may still not be
well understood,

The expressions (2.13) and (2.14) allow us to estimate the
spectral rates of dissipation of wave action, wave energy and wave
momentum in the wind direction which are, respectively,

D(k) = gk " f(8) .
= a/!’ (cos®) /‘gk'“(u./c)’

= q/s’(co: o™ 3""44: k-’h', (2.17)
3 -
ECk) = oDlk) = ap’(cors) “us k7, (2.18)
A -~ -¥
and T(k) = (€(k)/c) cosO = a/!’(cose) ‘7 .a," k™, (2.19)

In the absence nf more complete observational verification, not too
much significance should be ascribed to the directional factors given
in these expressions, but it is interesting to note that the direc-
tional distribution of the equilibrium range energy density that they
indicate is quite broad,

The total fluxes of energy and momentum from the wind to the
sea occur in three separate pathways: (a) directly by the mean shear
stress on the water surface, (b) from wind to waves, resulting in wave
growth and radiation from the generating area and (c) from wind to the
waves of the equilibrium range, from which it is lost locally from the
waves by breaking. The last of these can now be estimated from (2.18)
and (2.19). If ko represents the lowest wave-number associated with
active wave breaking (which may be coincident with that of the
spectral peak, but may be somewhat higher) and k1 is the upper limit
to this range, then the total rate of energy loss from the waves by

breaking, or, equivalently, the rate of energy input to the surface

layer turbulence in this way is
Y% Lk

& = 1] j&'{,{t)kdkdo ’
=% Ko
= 3.42 a/s’,a.’ Lnlkifk,), (2.20)

in which the directionality factor in (2.18) is taken at face value.

This quantity is more usually expressed in terms of the air density;
restoring the density factors we have

€+ (3-92a8°pu/pe). poaa} b (Ki/kl). (2.21)

The total momentum flux to the surface layer by wave breaking is likewise
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T s (5:6aap’oulp) - Pag s (KEEY).  (2.22)

According to Banner and Phillips (1974), freely travelling gravity
waves for which ¢ < ux (or k > g/us2) are strongly suppressed by the
wind drift induced'by the direct shear stress at the water surface; if

k = g/us2 >> ko, then from (2.22),
T. = (5:6a a/g’Pw/P.) . Pa‘“: ’ (2.23)

which must, of course, be less than Paux2.
Accordingly, as a wave field develops from, say, an initial

state of rest, the momentum flux to the surface layer by wave
breaking, initially zero, increases as the equilibrium range covers a
wider and wider interval of wave-numbers, approaching asymptotically a
fixed fraction of the total wind stress. The energy flux to the tur-
bulence of the surface layer by wave breaking continues to increase,
albeit logarithmically. With k = g/ux2 and ko = g/co?

fo = (30208 R 10,) 4o (Sus) pouc | (2.24)

and if the fetch and duration of the field are sufficient to generate
dominant waves moving at the wind speed,

£ = (3-42a8°p,/p ) £~ (c5") Paty , (2.25)

where Cp is the drag coefficient.

3. Constraints on the Constants of Proportionality

- Among the interesting consequences of the analysis of the pre-
2N vious section are the relations it provides among various numerical

iﬁ: coefficients that have been inferred from independent sets of measure-
biﬁ ments, though none to high precision., The quantity m of (2.8)
i?ﬁ expressing the rate of energy input from the wind is about 0.04 but
ggg may be rather larger; Toba's constant &« of (2.16) specifying the
i?; spectral level of the frequency spectrum in the equilibrium range may
:EE be bracketed by the values0.02 and 0.06 found in different experi-
3@% ments. The constant involved in the wave-number spectrum in the
&;: saturation range has not yet been measured directly, but the (cos )2
AT directionality factor gives o= 9,368 ; different but reasonable
5;5 directional distributions may give of up to fifty per cent or so in
%gs the coefficient. One firm constraint that we have from (2.23) is that
% 54 a/s’,o..,/p‘ < 1

or qﬁ“< l.g 0™ ¥, (3.1)
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Now, in the action spectral density balance (2.12), f(B) cer-
tainly represents a loss and the wind input a gain; the calculations
of Sell and Hasselmann (1972), although not too reliable at these
large wave-numbers, indicate that the net spectral flux also repre-
sents a gain. Consequently, the rate of dissipation aB3 must be
greater than or equal to the rate of wind input, so that

cvg 2 m & 0-04 (3.2)

If &= 0.02 then A= 2 x 10-3 and ap3 > 8 x 10-5, comfortably satis-
fying (3.1) and suggesting that fifty per cent or more of the total
wind stress is communicated to the surface layer by wave breaking. On
the other hand, if o« = 0.06, then B= 7 x 10-3 and ag3 > 2.8 x 10-4,
which is inconsistent with (3.1). We conclude therefore that either a
value of 0;06 for Toba's constant, or a value of 0.04 for the wind-
wave coupling coefficient (or both) are too high. Nevertheless, even
with somewhat smaller values one can also conclude that in a well-
developed wind-wave field, (1) a substantial fraction of the total
wind stress is communicated to the surface layer by wave breaking and
(2) the energy flux as turbulence to the surface layer by wave
breaking is a modest multiple (In Cp-1l = 6.5) of Pau+3, and is cer-
tainly greater than the energy flux by the mean surface shear stress
acting on the wind-induced mean drift.

4, Some Statistical Characteristics of Breaking Events

As the wind blows over the water surface, at any instant the
fronts of the breaking waves define a distribution of isolated line or
arc segments. The scales of the breaking waves may cover a very wide
range, from very short gravity waves in which a converging, moving
stagnation point is marked by a group of capillary ripples, through
intermediate scales (15-30 cm or so) where the breaking is unsteady
but only a few bubbles are produced, to actual whitecaps in which the
breaking and the generation of turbulence is so vigorous that exten-
sive patches of foam are generated. There is clearly some association
of the breaking events with waves of different scales, but it is dif-
ficult to make the association in an unambiguous way if we consider
only the surface configuration at one given instant - the breaking
crest may indeed be a local maximum in the instantaneous surface con-
figuration, but there is no guarantee that a local wave length can be
defined clearly. It seems more satisfactory to use the velocity ¢ of
the breaking front as a measure of the scale of the breaking, since
this is a well defined quantity that might (conceptually at any rate)
be measured from movie images of the sea surface. 1In practice, this
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may be obtained relatively easily for those breaking events that
generate whitecaps, though it may be difficult to distinguish the many
smaller scale, fugitive occurrences of breaking that do not generate
discernable bubble trains but which still turn over the water surface

as they advance.

In any event, let us define a distribution Ag) such that Algrde

represents the average total length per unit surface area of breaking
fronts that have velocities in the range ¢ to ¢ + dgc. The total
length of breaking front per unit area is then fddcs)ds.

What is the rate of energy loss from the waves to turbulence
per unit length of front in these breaking events? This question has
been examined by Duncan (1981) in a series of laboratory experiments;
he showed that in an active breaker in deep water, the breaking zone
extends down the forward face of the wave over a fixed fraction of its
amplitude and that its shape is geometrically similar for waves of
different scales. Furthermore, he found that the breaking waves them-
selves are geometrically similar, so that the cross-sectional area of
the breaking zone is proportional to the square of the local wave-
length, or to (c2/g)2. The weight of the breaking zone per unit
length of the breaking front provides a tangential force proportional
to c4/g that acts on the oncoming stream whose speed is approximately
c. Consequently, the rate of energy loss per unit length of front is

Y c5/g, where ¥ is a numerical constant estimated by Duncan from
his experiments as approximately 0.06.

it is interesting to observe that the rate of turbulent energy
production by breaking increases very rapidly with the characteristic
speed of advance ¢ of the breaking wave. A few large scale breaking
events can produce as much energy l1oss from the wave field and input
to the turbulence as many small ones. Nevertheless, the charac-
teristic time scaie for the duration of a breaking event, the ratio of
the wave energy in one wavelength to the rate of loss by breaking, is
proportional to the wave period, so that both large and small scale
breaking events are equally transient,

The average rate of energy loss per unit area by breakers with
speeds between ¢ and ¢ + dc is then

rA(e) /g dc. (4.1)
If we now identify the scales of waves that are breaking by the speeds
with which the fronts advance, then, for wave-numbers below those
seriously affected by Doppler shifting, k = g/c2. An element of area
dk on the wave-number plane is related to the element dc on the velo-
city plane by
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oth = kdkd® « -(29%/ct) cdcas,

f: 4,
4 = - (297/c¢) 4¢ , (4.2)
| the negative sign being associated with the fact that integration to
2. large k corresponds to integration to smaller c. The distribution
%E (2.18) of energy loss by wave breaking per unit area dk can be re-
oy written in terms of the distribution with respect to velocity as
A}
3, -2
% EGc)de = 44p (cos0)tul Mde, (4.3)

Ve avme

one factor of two arising from (4.2) and another from the equal
~" contributions to (2.18) for k and -k. Consequently, from (4.1) and
(4.3), dropping the negative sign,

! 3

3 -
233 Acs) = ‘4'—9;& (co:s)”‘a.y e (4.4)
vy
7 This distribution of total length of breaking fronts on the wave-
y number plane is very strongly weighted towards those with small speed
4 ¢ or small scales - those fronts that produce whitecaps are evidently

a very small fraction of the whole.
N The total density of breaking fronts (length per unit area)
with speeds between cg and c] is therefore

I S
Mk )

o 3 ® <

N Llce,e) = 498 44,.«35 /(cose)’,'da /Cq' cdc

N r - o

Y L )

A

N = 73aa®,} (e=% 'f) (4.5)

A a—é uy, ‘7 ¢, -¢ 7). .

? Now, if we consider only those breaking fronts that generate a trail

'2 of bubbles, the breaking event then being identified as a whitecap,

2 then only those breaking zones with a rate of energy release rcb5/g _ 28

= exceeding some threshold €¢, say, will contribute. Consequently, the -

fj lower 1imit of the integral is such that co = c¢.. where 1“

- s '.i’

", er - a’c-r- /;- o

¥,

= If the longest waves that are breaking are shorter than those with i‘;;;

2? speed c., then virtually no whitecaps will be formed; if they are only jq}.

. somewhat larger, c -5 << ¢ -5 and (4.5) reduces to pOOR

R g s

' 3

: Q 3 -5 LALD
L= 13% ulg et (4.6)

V- e r3apd el 4.7 W

X /-3aB" € «, (4.7) _::;:_
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On the other hand, if we consider all breaking events, even
the very small scale ones that involve no air entrainment or bubbling
at all, then the tota! length of front per unit area is very much
larger, strongly dependent on the minimum scales that are breaking but
hardly at all on the density of the much rarer, but far more vigorous
whitecapping events. If the slowest moving waves that are breaking
have speeds ¢g = ux, then

3
L= 1:3% 9/u; (4.8)

which actually decreases with us, since the increase in the speed of
the smallest breaking waves more than compensates for the increased
density of them (on the c-plane).

These results are clearly related to "whitecap coverage", the
fraction of surface area covered by bubbles, If bubbles, once gene-
rated, persist for an average time T, on the surface, then the average
length of a foam streak is cT and the whitecap coverage is

W = ch.A.(_s) de

Now T is likely to depend on the temperature, humidity and various
surface properties not well understood; if we simply suppose it to be
constant then by a similar calculation

3

we BTetyl, (4.9)
where c__is the slowest speed of fronts capable of producing whitecaps,
provided, of course, that the fastest breaking waves are moving signi-
ficantly more rapidly than this. Although the accuracy of this result
is likely to be low (matching, indeed, the considerable scatter in
reported measurements of the whitecap coverage), the wind speed depen-
dence that it exhibits, u#x3, is close to, but a little less than those
found empirically., Fitting observations to the form W e U™, Monahan
(1971) found » ~ 3.4, Tang (1974) gives m~3,2, Wu, (1979) 3.75 and
Monahan and Muircheartaigh (1980), 3.52 or 3.41.

Finally, and somewhat more reliably, the fraction of sea sur-
face area turned over per unit time can be established. The area per
unit area swept up per unit time by breaking fronts, or the number of
active breaking fronts passing a given point per unit time is

T« [feNlg) g

. %

where co represents the speed of the slowest breaking fronts, or, if
we are concerned only with the number of whitecaps passing a given

point per unit time, co is the threshold front speed.

168

.u,,a;c:‘ (4.10)

R R R iy

S G e 5 e, S A T G AR RO T, ST
P N N o W o 8 S b A oW y

.' -.- .




-

[

It is unfortunately difficult to compare these results in
detail with the observations that have been made to date, largely
because of the sensitivity to co (which has not been measured) and the
observational difficulty of identifying precisely in a given experi-
ment the speed of the smallest breaking fronts that are detected or
counted. The lowest wind speed at which whitecaps occur is about 2.5
m/s, so that presumably the threshold phase speed for breaking is
somewhat smaller than this. Nonetheless, it is hoped that these re-
sults will stimulate further careful observations in which these

iy -y Ty om
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questions can be resolved.
It is a pleasure to acknowledge the support of the Fluid Dynamics
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How Do Liquid Drops Spread on Solids?
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Introduction

1.

The coating of a solid with a liquid and the displacement of oil in a porous medium
by water are processes that involve the motion of a contact line, the three-phase
line cammon to three materials. In the above illustrations the contact line
involves liquid, gas ard solid and liquid, liquid and solid, respectively.

PR

Because moving contact lines arise so frequently in practice, an understanding of .
2 the assoclated mechanics is required. Underlying such an understanding is the , ' §55¢
:-: observation that the contact line does not consist of the same points at all o
§ times. As shown in Figure 1, the contact line is the site of a splitting of the : }é{{

fluid trajectories which glves rise to a singularity in the flow field. Dussan V. .
" and Davis (1974) show that the motion of the contact line together with the f _

: imposition of the no-slip boundary condition necessarily makes this singularity one {ﬁh
: of infinite force precluding a local study of moving contact-line mechanics. Thus, :;3‘-::1
o~ local slip at the fluld-solid boundaries is posed and leads to tractable boundary- .C

value problems that have predictive capabllity.

. The realization that effective slip occurs near the contact 1line allows one to solve [

'.:; problems involving mutual displacement. One such prototype problem involves the Ry

Spreading of a liquid drop on a solid, the spreading occurring spontaneously upon -

- the placement of the drop on the solid. Such a model was posed by Greenspan (1978) (‘n
t
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"y Figure 1: Kinematics of flow near a moving contact line (after Dussan V. and Davis, "~.-;J‘

1974). Coordinate system moves with the contact line at speed uc, &
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'.? for the creeping flow of a thin, Newtonian liquid on a smooth solid. In the present o ;"
s paper, we shall reexamine this model in order to probe more deeply into the roles of o SR
;E: viscous and surface tension forces and the wetting characteristics of the solid. We ,f‘". '
. shall discuss two distinet contributions to the spreading characteristics, which we -
‘ call "capillary push" and "contact-line pull". Since many applications of spreading B _t'%:;
: studies involve the coating by polymer liguids, we shall extend our study to : : g"‘;;
' viscoelastic liquids and identify which non-Newtonlan properties dominate in the {:::,I::

spreading flows of interest.

2. Formulation

We consider a drop of viscous liquid on a smooth rigid plane. We use a cylindrical

% % %
2 polar coordinate system (r ,¢ ,2 ) to describe axisymmetric drops in which the rigid
‘. plane 1s located at z® = 0, and the z" axis points into the liquid. Since the drop
)
S is axisymmetric, all quantities are independent of the azimuthal coordinate ¢ ; body

) forces are ignored.

Initial State

The initial shape of the drop is taken to have the form

2* = h:)(r") , Ocr < aq (1)
:-JE with the edge condition
%

/ )

o hylag) =0 . (2)
The initial contact angle 8o 1s given by

.‘-‘: dh;

¥ dr

and the volume is
o 88 as s _»

» v = 21:5 rhy(r)dr . (4)

' Drop Dynamics 5 e
o BB
£ At time t* > 0 we denote by a*(t*) the radius of the drop. Thus we have the initial R
o8 condition S

2 \ ot

b a (O) = ao . (5) ‘
) We take the shape of the drop at time t* to have the form NN
- o
b9 2* = h'(r",t') , 0¢ et < a'(t*) with (6) t:'.:;‘
o N R R AEX
h(a (t),t") =0 ., M PN

*

A The contact angle at time t* 1s denoted by 6" = 8" (t") and 1s given by [_,
. S
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%
tan o" = - B @'th),t") . (8)
ar

Conservation of the volume of the drop over time gives the additional constraint

a*(t')
V' =2 | r‘h‘(r‘,t‘)dr' . (9
0

The rate of change of the quantity a* at any instant t* is taken, on empirical

»
grounds, to depend on 6, 4 =0G(s"), which incorporates all the wetting properties
of the solid. Dussan V., (1981) discusses these issues in detail. For convenience

we use a linear law

da’ *
—d? = K(e - eA) (10)

where ¢ > 0 1s an empirically determined constant, and where 6y 2 0; LI is the
advancing contact angle which corresponds to static equilibrium when the drop is on
the point of spreading.

Equations and Boundary Conditions

The motion 1s governed by the Navier-Stokes and continuity equations,

‘h

(11)

(12)

where p 1s the density, 1* = (u*,O,w*) 1s the veloclty vector, p* is the pressure
and §* is the extra-stress tensor. A constitutive relation between the stress and
the deformation-rate will be glven below.

) _'»' "t"'u I

ot

"‘. RS

The boundary conditions are as follows:

(1) The normal velocity component 1s zero on the rigid plane,

w' =0 on z*=o; (13)

MM

A s’a o' a

(11) As follows from Dussan V. and Davis (1974), the usual no-slip condition at
the rigid boundary 1s modifled to avoid the appearance of a singularity at the
contact line. Following Greenspan (1978) we take the condition to be

% ¢
13

(y“z/uo)sh = p'u" on z =0 (14)

*
where y 1s the zero-shear-rate viscosity, y 1s a slip length (distance from the

contact line over which slip takes place) and 8;3 represents the r'.z*-component of

the extra stress.
(111) The kinematic condition at the free surface is

* *

* » R P

wsﬁ,+ua—h,onz=h(r,t) . (15)
at
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(1v) The dynamic boundary condition at the free surface 1is !
— . RN

-+l nl=2"on on 2" =n (16) e
where [p*] denotes the pressure difference across the interface, ¢ is the surface

tension, n is the outward unit normal to the surface, and H' 1s the mean curvature
of the interface.

Rheology

A constitutive equation that is suitable for polymer solutions is the generalized
Maxwell model,
%

St g g0 -

SRR AR A B ) R AT
ot

where
i* = le'l + (V*Y_*)T (18)
g' = v*_* - (7Y T (19)

1t is the relaxation time of the liquid and g8 is a number, which in practical .
situations can range between -1 and +1. (See, for example, Petrie (1979).) When

g8 = 0 the model, equation (17) reduces to the well-known corotational Maxwell model.
In steady unidirectional shear flow this model yields shear thimning and both first
and second normal stress differences, and ylelds stress relaxation in unsteady
simple shear. When g = 1, equation (17) reduces to the upper convected Maxwell
model. Here there is no shear thinning in simple shear, the viscosity remaining
constant at its zero-shear-rate value, but first and second normal stress
differences, as well as stress relaxation, are present.

3. Lubrication Approximation

We proceed on the basis of the assumption that the initial angle 8o is very small.
This enables us to use the lubrication approximation, in which all quantities are
appropriately scaled, and then the equations and boundary conditions are expanded in
powers of 8g. The first-order problem is retained in the limit 8y + 0.

A dimensionless time t is deflned by
»
t = t%063/20u, (20)

and dimensionless coordinates are defined by

#
zZ =2 /(aoeo) s D= r"/ao . (21)
The dimensionless shape of the drop becomes h(r,z) where E:.‘
ol
h = h’/(aoeo) . (22) s
.‘ “"”;':*.-
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N
Te radius of the drop 1is a(t), given by ’ {‘.,'2.&2;
i i ¥
N
a(t) = a'(t*)/ao (23) g
and the contact angle is
8(t) = 0" (t")/, (24)
with the final equilibrium (advancing) contact angle given by
GF = OA/OO . (25)
We also define a dimensionless volume by
V= V"/a?’)eo . (26)
Dimensionless velocity components (u,w) and pressure p are given by
L
u=u/(coy) , w= w*/(xeg) > P= p’(aoeo/uon) . 2n
Finally we have a dimensionless stress tensor S defined by
S = §*(ao/uon<) . (28)

Initial State

In our non~dimensionalization the drop has unit radius initially, and the initial
contact angle 6(0) is also unity.

The initial shape has the form

z2=hy(r) , 0ecr<1

(29)
with end condition
hop(l) =0 . (30)
Using the approximation 8y * 0, we find the condition for the initial angle to be
;;‘:.*'Q' (1) =1 , (31)
We also have the volume condition
1
V= Zué roy(r)ar (32) .
The shape of the drop at time t is »
z=hir,t) , 0<r<a(t) with (33) fﬂ
h(a(t),t) =0 . (34)
N
In the lubrication approximation the contact angle o (t) is given by l :.:‘.
o(t) = -hn(a(t),t) . (35) P

- -
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The volume conservation condition (9) becomes

a(t)
V= 2né rh(r,t)dr . (36)

Equations (10) and (35) combine to give the following differential equation for the
edge dynamics of the drop:

d_%t(_t?l = C[-hr(a(t),t) - ogl  where (37
BaK

c=2 . (38)
060

Equation (38) is subject to the initial conditions
a(0) =1 . (39)

Here C 1s the effective capillary number for the wetting characteristic in that it
measures the slope « in equation (10).

Equations and Boundary Conditions

In the lubrication limit ¢y + O the Navier-Stokes and continuity equations reduce to

~Pp + 313’2 =0 (40)
~py =0 (41)
(ru)p + (rw), =0 . (42)

Note that S;3, which 1s associated with shear thinning in viscoelastic materials, is
the only stress component that remains in the reduced system (40)-(42). Components
such as S31, Spp, S33, associated with normal stress differences, are not explicitly
present in the equation of motion in the lubrication limit.

The boundary conditions are as follows:
(1) zero normal veloclty at the rigid plane

w=0 on z=0 (43)
(11) modified slip condition at the rigid plane
72813 =hu on z=0  where (44)
*
v2 = (yrage,)? (45)

(111) kinematic interfacial condition

hy + Cluh=w) on z =h(r,t) . (46)
(iv)  dynamic boundary conditions on the interface are

hrr + % hr +Cp=0 on 2z =n(r,t) and (47)

813=0 on z=h . (48)
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HRheology

Using the scalings indicated above, we find that the constitutive relation 17)
i becames, in dimensionless form,

e T

33 Looe, s . -
’ §+ 2 g+ C[{(N§ + FurgrSru) ~ 88 + 19} = (49) e
‘ ‘ 2
1 where in the lubrication approximation S gg%ﬁ
& RN
“; ._ 0 Yz 0 "“z) (50) ‘:‘i'
= " 50
‘; b4 (uz 0 ) L4 (uz 0
&
» and where 1,e are relaxation parameters defined by
&
- taeg 1)
’ A= N 51
%¥o
f‘
_'4;: raeg
€= . (52)
o gk
o
) Note that
& Me =0g (53)
The form of equation (49) shows that A 1s a measure of stress relaxation while ¢ is
a measure of shear thinning. Hence, relation (53) implies that stress relaxation
; only becomes important when shear thinning 1s absent. Henceforth, we retain only
:_ the effects of shear thinning by taking g8 = 0 and considering the corotational
- Maxwell model.
2
i, The components of equation (30) are
oy S11 = €CupSy3 =0 (54)
|
-, 1 _
oo Si3 + 3 €04, (S); - 833) = u, (55)
':‘: 333 + EszIB =0 . (56)
R Fram these we obtain
& S u,
*T 333 (57)
o 1351+ %2 g
s which implies that the effective viscosity for simple shear is o ﬁ
— 2l e ° 8 N
s 1+ ¢°C u, (50) R *-."Q.
": t o
bey hY I
» 4, Evolution Equation i’:
r A .-
-:~" We integrate equation (41) and use the boundary conditions (24) and (25) to obtain :: )
3 the equation R
et YT ke
‘e =0 (59) x
A ‘ 3
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where

h(r,t)
R = & r u(r,z,t)dz .

From integration of equation (41) we obtain
p = p(r,t)
so that the boundary condition (28) gives
1 ey =
F(rhr)r + Cp(r,t) =0 .
Substituting into (40), we obtain
1 =
i;(l'l]t.)!~ + (:531:3,25 () .
Integrating this with respect to z and using condition (48), we obtain
53 = ra) (1,

We now combine equations (59) and (57) to obtain

Z
—_—2 . = (Dh)(h-2) = F , say
1+ %%l

framn which we deduce that

oy =1- /1-4°F°
z L2
2¢ F
Here

Dh = [X(rh) 1. .

Equation (58) shows that the effective viscosity tends to zero as the shear-thinning
parameter ¢ tends to infinity. Such models are known to be reliable only for small
values of ¢. We therefore assume ¢ to be sufficiently small that an expansion of

equation (66) is possible, whereupon we obtain
Cu, = (Dh)(h-2) + 2L (ON)(h2) B + 0(ch)
Integrating and using the boundary condition (44) we obtain
cu = () {y2 + 3 12 - lm2)?) + 1 o3t - m-a)¥y .
Integrating again over 0 to h, we obtain
onQ = (Dh)(v%n + 3 03) + 2 2on3d
Substituting into relation (59) we now obtain

hy + Hr@(Ph + 3 03) + & Crondd), =0 .

.................
‘ Y

(60)

(61) = HYeS

(62)
(63) TR

(64) o

(65)

(66)

(67)

(68)

(69)

(70)

(71)
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% Equation (71) is the sought-after evolution equation to be solved subject to the g,é:
i appropriate side conditions. Yy
W b2l
. X
. 5. Newtonian Liquids fé"
\;i
g We wish to consider the evolution equation (71) for Newtonian liquids (e=0),
) 1 2, 413 =
h, + % {r(Dh)[y°h + 3 b1}, =0 (12)
N subject to the edge conditions :
da . ae
.g § = Cl-hy, - op)
¢ at r = a(t) , (13) N
X h=20 2
the symmetry condition -
¢ .F'.’--'
s hp=0 , atr=0 , : (74) I Qo
:3 and the initial condition L
B Y Y
h(r,t) = ho(r) at t=0 . (75) LB
o Furthermore, the volume of the drop is V, a k"
N a(t) R
R V= 21% r h(r,t)dr . (76) i f‘&:.
System (72)-(76), apart from minor redefinitions and rescaling, is identical to that 5”3
7". of Greenspan (1978). It contains four parameters: the capillary number C, the slip - "';:::-f
‘o parameter y, the equilibrium contact angle ép, and the volume V. Before we discuss R }'i
M the behavior of the drop, recall that the time t in system (72)-(76) is scaled in S5

units of the viscous-capillary scale aou/aeg.

o System (72)-(76) governs the creeping-flow of a spreading drop in which the

». spreading occurs through two distinet mechanisms.

“ (1) If the initial contact angle were equal to its equilibrium value 8 but the

. p meniscus were not an equilibrium shape, then there would still be relative motion in

the drop. Surface tension on the interface would produce capillary pressure

W gradients that drive a viscous flow, change ¢ fram ,, and cause spreading. Call

N this mechanism "capillary push".

y (11) If the drop shape were a spherical cap, and hence a static meniscus, but had a

C contact angle 0 > ¢ A? then the edge of the drop would necessarily move outward until

’ ‘ 0 =9, Call this mechanism "contact-line pull". The total influence of the

; wetting characteristics of the solid surface are incorporated in the relation (10),

?j and they are responsible for the "contact-line pull". C
.,-,:: In general, the drop spreads through the joint mechanisms of "capillary push" and :-: ‘
; "eontact-1ine pull", the proportion of which 1s governed by the number C. Here C 1s NG
\ a non-dimensional version of « in equation (10). If C is small, then the contact . \_,
fj-‘, angle is very sensitive to contact-line speed. If C is large, then 1t 1s not. *
by ' .::'.‘t
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We can now turn to system (72) and examine the spreading characteristics of drops
having either small or large C. In order to do this we introduce a new time scale

'

T T

T=Ct (17)
N in which the unit of time is independent of o and ¢. We can then rewrite equations
X (72) and (73) in terms of this as follows:
.
A Chp + % {r(0)yh + 3130}, = 0 (78)
' da =
& =-h -0, at r=a(t) . (79)
e ar r - °F
' We consider first the case C << 1. From equation (73), when t = 0(1), g% ~ 0, so

that the contact line remains fixed but the shape of the drop, governed by equation

(72), readjusts to its initial shape through "capillary push". This readjustment

occurs until t = 0(C™1); equation (78) shows that %{[vzh + % h3]}r ~ 0 whose

solution Dh ~ 0 gives a constant curvature meniscus. This static meniscus 1s

N subjected to appreciable "contact-line pull" through equation (79). This lasts
until the final equilibrium shape evolves.

- We now consider the case C >> 1. From equation (78) we see that hp ~ 0 leads to a
,w meniscus that 1s quasi-static. However, the limit C + «» 1s singular and there is a
A boundary layer near r = a(t) of width 0(C"1/%) in which there are rapid spatial
changes., 'This 1is consistent with equation (79) which shows that there 1s appreci-
able "contact-line pull" to the edge. This situation holds for t = 0(C™ 1), after
this small initial time equation (79) shows that this readjustment occurs with fixed
\3 contact arngle.

g We define t(2) as the time for a drop to double its initial radius; the

b corresponding doubling time on the scale defined by equation (77) is denoted by

. m€2), Flgure 2 shows the shapes of the dropat t = Qand t = £(2) fop ¢ = 1.
Figure 3 shows T(2) as a function of volume V for various values of C. One sees
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g T Figure 3: Axisymmetric drop, doubling time as
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3' from Figure 3 that for a fixed V, T(2) decreases with decreasing C. A combination
of forms (20) and (77) reveals that the time scale T is independent of the material
" properties of the liquid, and therefore one infers from Figure 3 that the doubling
N time increases with increasing viscosity and decreases with increasing surface
33 tension. The curves in Figures 2 and 3 are obtalned from numerical solutions to
(72)-(76) computed by Rosenblat and Davis (1983).
y
- 6. Non-Newtonian Liquids
.:§ In the case of non-Newtonian liquids the evolution equation (71) must be used in
place of the Newtonlan version (72), but the boundary and initial condition (73)-
g (76) continue to apply without modification. An additional parameter ¢ is present; P
5 this parameter is a measure of the degree of shear thinning caused by the presence :'.i;'.::f
: of polymer additives, for example. :Ej
A
The two basic physical mechanisms of “"capillary push" and "contact-angle pull" "y '»ﬁ
: remains in force for non-Newtonian 1liquids, and the effects of viscoelasticity are ::;'3%
LA 2O
3 essentially limited to producing quantitative changes in derived quantities such as :;::5
3 the spreading rate. Although the parameter ¢ enters the evolution equation (71) in %L
' a somewhat complicated way, so that its role is not obvious in this equation, it is
% relatively easy to see the part played by viscoelasticity by looking at equation e
(58); it causes a decrease in visco ity compared with the latter's zero-shear-rate = 3
ﬂ value. This in turn results in decreased viscous resistance to capillary pressure A
- gradients, thereby accelerating spreading rates. "3
o, :\j;
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! Figure 4: Axisymmetric drop, variation of
radius with t for shear-thinning
and non-shear-thinning cases,
with Cc =vVv =1, BF=0and

Yy = 0.01,
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Numerical solutions of the system (71) and (73)-(76) by Rosenblat and Davis (1983) . f
confirm this result, and show that spreading rates increase with increasing ¢ when \;,-.

all other parameters are held fixed. This is shown in Figure 4. The effects,
however, are very small in magnitude since the viscoelasticity only enters

at 0(e2). As pointed out earlier, shear thinning is more significant than stress
relaxation or normal stresses (at least in the lubrication approximation), so that
these latter are very small indeed.

In practice the most important consequence of the addition of polymeric additives is
the change in the zero-shear-rate viscosity ug. This quantity enters the capillary
number C linearly and therefore, as shown in the previous section, dominates the
various characteristic times of the drop dynamics. In general the addition of
polymers tends to increase the zero-shear-rate viscosity, and therefore to slow down

P the spreading of the droplet which, of course, is opposite to the effect of shear T ::::-j
E"' thinning. This particular, probably predominant effect of viscoelasticity appears B
a only in the value assigned to the capillary number C. e

7. Conclusions

We have seen that the spreading of a Newtonian liquid drop depends on both
"capillary push" and "contact-line spread" as measured by the effective capillary
number C,

=
Non-Newtonian effects are dominated by shear for the thin drops governed by ;\
lubrication theory. Thus, shear thinning is the principal effect of viscoelasticity 2
leading to non-Newtonian drops spreading faster than their Newtonlan counterparts E
which have equal zero shear-rate viscosities. This viscoelastic effect is most -
pronounced near the contact lines where the strict condition for "sensibly" ,'::
Newtonian behavior is e << y rather than the usual condition e << 1 appropriate to :.'.;

N

flows without contact lines. Thus, the fluild remembers the contact line.

's
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Effects of Streamline Curvature on Turbulence

M.M. Gibson
Mechanical Engineering Department, Imperial College, London, Great Britain

1. Introduction

The effects of longitudinal curvature on the turbulence in thin shear layers has
received a good deal of attention from experimenters and modellers and in many
respects they are now wvell documented. The turbulence structure is highly
sensitive to the additional mean strain rate introduced when the mean streamlines
are curved in the plane of the mean shear. Turbulent energy and shear stress are
reduced relative to rectilinear flow when the angular momentum of the wmean flow
increases in the direction of the radius of curvature, as in a two-dimensional
boundary layer on a convex wall, and increased when the angular momentum decreases
with increasing radius, as in concave wall flow. In contrast to laminar flow where
the fractional changes in shear stress are of the same order as the shear layer
thickness tn the radius of curvature, measurements in turbulent boundary layes on

~urved walls show fractional changes an order of magnitude greater.

The extent of these changes is illustrated in Figure 1, where profiles of the shear
stress in a number of convex wall boundary layers are plotted for comparison with
Klebannffes [1] flat plate dGata. In each of these experiments a boundary layer

[N ]
os Fri
& A N,
-
0.¢ ' :.:__:
RN
RN
’::' R
oy 0.2 Fig. 1. Shear stress profiles in flat and ¢
convex wall boundary layers ( from k]
(4)). — Klebanoff [1], flat: N
0 * [2]), flat: — — [2], convex: .-:.x:.
— = — [3], convex; ,:.:_‘_.-
— - - — [5), convex; Y
— — = (6], convex. Data points \_‘A
.02 1 A 1 1 1 from (4) show changes from flat !
¢ or o /6 I o to mildly curved convex wall flow. \.“
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developed first on a flat wall upstream of a curved gsection. The effects of mild

curvature, when the ratio of boundary layer thickness &, to the radius of curvature
of the wall R, is approximately 0.01, appears in the results from [2,3) and our own
measurements [4] shown by the data points; it is enough to reduce the relative
shear stress levels away from the wall so that the profiles become concave upward.
These trends are accentuated when the stabilizing curvature is strong and prolonged
as in the experiments with 8/R = 0.1 reported by So and Mellor (5] and Gillis and
Johnston [6). 1In these flows the effects are so strong in the outer part of the
layer that the shear stress is extinguished or reversed. At the same time the wall
shear with which these data are normalized is itself reduced below levels
appropriate to plane flow in the same conditions, and the growth rate of the layer
is also reduced.

The recent literature contains numerous papers on the response of the fluctuating
velacity field and a number of these were used to provide test cases at the 1981-2
AFOSR-HTTM Stanford Conferences on calculation methods for complex flows. The
effects may be predicted either by modifying the mixing length distribution in
ways suggested by the buoyancy analogy or, not altogether satisfactorily, by the
numerical solution of modelled equations for the Reynolds stresses. The
corresponding changes in the fluctuating scalar field have received much less
attention at the level of detail needed to validate turbulence model hypotheses.
This neglect is surprising in view of the evident importance of heat transfer in
engineering practice. Early heat transfer measurements by Kreith [7], Thomann [8]
and, more recently, by Mayle et al (9] show that changes in the Stanton numbers in
curved wall flow are of the s e order of magnitude as estimated changes in the
skin friction coefficients which were not measured in these experiments. As a
first approximation it might be reasonable to assume that Reynolds analogy is
unaffected by changes in the mean strain or, alternatively, that the eddy
diffusivity ratio (or turbulent Prandtl number) remains the same as in plane flow.
Assumptions of this nature may well suffice for engineering calculations but they
are insecurely based. Examination of the boundary layer conservation equations for
the shear stress and cross-stream scalar flux shows that the generation terms that
contain the additional mean strain rates are weighted differently in the two
equations with respect to the main generation terms. Appeal to the buoyancy
analogy also undermines simple assumptions of the Reynolds analegy description:
the eddy diffusivity ratio in a horizontal density stratified shear layer is known
to be sensitive to the degree of stratification.

The present short paper is largely based on recent experimental work by the author
and his colleagues which originated in an unsuccessful attempt to predict scalar
transfer in curved shear layers with a simple second moment closure scheme. The
buoyancy analogy is first extended to cover heat transfer as well as momentum
transfer, some of the results of measurements in curved heated wall flow are
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briefly discussed, and the paper concludes with some reflexions on second moment
modelling related to Professor Corrsin's studies of homogenous shear €low.

2. The Analogy Between Streamline Curvature and-Buoyancy

This analogy seems to have been recognised first by Prandtl [10] and revived by
Bradshaw {11) who discusses the effects on the Reynolds stresses of gravitational
sources and extra strain in longitudinally curved flow. It is worth while
considering the simple extension of the analogy to the fluctuating scalar field.

An element of fluid in a buoyant flow which has a density of (p + p°) will
experience a force - p'g/p per unit mass in the vertical direction. A element of
fluid in a curved flow which has velocity (U +u) will experience an apparent
centrifugal force (greater than the mean centrifugal force which is balanced by the
mean radial pressure gradient) of ((U +u)? - U2)/R = 2Uuw/R in the outward
direction. The turbulent energy and shear stress equations for two-dimensional,
(a) horizontally stratified and (b) longitudinally curved shear flow can be written
with some approximations and the replacement of density by temperature as:

= gve/T
b 1o 2 lm, . o
Dt(zq) ay(zvq +P) uv” e+ = ur (1)
— gu_Q/'r
B iy 2 e By .z, B,
B U) T T ) oy By ) * a0 )

+(ui-vd)u/r

The additional analogous gereration terms are bracketed together and, in the
curvilinear coordinate system, y is the distance measured from a reference
streamline whose local radius of curvature is R, and r = R + y. The extra sources
of stress and energy in the buoyant flow involve the fluctuating density
(temperature) field; in the curved flow only the extra mean strain rate U/r (for
temperature differences of order ten degrees “centrifugal buoyancy" terms are an
order of order of magnitude smaller). The curved flow sources are the sum of the
"true” rate of generation from the mean strain and "apparent" generation terms
which arise through the rotation of coordinate axes. It is important to make this

distinction when modelling the pressure-strain terms of the Reynolds stress
equations.

A measure of the influence of buoyancy is the flux Richardson number which is

defined as (minus) the ratio of turbulent energy production by buoyancy forces to
production by the mean shear:

ve/T
Re » TUT__ (3)

uv 8U/dy
Bradshaw (11] defines an analogous flux Richardson number for curved flow as the

ratio of (minus) the v-~component energy production to the u-component shear
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production. A wmore convenient definition which arises naturally in the
. manipulation of the conservation equations is the ratio of (minus) the v-component
‘ energy production to the total mean shear production — UV(3U/dy — U/r). Thus:
2 uv U/r 28

~ Rf - - - = (e)
wv(evsoy - uxy 1”8

wvhere S is the strain-rate ratio (U/rxr)/(au/sdy).

P b %

The corresponding equations for the streamwise and cross-stream fluxes are

|

0
) D dey-2(woy=-aw T _e2U, R
: Dt(ue) oy(uve) uv‘ray vew+"”‘+[-v'30/: (5)
= == [9%/T
D -= _ 3 =-3= . pe@ =3 9T _p 9@ {
=(ve) - =(vie 4+ =) = — w2 —— + & — 4+ { _ (6)
Dt e P % P I uwr+ue ur

Here again a distinction is drawn between the (first) extra “"true” generation terms

SIS LIt

and those which arise solely through the transformation from Cartesian to
curvilinear coordinates.

< It is instructive to examine the relative weighting of the extra source terms in
3 the uv and ve equations. The combined rates of production of these quantities may
4 be rearranged in the following way:

SOURCE OP uv ve
5 v R
L ue uv Z of [Go
* BUOYANT -?gu-‘:‘g Y re) -7‘4’3{ -2 [_‘-'_!]Ennf
v ve vi oy (vof |vi] T

— _ _——
CURVED -;3(22-2){1 - (= - I)Rf} - O W RE L
oy r o 3 24 vo vE Kn

where Ky/Ky is the ratio of the turbulance exchange coefficients, the reciprocal of
the “"turbulent Prandtl number":

AP A )

)

Ky _ Ve(30/9y - u/r)

gy (7)
uvaT/dy

pr ol - e

It is now possible to form some idea of the relative strengths of these effects at

small values of Rg¢ by substituting plausible values of the stress and heat flux

¢ ratios. When this is done the factors multiplying the principal production terms
appear as follows (it is appropriate to consider the factor multiplying the

A velocity gradient 3U/8y rather than the strain rate (8U/dy - U/r) in curved flow):

— —

uv ve
BUOYANT (1 - 2Rg) (1 - 4R¢)
CURVED (1 - 3.5R¢) (1 - 2R¢)

) While these are all of the same order, and there is room for disagreement on the

exact values inserted because the experimental data are 8o scattered, the
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conclusion that the generation rate of Vo is more strongly atfected by buoyancy
interactions than that of UV appears to be asupported by measurements. T™he
homogeneous, buoyant, shear flow data of Young (12] reproduced in [13], though
scattered, show decreasing values of Ky/Ky with increasing stability and the same
trend is evident in the unstable regime (Rg < O) of atmospheric surface layer
measurements [l4) reproduced from (13] in Figure 2 together with the behaviour
predicted by the use of modelled second moment equations. In making these
predictions B.E. lLaunder and the author argued that in the stable regime (Rg » O)
the effect of the ground on the fluctuating pressure interactions responsible for
the destruction of shear stress and heat flux is modified by the attenuation of the
length scales. The underlying trend for Kgp/Ky to decrease with increasing Re is
then countered as the ground effect weakens and the structure more closely
approaches that of free flow with presumed higher values of Kyg/Ky in local
equilibrium conditions. Two curves are shown in Pigure 2: the original published
predictions ([13]) shown by the broken curve, and the results obtained when the
constants in the turbulence model are changed, as will be described, to be
consistent with the treatment of curved shear layers.

T T
25~ o —~
X °
lI
20— -
s - — Fig. 2. Measured and predicted depend-
ence of the ratio of exchange
L ° coefficients on stability in
10 B the atmospheric surface layer.
Data from [14]; predictions
[13] (broken line), revised
e . — 1 1 L i 1 1983 (full line).
-2 -1 ] 1 ¢ ? ]

The factors multiplying the source terms in the curved flow equations show the
opposite response to changes in Re: the generation rate of Uv is apparently more
strongly affected than the generation rate of ve. If this interpretation is

correct the result might be expected to be an increase in Ky/Ky with increasing Re
in both stable and unstable regimes which could not be affected by the proximity of
the wall in the same way as the buoyant flow. 1In fact, two sets of measurements
(15,16] in heated boundary layers with stabilizing curvature, and in the internal
temperature boundary layer in a convex wall jet [17], indicate, with some necessary
qualifications, just the opposite response to a change in curvature. This
unexpected result is related to the times taken for structural changes in the outer
part of the layer, whcie the effects of extra strain on the large scale motion are
strongest, to b¢ communicated as changes in wall stress and heat flux.
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Interactions with the fluctuating pressure field presumably also play a crucial

role.
3. Measurements in Curved Wall Layers

Pew experiments have been reported in which velocity and temperature field
measurements have been made in suficient detail to guide the development of heat
transfer models for curved flow. Simon and Moffat (15] have recorded surface flux
and mean temperature distributions in the boundary layer on a ninety degree curved
plate with a thickness to radius ratio of about 0.1 and for which some details of
the fluctuating velocity field were available. Our own experiments (4, 16] on a
more mildly curved convex wall flow (8/R = 0.01) were conducted in the rig
illustrated in Pigure 3. To these we have since added measurements in the internal
temperature layer in a convex wall jet under a uniform velocity free stream (17]),
and rather less detailed measurements in a mildly curved concave boundary layer.
The main result of all these measurements is that the heat transfer through the
curved layers is apparently more sensitive to the curvature than the turbulent
velocity field.

ey

symbol x mm '
~708 ~ i 2440 rad
-248 straight entry section re

209
467 curved section

743
1001

Fig. 3. Wind tunnel sections for heated wall boundary layer experiments (4, 16]).

Figure 3 shows alternative working sections that were fitted to the contraction of
a conventional open circuit blower wind tunnel. The boundary layer was tripped at
exit from the contraction and then developed naturally on the floor of the constant
gection (305 mm X 102 mmn) straight duct to a thickness 8 of 19.8 mm 1.22m downstream
of the trip. At this point alternative convex or concave curved sections could be
fitted, each 1,22 m long with nominal test wall radius of curvature R = 2.44 m. The
floors of the curved sections were of aluminium, instrumented with thermocoupoles
and heat flux meters and heated by electric blankets to a uniform temperature 15
deg. C above that of the wind tunnel air. Comparative velocity field measurements
were also made in an unheated straight section of the same length. Standard
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hot-wire and resistance thermometer measurement techniques were used with on-line

data processing by micro-computer. The effects of this mild (§/R = 0.01) wall

curvature on the Reynolds stresses are indicated by the data plotted in Pigure 1;
the changes in the thermal turbulence are of the same order. The mean field data
plotted in Pigure 4 shows, as expected, that the skin friction coefficient Cg and

the Stanton number are depressed on the convex wall relative to the values shown

FHH A

for plane wall flow and increased on the concave wall, in accordance with the
general rule {18] that the changes are an order of magnitude greater than 8/R.
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Fig. 4, Streamwise variation of the
shape factor, skin friction
coefficient and Stanton number
in flat, o, mildly curved
convex, e, and concave, A4,
boundary layers. Broken line
is Ludweig-Tillmann formula
for cg.
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It was not expected, however, that the changes in St would be greater than those in
cf. The distortion of the mean flow is shown in the changes in the shape factor H

which increases in the convex wall layer and decreases in the concave wall layer.

e

A minor feature of interest is that the skin friction may be calculated quite
accurately in these and other curved flows by the Ludweig-Tillmann formula,
which low c¢ values are associated with high H and vice-versa,

in
as for boundary

)
o o

1#

layers in pressure gradients.

One reservation must be expressed: while the surface heat transfer has been

measured independently, and in different ways in the two sets of experiments, the

7 \."a'- c."-.

skin friction coefficient in these and in all previous curved wall experiments weve
obtained by Preston tube and Clauser methods which rely on the persistence of the
"law of the wall” in the usual flat plate form. It is, however, easy to find a

SEASMN

semi-logarithmic distribution of the measured mean velocities; very much more
The Simon and Moffat data from the
departures from the logarithmic form.

difficult to fit the temperature profiles.
highly curved flow in particular show large
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Because the behaviour of the mean field near the wall is important in calculation
methods which employ "wall functions” to resolve the sublayers we have experimented
with various hypotheses for the flow in this region. The buoyancy analogy and
subsequent experience suggests that the effects of mild curvature may be

accounted for in calculation methods by multiplying the rectilinear flow mixing
length distribution fo(y) by a factor linear in the strain rate ratio:

= (1 - pS) (8)

where the coefficient g is generally of orxder ten; a waximun value of 14 is
recommended in [18] for mild curvature effects while Adams and Johnston [19] have
used a value of 6 to calculate the development of a highly curved flow equivalent
to that of [6]. The response of 2 to a change from flat to curved wall conditions
is described by a simple rate equation for p

aB
Xax " Po -5 (9)

in which the adjustment length X may be estimated {18] as the product of the wean
velocity and the "memory time"” of the stress containing eddies

x-ut-ug?/e (10)

The mildly curved convex layer results, reproduced from [4] and [16] in Figures 5
and 6, broadly support this hypothesis (8) and its equivalent for the temperature
length scale, at least in the inner region. In the ocuter zone the attenuation of
length scales is considerably overestimated. In an adjustment length of 508 it is

appropriate to use the full values of B and fg to modify the flat plate mixing
length profiles.

0.12
0.1 T 1 T T T
0.10 - o /A
2 0.12 — o —-—
£ A o.u% o A S L
3 7 )
0.08 - 0.0 |~ A0~ o -
,” ° % o °
/ G ©
1] /s S
006 — |/ [+ -
0.00 - / £y, 11-%S)
0.04 |- —
0.02 -~
0.02 2s, 11-20S) =
0 L | | | | 1 0 ] | 1 1 1
0.2 0.4 0.8 0.8 10 1.2 0
W/ 0.2 0.4 0.6 v/8 08 1.0 1.2
Fig. 5. Cross stream variation of the Fig. 6. Cross stream variation of the
turbulence length scale in thermal length scale in
flat and convex wall flat and convex wall boundary
boundary layers (4). layers [(16]).

AP ..;_1: -




The use of (8) with the usual mixing length formula for a constant stress inner
layer produces, to first order, the modified law of the wall:

+
+ .1 1+ . |
wt =l myt t A oLyt oA - (11)

. and its equivalent for the temperature distribution:

1 + x Y1 o 21
T"-:—elny *‘e*pexei‘(x'w +Aa-2) (12)
¢ The additional terms in (12) should be greater than those in (1ll1l). It is argued
v
1 that time constant in a rate equation for fg is related to the response time of the
'.‘. thermal turbulence:

to = 3 ¥/¢o (13)

R

which is less than half of the mechanical time scale (10). The initial changes in
Stanton number plotted in Pigure 4 support this idea of a more rapid response)
direct measurements of the thermal/mechanical time scale ratio in the convex
boundary layer are reproduced from [16] in Figure 7. A value of about 0.34 was also
obtained for this quantity in a heated homogeneous shear flow by Tavoularis and
Corrsin [20]). Although the accuracy of this sort of measuremsnt is not very high
the results suggest a slight increase in the time scale ratio in the curved flow

resulting from an expected decease in t while tg, like the temperature variance,
remains substantially unaffected by the curvature.

The changes to the wall laws (11), (12), reflect only qualitatively but not ' i{‘.‘:
quantitatively the observed trends, with slightly better agreement obtainable for R
the high curvature data of (15] then for own measurements. Better results have A . _
been obtained by C.A. Verriopoulos [21] using the mixing length correction with an
assumed 1/7 power law for the velocity distridbution to integrate from the wall -:?.
e 1M
through the sublayers. PFigure 8 illustrates how the temperature profiles in the o 3
4
two convex boundary layers may be fitted in this way when P is taken as 14 and Ky/Ky =
R
1.0 .
T T T To 1 00
s ;,C_\'.'.
LEg A b
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0rs - e -]
b
]
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0.50 |— 0 o o —
O~ -
o Ao‘ts .n.*f: 2
. "-"_A’.‘ o a -
.25 -
f Fig. 7. Cross stream variation of the
thermal/mechanical time scale
ratio. Data points as in Pig. 3.
0 1 l | l 1 Comparative data from plane flows

[} 0.2 0.4 0.6 ’/& 0.8 1.0 1.2 cited in [16].
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Pig. 8. Departurrc of the mean temperature profiles from the inner law in mildlv
curved {16] and strongly curved [15) convex wall flow. BEmpirical
formulae by Verriopoulos [21].

is 0.89 and 0.84 of the global values obtained from the slopes of the temperature
and velocity profiles in flat wall flow for weak and strong curvature respectively.
The values chosen are, however, not unique and the data can be fitted over a range
of P and Kg/Ky. Finally, Figure 9 shows the Cross stream variation of Kg/Ky in the
mildly curved boundary layer. After allowing for the usual considerable
uncertainty which is inevitable in this sort of measurement, the trend seems to be
that this quantity is decreased by stabilizing curvature. These results are at
variance with the expectations based on the order of magnitude arguments of the
last section. It would be useful to have additional confirmation from other
sources, especially from curved wall experiments with the wall shear obtained
independently of assumptions about the nature of the mean velocity profile. The
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Fig. 9. Cross stream variation of the
0.2 I~ = ratio of the turbulent exchange
coefficients in flat and mildly
0 | 1 ] 1 ! curved convex wall flow. Data
o 0.2 04 0.6 ys8 s 1.0 12 points as in Fig. 3. (from [16}).
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observed response to the extra strain affecting the turbulent stresses and scalar
fluxes also undermines assumptions commonly made in the construction of modelled

© e A e N

equations for the second moments. It is to this topic that we now digress in the

following section.

4. Modelling the Second Moment Equations

e

Por the purpose of practical flow calculation in the forseeable future, the lowest

[

level of turbulence closure which accounts properly for complex strain fields
generally, and curvature effects in particular, is at second moment level. The
application has not, however, been uniformly successful in this context. For

example, Launder and Morse [22] found that their modelled equations for the

e Y A

Reynolds stresses actually gave a shear stress component with the wrong sign in a
swirling jet, so that the calculated spreading rate was reduced rather than
- increased by the swirl. Launder and Morse identified two major weaknesses in their
method: in the empirical auxiliary equation for the turbulent energy dissipation
- rate, and in modelling the pressure-strain correlations of the Reynolds stress

equations. Similar weaknesses are exposed in the application of similar methods to
the calculation of longitudinally curved flows.

With a few exceptions (see, for example, the discussion of intercomponent turbulent
enerqgy transfer in homogeneous shear flow by Harris, Graham and Corrsin {23]) most
modellers have expressed the difficult pressure-strain terms in the stress
equations as the sum of two components: one involving only the averages of

fluctuating quantities, and the other containing explicitly the mean strain rate.

RAN IR

A basic requirement is that the two components ought separately to satisfy the
conditons set by the observed rate of return of anisotropic turbulence to isotropy
in the absence of mean strain, and a theoretical result for the response of
suddenly distorted isotropic turbulence. A third condition is that the model
should realistically predict the shear stress and the partition of energy between
components in simple shear flow.

: :: Few, 1if any, pressure-strain models in general use actually satisfy all three

Lavand
.
.

.
LA

| PR ,l' R
0

conditions. Most authors have followed Launder's [24] example in modelling the two

P

components separately and requiring that the mean strain or “rapid"” part of the
model satisfy the exact result of rapid distortion theory. The coefficient of the

<
. ¢
sy g

turbulence term is then adjusted, not necessarily to accord with the measured rates

'- .
VA e e
I‘ .

of return to isotropy, but to recover roughly the correct stress levels measured by

Athm
’ g

Champagne, Harris and Corrsin (25) in a weakly sheared homogeneous shear flow. It

is the incorrect balance between these two components in an over—simplified model
of the pressure strain that contributes to the anomalous results obtained for
curved and swirling flow.

To fix ideas consider the the widely used pressure-strain model {13,24)

B duy , duy
[e] GXj x4

- -c¢y 240us - 2 ) - -2
) <1 a(“iuj 3 813 4%) - Ca(Pyy - 3 833P)  (14)
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The first term on the right hand side

is Rotta's linear intercomponent energy
transfer model; in the second, mean strain, term, Pjj and P are defined as the
production rates of mj and %q—z respectively. This expression [14] necessarily
represents a drastic over—simplification of the complex physical processes involved
but it contains the two essential ingredients and gives results which in practice
are not noticeably inferior to those obtained from more complicated formulations.
The constant C) must be approximately 3.0 to fit the return to isotropy data and
C2 = 0.6 satisfies the result of rapid distortion theory.

For high Reynolds number shear flow in local equilibrium it is easily shown ([26]
that the stress ratios are functions only of (1.-C;)/C; which, to give approxi-
mately the right stress levels for the homogeneous flow with weak shear {25], has
to lie between 0.18 and 0.24. Figure 10 shows how the model constants have been
adjusted by various authors so as to satisfy this condition. In our earlier
calculations of buoyant shear flow in the atmospheric surface layer (Figure 2) we

took care to satisfy the rapid distortion requirement and in consequence had to

reduce C; from the return to isotropy value of about 3.0 to 1.8 to get (1.-C2)/C)

\.. 3

into the weakly sheared homogeneous flow range. It is now argued that the emphasis t:::
should be changed so as to reduce the contribution of the rapid component; indeed t-:::;f
(SN

this change is necessary to obtain reasonable predictions of longitudinally curved -.':\'

flows which are independent of thz choice of coordinate system. The predicted P

effects of swirl on the development of a jet are also substantially improved when ::
the relative weighting of the rapid contribution is reduced; in this particular '::
model [14]) by setting C; equal to 0.3 and restoring C; to 3.0. The effects of "_‘:-
i‘- I'.
L -4

gravity on the density stratified turbulence in the atmospheric surface layer have

3 g

also been recalculated, with this and other minor changes, to give the results

k)
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PN
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compared with our original predictions (13) in Figure 2.
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Fig. 10. Values of the constants in the pressure strain model (equation 14)
needed to satisfy three basic conditions. Full line for weakly sheared
homogeneous flow [25]; broken line for strongly sheared flow [23].
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;;: In requiring that a pressure-strain model given roughly the right stress levels in
‘ the weak shear flow [25) we, and most other authors, have ignored the later
t" measurements by Harris, Graham and Corrsin [23] in homogeneous flow with strong
. shear which have implications for turbulence modelling discussed by Leslie [26].
“f On this occasion it is worth turning aside to look at the model results for the high
"'; shear case with a turbulent energy production to dissipation rate ratio, P/e, of
Le

approximately 1.55 (from Leslie‘'s analysis of the data). It turns out that when
the first two conditions are satisfied by setting Cj; and C, equal to 3.0 and 0.6 so
that (1. - C2)/C) = 0.13, the stress ratios obtained by Leslie's method are not too

far from the measured values with which they are compared in the followed table.

Ry

TABLE 1
Measured and predicted stress levels in highly sheared homogeneous turbulence

o . e e 000 GO e e - —— e

" cp  C (1.Cycy  uiqr  GF/qF wiq? Tuv/q?

o (a) 1.8 0.6 0.22 0.51 0.245  0.245 -0.18

Model (Db) 3.0 0.3 0.23 0.54 0.23 0.23 -0.19

'. (c) 3.0 0.6 0.13 0.45 0.275 0.275 -0.155

.. Data [23) - - - 0.50 0.20 0.30 -0.15

o T T T T

'-?:; Although the model constants (c) in the table give very nearly the correct shear

::: stress to energy ratio of 0.15, the partition of energy between components, which
may strongly influence the development of flows with complex strain €ields, is not

:: well predicted. We have not pursued this matter much further, only to ascertain

:: that the spreading rate of a swirling jet is considerably underpredicted when these

:": constants are used. when the pressure strain model [14] is substituted in the

A Reynolds stress equations for curved flow, and the transport terms are discarded

‘:. for local equilibrium turbulence, the resulting set of algebraic equations is

_:'_' easily solved for the stress to energy ratios as functions of the curvature

"' Richardson number. Calculated values of the structure function - uv/q? for the

ALY

three sets of model constants are plotted in Figure 1l1. It is seen that although
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u Pig. 11, Predicted extinction of the shear stress in curved shear flow in local

equilibrium.
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Fig. 12. Measured and predicted variation of the structure function along the
centreline of a highly curved mixing layer [27].

the ratio (1 - Cz)/C) is nearly the same (0.22, 0.23) for sets (a) and (b) the
critical Richardson numbers at which shear stress extinction is predicted are
considerably different. The critical value for set (b), Rg = 0.32 is very close to
the lowest value measured by Castro and Bradshaw {27] on the centreline of a highly
curved mixing layer where, in nearly local equilibrium conditions, the shear stress
fell to very low levels, Figure 12 shows the measured and calculated variation

of the structure function on the centreline of this flow. The pressure strain

model [14) has been used with the constants C; = 3.0, C2 = 0.3 as in (D) above to
give the results shown by the full line; also shown, by the chain dotted curve, are
the results of calculations based on modified rapid distortion theory (28], and, by
the broken line, those obtained using an uncorrected eddy viscosity model. This
single example will suffice to show what can be done in the calculation of curved
flow using a relatively simple model of the pressure strain. Fairly good results
can also be obtained for highly curved boundary layers and wall jets with strong
destablizing curvature in the outer mixing layer but not, unfortunately, for mildly
curved wall layers. The modelled equations linked to wall functions based on the

'..- R

logarithmic law are apparently too "stiff" to respond correctly to relatively small

changes in the mean strain rate.

The problem of closing the equations for the heat fluxes by modelling the pressure
containing correlation has yet to be solved satisfactorily. For homogeneous flows

AR 19

the solution of a Poisson equation for the pressure can again be used to relate
this correlation to a volume integral involving two—-point quantities: one type
containing only turbulence correlations and another containing the mean rate of
strain. Received opinion is that a single-point closure model ought to contain
simtlar separate terms, for example in the counterpart to the simple
pressure-strain model (14):

B2 . _c,o2%056+choupe Ut 15
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This conventional hypothesis that the pressure correlation is unaffected by the
presence of a mean temperature gradient is questionable. Certainly the observed
effects of longitudinal curvature on heat transfer are not accounted for by closing
the conservation equations in this way and a less restricted approach seems to be
needed. The theoretical arguments for the inclusion of the mean temperature
gradient in the pressure correlation model which have been presented by Jones and
Musonge [29] and Dakos [30] are a prowmising step in this direction, though they
have yet to be tested in model studies of inhomogeneous flows.

Support from the Science and Engineering Research Council is gratefully

acknowledged.
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b Limitations of Second Order Modeling of Passive Scalar Diffusion

John L. Lumley and ike Van Cruyningen
Sibley School of Mechanical and Aerospace Engineering, Cornell University

~ Ithaca, NY 14853, USA

"
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Q The problem of modeling scalar variance from an elevated source is

’; discussed at length. From a simple model, it is shown that observed

2 behavior is entirely a result of the growth of the instantaneous plume

vl width relative to the mean plume width. From a model valid for large

ﬁ sources, we suggest a simple explanation for the apparent dependence of

'& asymptotic levels of variance on source size. Pope (1983) has pointed

h; out that second order models of passive scalar transport do not retain

y the superposability of the primitive equations. Explanations for this,

>2 and possible consequences are explored. It is shown how second order

 £ models for the rapid terms, the time scales of which are determined by

‘2 the mean velocity (rather than inertial spectral transfer), can be con-

' structed in a superposable manner (Shih, 1984)., Difficulties are des-

34 cribed in simultaneously satisfying requirements imposed on the cross-

ﬁ dissipation by realizability and by superposability. We present compu-

x tations of the data of Warhaft (1984) using a model in which the trans-

5 port is based on first principles, and much of the rest of the model

.{ satisfies realizability. The model is able to reproduce the data of b
;j Warhaft satisfactorily if the initial plume width is larger than the | gjﬁ
-{ Kolmogorov microscale., Calculations are carried out of a plume super- ; ﬁjﬁ
:ﬁ posed on a background; satisfactory results are achieved when the back- o
- ground level is low, despite the lack of formal superposability, lead- _:j
% ing to the conclusion that this may not be a serious problem. ‘{EEE
2 N -:‘}.
N 1. Introduction 7 §3
X One of the most important areas of application for turbulence bjf
i: modeling is the prediction of the dispersal of passive and active i%i
5 contaminants in the atmosphere and ocean., Whatever the turbulence Etx
oy X

we
L ]
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lowing programs: Physical Oceanography (Code 422P0), Power (Code 473);
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-
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3 Prepared for presentation at "Lectures on the Fundamentals of Fluid

‘. Mechanics”, a symposium honoring Stanley Corrsin, June 11, 12 1984 at

b, Northwestern University. Parts of this paper will appear in the M. S.
Thesis of IVC,
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modeling technique used, it is important to verify that it is capable
of reproducing the important qualitative and quantitative features of
the observations. In this section, we will use crude models to display
the qualitative features of dispersion that are evident primarily in

> the measurements of Warhaft (1984) (and to a lesser extent in those of
A Fackrell & Robbins (1982)), and that we feel are important.
, We are particularly interested in the second-order modeling tech-

nique, the so-called one-point closures. In this technique, equations
are carried for the means, variances and fluxes, and these equations
are closed by representing the third order quantities and certain other
terms such as the pressure correlations, in terms of the second order

quantities,
v One of the aspects of contaminant dispersal that we will find is
:: important concerns the time scale ratio of a plume from an elevated
,: source. As a paradigm for plume dispersal from an elevated source, we

may consider a passive plume from a 1line source in a homogeneous,
-~ decaying (<q?> « x-1.35, g « x0.325), jsotropic .urbulence, a model
- for Warhaft's (1984) experimental situation. We may suppose it self-
2 preserving, with an average half-width proportional to g, and a max-
v imum (centerline) value of 65. If the plume is self-preserving, we may
\ expect that
-:' <eg> = h(n)8o%v'/eg,
;- 8'2> = eozg(n) (1)
: where g(n) and h(n) are universal functions, and n = y/%g. The first
{j relation may be obtained from equating the thermal production to the
L{ thermal dissipation at the production peak. v' is the r.m.s. turbu-
3 lence intensity. We may also write <e) = v'3/z, and <q2> = 3v'2. from
= which we may obtain the time scale ratio
, r = <eg><q?>/<0%><e> = (2/2g)3h(n)/g(n) (2)
o As we move upstream closer and closer to the source, L/tg, and hence
. r, becomes larger and larger, 1f assumptions like those in (1) are
D substituted in the equation for the mean temperature, and the coeffic-
is ients in the equation are required to be constant, we find that if v' =
: const, then 0, « x-!, while if v'? « x-1.35 then 092 « x-0.65,
Lo This can be interpreted as saying that, if we are close to the elevated
A source, we expect linear spread, while if we are far from the source,
i so that both plume and field appear to have the same origin, the spread
’ is « x0.325, yhich is the same as 2. Hence, if the plume really
v begins from an elevated line source, r will descend from infinity pro-
o portional to inverse distance from the source; farther from the source,
f 20N . e g B e e tm e et et e AL ah At e N i Lt e
DRI Sl WAL *“' 0 S '-"‘-""-;\;_- -.‘:«-:,-.-.\ - AN AR Lg_nai‘“'l‘“e_ ‘__\:_




when %o and ¢ appear to have nearly the same origin, they will be
growing together, and r will tend to an asymptotic value. It is a
coincidence that the initial linear behavior of tg predicted here on
the basis of self-preservation matches reasonably well the initial lin-
W ear behavior predicted for a line source during the short time that the
. velocity field remains perfectly correlated, since the shape of the
plume during this period is not self-preserving.

Although our analysis is strictly valid only for a line source, it
is clear that an expression similar to (2) will hold for a more general
situation.

Hence, it is clear that for a source which is of finite

size, the initial value of r will be bounded, and will be smaller the

Ry ANy

larger the source is.
We may also examine the behavior of the concentration variance.

. Suppose, for example, that at a given distance from the source the f
. instantaneous waving plume can be represented as ]
\ o(t) = osf((y-ys)/tg) (3) XY
2y
. (c.f. Fackrell & Robins, 1982) where f(n) is the profile of the instan- ﬁ?ﬂ*
N SIS
\ taneous plume, with &g proportional to its half width, and 6g its ;gﬁ%
3 centerline value. We will suppose for convenience that f(n) has a .éhig
ek
: Gaussian shape, with gg its standard deviation. We will suppose that . I
ys has a Gaussian distribution B8(yg) with standard deviation og, ree
' in accordance with observation. This simple model leads to a gradient
I transport form, so that <Ke'v> = -ay<e>dt(052/2) and <8'%v) =
)
W -ay<e'2>dt(a32/2), so that both second and third moments have the
same transport coefficient, given traditionally by the rate of spread o
o oy
¥ of half the plume dispersion variance. 1In particular, we can write for uitg
N the mean value i‘{
X N
» <0(y)> = 05[8(ys)£((y-ys)/2s)dys = 85B(y)tg(2m)1/2 (4) RS
e if we take g << og. Proceeding in exactly the same way, we obtain ggs

Fd
e s

for the variance

v Yo%
o

7

AN

<8'2> = 0g22g8(y)/n(1 - 2258(y)Vx) (S5)

. -'v'gr,_";.
%S
iR
£
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We may easily obtain a more exact expression without assuming that the

< instantaneous plume is thin relative to the mean width, but it is not "‘:;4
f; qualitatively different, and is not worth the trouble. By differen- }&i
i{ tiating equation (5) we can find that <8'2?> can have off-axis peaks, $-¥}
B but only so long as o0g/2g2/2 < 1, i.e.- when the instantaneous -
%: plume is relatively thick compared to the mean plume. The condition :uﬁa
b, corresponds to 2g/og > 0.35, which is a bit marginal, but does not $325
?. seriously violate our condition of thinness of the instantaneous iﬁ?{
» plume. ﬁ»i
» 201 s :é‘l
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Now, we expect that &g will initially grow as x1/2, while it
is spreading by molecular action. When tg enters the inertial sub-
range (supposing that the Reynolds number is high enough), the instan-
taneous plume width will grow according to Richardson's nearest neigh-
bor statistics; close to the source, when the background can be regard-
ed as non-decaying, tg =« x3/2, while farther from the source, when

LSRR N T

rat e .

TS R

the background and the plume can be regarded as having the same source,
it will grow as x0.325, When it is no longer governed by nearest
. neighbor statistics, it will also grow as x0.325,

- Hence, if the plume is initially of width smaller than the
. Kolmogorov microscale, og/tg will initially grow as x1/2; when
the plume width enters the inertial subrange, it will begin to shrink
3 as x-1/2 and, as distance from the source increases, will approach a
- constant. Hence, we expect the ratio

<8 ' Dy/<edy = [(1 - V28g/05)/(V22g/0g)]1/2 (6)

(where the subscript m designates the centerline value) to grow initi-
s ally (for a very small source); when the plume width enters the iner-
R tial subrange, the ratio will begin to shrink, and will finally
L approach a constant. This is in agreement with the data of Warhaft
' (1984). Note that, if og/tg shrinks below 2.8 (roughly) as it
- approaches its asymptotic value, then off-axis peaks will again
.- appear. This is observed in the data of Warhaft (1984).
Although our reasoning is really only valid for a line source, we

vVl

can see qualitatively what will happen for a source of finite size. If
the source size is initially within the inertial subrange, both the
length scale ratio, and the ratio of standard deviation to mean will
initially shrink, ultimately approaching a constant. The initial value

; )". AR .'- 'l:"

will depend on the size of the source. All of this is in good agree-
ment with the observations of Fackrell & Robins (1982).

] Csanady (1967a, b) also considered this problem, and concluded
that (6) would approach a constant in shear flows and in the atmo-
sphere; we will question this below.

s’

F Oy

-y

One final aspect of plume behavior remains. Fackrell & Robins

7N

)3 (1982), Chatwin & Sullivan (1979) and burbin (1980) have suggested that
.§ the ultimate value of the centerline ratio of standard deviation to
o mean concentration is a function of the source size. Fackrell & Robins

(1982) data appear to support this, but the experimental values are not
;; really far enough downstream to be absolutely sure. At first glance
i; this is a rather startling conclusion, and it deserves some discussion.
’; The model we are using is not valid in the very far downstream

regime, nor for large sources. We may construct a somewhat better mod-

L,
.
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el for a large source, if we imagine a collection of equally spaced
point sources within the large source region. If we are far enough
downstream, it is legitimate to consider that the wandering plumes from
these individual point sources are far enough apart to wander indepen-
dently. 1If the source is very large, several integral scales in dia-
meter at the point of origin, the individual plumes will wander essen-
tially independently from the beginning. Under these circumstances, we
find that the wandering of the centroid of the combined plume is a
smaller fraction of the mean spread of the plume, the larger the
source, and that the ratic is not a function of distance from the
source. This is the reason why our simplified model is no longer
valid, since it derives its major contribution from the wandering of
the centroid. In a plume at great distances from the source, the major
contribution to the variance comes from convergence and divergence of
regions of the plume, creating local highs and lows of concentration.
In our composite model, this is modeled by the approaching or drawing
apart of the individual plumes. We can easily compute the mean concen-
tration and concentration variance from this composite source. We find
that the mean concentration is the sum of expressions like (4), one
from each individual source, and the variance is the sum of expressions
like (5), one from each source. The ratio of standard deviation to
mean will thus be inversely proportional to the square root of the num-
ber of sources (this is easiest to see very far downstream, when the
differences in the source location can be neglected). Since the number
of sources is proportional to the cube of the ratio of the source size
to the integral scale, the ratio of standard deviation to mean is
inversely proportional to the 3/2 power of this ratio. Although this
crude demonstration is valid only for rather large sources, it estab-
lishes the principle that a persistent dependency of the ratio on
source size is possible. The trend from this crude model is in accord
with Fackrell & Robins (1982), and with the conclusions of Durbin
(1980).

Our models above are not really valid even for small sources very
far downstream. If og/t increases without bound (as it would in a
shear flow), then the plume is eventually torn apart by the turbulence
and loses its integrity, violating an essential assumption of our
model. An increasing fraction of the variance is contributed by the
convergence and divergence of the regions of the plume. In effect the
plume becomes eventually N independently wandering plumes, as in the
large source model above, and N continues to increase without bound.
This suggests that the ratio of centerline r.m.s. to mean concentration
will eventually approach zero.
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This will, of course, also be true of the large source model: when

e o3

the individual plumes have spread enough to begin to split, the effec-
' tive N will begin to increase over the value determined by the source
% size, and the ratio of centerline r.m.s. to mean concentration will .
Fi begin to drop. :
: This raises an interesting question in connection with laboratory

data in decaying, homogeneous flow. It is not difficult to demonstrate ? :
~ that og = 22 asymptotically in such a flow. That is, relative to f:;;;‘
FE local scales the plume is no longer diffusing. The plume certainly f;éﬁ%
o does not remain coherent, but the extent of the splitting is not pro- {5;}$\
. gressive - the plume scale and the turbulence scale are growing at the R

same rate, and the effective value of N does not continue to increase.

Thus, the ratio of centerline r.m.s. to mean temperature here will '43:‘
FS approach a constant. This flow is thus fundamentally unlike a shear ﬂ-iz
A flow in this respect. -
Note that our conclusion regarding the asymptotic behavior of ;»T§§?
ratios of centerline r.m.s. to mean concentration values in shear flows fi&ﬁ
has far-reaching implications. In long-range transport models for acid ‘iﬁf
rain, it is important to know the asymptotic value of the ratio of ;Eﬁg
standard deviation to mean in the plume. The effective bulk reaction éﬁii..
rate for conversion of SO, to H,S0,, whatever the mechanism, is depen- §§K:¢'
dent on the level of concentration fluctuations. In most current ,ﬁ'%;::
models, it is assumed that the ratio in (6) approaches zero asymptoti- .}zy‘
cally, and thus that the bulk reaction rate can be determined from data '5ﬂi
without concentration fluctuations. Our simple reasoning supports this .
conclusion. The data of Fackrell & Robins (1982) and of Csanady
(1967a, b) are ambiguous: they appear to indicate approach to a non-
zero constant, but do not have sufficient streamwise extent to exclude
the possibility of ultimate approach to zero.
These are the essential qualitative features of plume dispersal
that a good model should be able to reproduce. In what follows, we
will examine some of the properties and limitations of the second order
model, and will present some preliminary calculations of dispersal from :;f,:f
S a line source in homogeneous, isotropic decaying turbulence. ‘ \@;}
g o0
Y 2. Pope's Problem Y
v, &3(
Pope (1983) has pointed out that the exact equations for a passive Y
S scalar additive are linear in additive concentration, so that fields

from different sources are superposable. Because of this linearity, a
field of several passive scalars with the same diffusivity may be

recombined in arbitrary linear combinations without changing the equa-
. tions.
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| The usual second order equations do not have this property, how- Eﬁhx
| ever (Lumley, 1983a, b). The equations for thermal dissipation are not ;f;g
; homogeneous of second degree in additive concentration, and hence - el
i fields from different sources are not simply superposable, nor can sev- . Ejgi
eral fields with the same diffusivity be combined arbitrarily. The ;;ﬁﬁ,;
equations for the second moments used by most workers are linear, since J}}%g

e

the coefficients used in the pressure-concentration gradient terms are

constant. However, these forms do not satisfy realizability (Lumley,

1978, 1984a, b). 1t the forms are modified so as to satisfy realiza-
bility (Lumley & Mansfield, 1984), they are no longer linear, and hence .
not superposable either. Shih (1984) has suggested a modified form of i;

the realizability condition, which permits superposability, and satis-
fies realizability weakly, but which does not reproduce system behavior
near a limiting state. That is, suppose that u; and 6 are nearly per-

e & ¥ ¥V J SESNET--cT- W0« RR W Wm0

fectly correlated. 1t is possible to solve exactly for the behavior of
the system ncar this condition, and the strong realizability condition
reproduces this behavior, while the weak condition does not.

No simple solution for this difficulty presents itself. The dif-

o o W < 4

ficulty, in all the equations, is the concentration time scale, <92>/
<eg>. If this time scale is assumed to be the same for all the
fields, then they may be superposed, and different fields can be com~
bined linearly. A basic assumption of the second order modeling is
that the field of a particular variable can be complete described by

.._,,.
I

'A;ﬂf.

>y
4( 5
C WA aa

&

the scales of the energy-containing range, or in other words, that the

"

3]

TaT . WYX Y 4 R Y.

spectrum is simple. A superposition of two scalar fields having dif- Hiﬁ
ferent time scales, or a linear combination of two such fields (which ~QE?§
is the same thing) no longer has a simple spectrum, and hence cannot \jﬁ
? reasonably be described by equations having a single time scale. \*V
2 While it is possible to construct multiple time scale models, they 'aig
, become extremely complex, and it is not clear that it is worth the LA
i effort; probably a large eddy simulation would be more sensible. The t;ﬁj
; practical question is, how much does it matter? That is, many disper- ‘fhifi

sion situations in the atmosphere involve multiple sources of differing
sizes, so that the concentration field consists of the superposition of
a number of fields of different time scales. In attempting to describe
this combined field by equations having a single time scale, necessari- '.$‘
ly a compromise everywhere, how much error is made, and where is the A
error worst? In this preliminary study we present (below) calculations

for a single source, with and without a decaying isotropic homogeneous

buckground field of different time scale. We will find that, although
the model is not superposable, the results of the calculation of the
combined fields is not significantly different from the superposition
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of the two fields. The true time scale of the superposed fields is the ;;hs

% energy-weighted average of the time scales of the individual fields, ;“ﬁs
i and the model computes something approaching this. !.ﬁg

In the second order models, the part of the pressure correlation -

) that is not a transport term is customarily split into a so-called rap- ?::‘
: id term, and a return-to-isotropy term (Lumley, 1978), corresponding ;::4
repectively to the part of the pressure linear in the mean velocity v yﬁyi

gradient (or the buoyancy), and the part quadratic in the fluctuating ’fff

: velocity. We have been discussing the form of the latter, since in a n§§
R homogeneous turbulence without mean velocity gradients gr buoyancy, the £*§}‘
R rapid term plays no role. In shear flows and atmospheric flows, how- wahf:‘
I ever, the rapid terms are extremely important. As pointed out in » i‘*
. Lumley (1978), the models for the rapid terms in general use do not ;:_
3 satisfy realizability, although they do satisfy superposability. 3%2
f Attempts to make these terms satisfy realizability (Lumley, 1978) :Rf;
have resulted in their violating superposability. Recently, however, #Q*:

Shih (1984) has devised forms for the rapid terms which satisfy realiz- 75?

ability exactly, and satisfy in addition the requirement of superpos- 5¢;=

ability. The key is the fact that, while the time scale of the return- i@:}

to-isotropy term is the spectral transfer time scale, the time scale of tf:‘

the rapid term is determined by the mean velocity gradient, or the S i-[

buoyancy. Hence, this time scale does not change when two fields are O f}‘i

combined. If the rapid terms are represented as general functions of iﬂz

momentum and heat flux, and a)l conditions of symmetry, incompressibil- E%C

ity, and normalization are applied, as well as realizability relations ’ égi

between the velocity gradient and buoyant rapid terms in the Reynolds A

stress and heat flux equations, together with the requirement of super-
posability, it is possible to unambiguously determine all coefficients.
Another interesting situation arises in connection with the cross-
dissipation, if we have several scalars. Two scalars are enough to
illustrate the point. Consider scalars 8 and ¢é¢. Each has a dissipa-~
tion {eg> = ¥<0 16 3>, ey = u<éd 14,4 (where a  comma
denotes differentiation with respect to the space copordinate, we use
the Einstein summation convention, and angle brackets indicate an
ensemble average, The cross-dissipation is <eggp?> = 0.5(v +
u)<e,io,i>. Realizability requires (Lumley & Mansfield, 1984) that

<ege> = 0.5¢09>(<ep>/<02> + <ey>/<e?>) s
11 <82>¢0%> - <0452 = 0 (7)

On the other hand, superposability, or the straightforward application
of Schwarz's inequality, requires that

2
(€e><t°> - (Ceo) 2 0 (8)
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i at least for the case of equal diffusivities. These two requirements
N do not appear to be in conflict. Eq. (7) may be satisfied by setting
f,s <t49> eyual to the right hand side multiplied by f(p?, r') under all
_7 circumstances, where pz = <¢9>2/(02><¢2>, and r' = <ee><02>/
3 <ey><02>, with f(1, r') = 1, £ > 1. Then we obtain to satisfy both
l; requirements 1 £ £2 < 4/92(/r' + 1//r')2. Note that we must have r' =
A 1 if p2 = 1, and the right side of the inequality must not be less than
‘ul
’ one; the equations must be arranged to produce this, and no clear way
s of doing so has presented itself.
by 3. Equations, Model and Initial Conditions
o We will present here calculations of the dispersion of a 1line
ol source in homogeneous, isotropic turbulence with and without a decaying e
d AN
- background thermal field of different time scale. In the case without Q}}
E the background, we will attempt to reproduce the data of Warhaft &;t
" (1984). The model is essentially the same as that presented in Shih & ,3"}\
Lumley (1982). The basic equations are Kl
2 RSN
- _ 2 N
U3 x<0> + 3y<Bv> = ya% <o> A
& (9) w3
. Uax<02> + 2¢ov>ay<0> + 3y<o2vd> = -2<eq> + va%y<o?)> s
| (10) e R
L Uax<OVv> + <v?>3y<0> + ay<ev?> = F + yaZycov> ‘::
-2 (11) S
.‘-' R ".‘\‘
- Uax<q?> = -2¢e> Ny
- (12) <
N NG
o Udy<ed = -pp<e>?/<q?> )
. (13) R
<-. 2,02 -
‘- Udx<eg> + dy<egv> = —yBceg>® /<o) o
- (14) _ ;
_{ where U is the mean velocity, and F contains the pressure gradient - j&}
.y -
e temperature correlation. To close this set of equations we need models
E for <8%v>, <ev?>, F, vo, v® and <egVvd. :
We will use the models for these terms used in Shih & Lumley e
-~ (1982) with the exception of certain small changes introduced in Lumley R
Qi & Mansfield (1984). Note that a number of misprints in Shih & Lumley _ ﬁ;;
;: (1982) have been corrected here. ;::
:.-. -J:'
F = 0.224<0g%> - ¢8¢ov><e>/<q?> (15)
';: ¢ = 1 + r + {1.1 + 0.55Tanh[4(r-1)]}(8 - 1)Fpl/2 (16)
,
~ Fp = (1 - o%)/(1 - 0%/3)? (17)
™
r
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o = <Bv>/(<82>¢v2>)1/2 (18)
r = <eg><q?>/<e><8%)> (19)
¥o = 14/5 + 0.98exp[-2.83R;~1/2] (20)
¥vo = 2 - (2 - yo)/r + 2.05<08V>Iy<O>/<eg> (21)
82v> = -[<v?>ay<02> + ay<ov>?1[<82>/<eg>1/2(1 + ¢8/r) (22)
<ey2> = —[-<q2e>(B - 2)/3 + 2¢v2>(q?>/<e>)aycov>]/(B + 20%) (23)
<8q?> = -[<v2>ay<6v)]((q2)/<e>]/(1 + ¢9) (24)
Cegvd = —(<02>/<ep>)[1/2(1 + ¢9/r)][<vi>aycep> (1 + p?) (25)
8 = 2 + (S/RL1/2)exp[-7.77/Rz1/2] (26)

It should be emphasized that the expressions for the third moments are
derived from first principles and contain no adjustable constants. The
coefficients appearing in them are the relaxation coefficients for the

momentum flux (zero in this flow) and heat flux, which are determined
in homogeneous flows., The way in which these expressions are derived 1{'3
is somewhat like non-equilibrium kinetic theory of mixtures, where the
variances and fluxes play the role of the various species, It also

resembles in many respects the two-point EDQNM closure (Eddy Damped
Quasi-Normal Markovian; Orszag, 1970), which also has only one undeter-
mined coefficient, which must be evaluated from the spectral constant
in a homogeneous flow, The various other models are not so firmly
based, but are for the most part dictated by the requirements of real-
izability. This model reproduced virtually within experimental error
the data of LaRue et al (1981); all constants were optimized on other \
flows (Shih & Lumley, 1982). nrt

The mechanical turbulence measured by Warhaft (1984) obeyed the :
following law:

u?>/u? = 0.121(x/M)-1.4, ¢v2>/u% = 0.076(x/M)~1.32 (27)

Despite the slight anisotropy, slowly shifting along the tunnel, the
energy <q?> decays as (x/M)-1:35 with variation only in the fourth

significant figure of the power. Since our purpose here is to examine oXe
the temperature transport, rather than to improve the interpolation §§3
formula for %3, we have arbitrarily taken y; = 3.48, which gives the kg%
observed decay. The interpolation formula (20) gives a value slowly R%ﬁ
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shifting from 3.60 to 3.54, corresponding to decay exponents of 1.25
and 1.30. Equation (20) was optimized on the data of Comte-Bellot &
Corrsin (1966) (see Lumley & Newman, 1977), which were taken at higher

Reynolds number for the most part.
We show calculations for three runs, with the source placed at i

N

xo/M = 52, 52 and 20. In the three cases the initial profiles are at ?‘-,ﬁ.‘i.
: Ny

values of x'/M = 0.36, 8.1 and 17 respectively. x'/M indicates dis- ,f't‘4

tance from the source. The calculations extend to distances of x'/M =
8, 100 and 133 respectively. For simplicity, we will refer to these as
Cases I, II and III respectively. They correspond exactly to the sin-
gle-source measurements of Warhaft (1984).

From the basic equations, it is clear that the value of <6v>
(specifically, the slope at the centerline) determines the rate of
decay of the centerline value of <0>, and that by adjusting the value
of <eg> we can control the initial rate of decay of the centerline
82> (which is influenced only by this term and the transport). Hence,
we can select the initial conditions so as to guarantee that the cen-
terline values of <0> and <82%) begin with the right value and slope.
Whether they will continue to follow the experimental curves depends on
whether the parameterization of the various terms is correct.

If it is assumed that the various profiles are self-preserving,

which will allow us to obtain a crude estimate for <8v)>, we may obtain

<8v> v'egg(n), <0> = 85F(n)

g(n) -[U3x06p29/v'0p]nF, or <6v> = -[Udx2n(8p)])y<o> (28)

where we have used conservation of heat, and 8y is the centerline value

(N
3

of <0>, The requirement of self-preservation also gives

s
pt
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Ix(1/85) = v!' (29)
Equations (28) and (29), together with the experimental data, allow the
determination of <6v> at the initial location. This was satisfactory
for cases II and III, but for case I the initial value of <6v> had to
be adjusted empirically to give the observed initial slope of <0>.

LRI ]
L
v

o,

This is not surprising, since case I is very far from self-preserving.

The initial curves for <0> and <62> for each run were taken from analy- B
tic or spline (for 82> closest to the source) fits to the data. We ?5§§&:
took r constant across the flow, so that <egd> = r<o2><e>/<q?> initi- ?3&
ally. 'i&

For the plume with a decaying background field, we simply added a
uniform <62>1 to the initial <82>0 for the plume. This assumes that
the plume temperature fluctuations and the background temperature fluc-
tuations are initially uncorrelated. The background temperature fluc-
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tuations are taken to have r = 1, so that they might have been produced

s, by a heated grid. From the definition, we can write
il

r = [rg<e2>y + r <82>,]/[<82> + <82>)] (30)
i
it which assumes that initially the dissipation scales of the two fields
i are also not correlated. From this we obtain the initial <eg>
&? values.
. 4. Results and Discussion

Following figures 1, 2 and 3 [where, for comparison, we have
ﬁ reproduced the profiles of normalized r.m.s. temperature for Cases I,
I and III from Warhaft (1984)], the figures are in pairs, each pair

cen
SO

. referring to a single case. In each case, the first figure gives the

A, evolution of the centerline values of the mean temperature profile

ﬁ [values from curves faired through Warhaft's (1984) data are open cir-

‘3 cles], and of the ratio of the centerline value of the r.m.s. tempera-

Vi ture profile to that of the mean profile [Warhaft (1984) = eight-point-

- ed stars]), and the half-widths (at half the centerline value) of both

ﬂﬁ the mean temperature profile [Warhaft (1984) = five-pointed stars] and

4 the r.m.s. temperature profile [Warhaft (1984) = closed circles]). The -

second figure of each pair gives the profiles of the r.m.s. tempera- 3?

o ture. The values of x'/M displayed are the same as the measuruvments of h

EE Warhaft (1984). In all cases the mean temperature profile is approxi- QN
<. mately Gaussian in both experiment and calculation, so that we have not *:ﬁ

' reproduced them here. %é

fj From the first pair of figures (4 & 5), it is clear that case 1 ?§1

£ lies largely in the regime in which the instantaneous plume is below &;{

‘? the Kolmogorov microscale in width, so that spreading is by molecular ' %i,
= action., Because molecular spreading is so important to this case, we iIB
-, have included the molecular effects in the equations, although they RO

{i will be negligible in cases II and III. It is evident that so close to @;f
3 the source, the data are not reproduced well. The mean temperature and ft'ia
- the width of the mean profile are satisfactory (as they are in all the flﬁi?
. cases); but the evolution of the ratio of centerline r.m.s to mean, and . i

:q the width of the r.m.s. profile, are poor; the details of the r.m.s. ;ﬁ?

;5 profiles are not well-reproduced. The off-axis peaks decay much too ‘ gsﬁ

;J fast. The reason for this is probably that the transport model used is ;‘;

7 appropriate for quasi-homogeneous situations, and particularly situa- !'ﬁ

s: tions in which intermittency is not vital. Very close to the source, gﬁ;

g; of course, gradients are very large, and intermittency is dominant, i:;

Qﬁ Hence, transport is probably underpredicted. Since the initial time .:f\

J:-l
5

scale ratio is adjusted to give the proper initial slope of the evolu-
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Figure 1. Case I, r.m.s.

ized by the centerline r.m.
s. values, from Warhaft
(1984) . The wire was at
x./M = 52. For these meas-
ufements close to the wire,
a .025 mm wire was used.

G/OQ (rms)

)

€

.06+ .

© | Figure 2. Case II. r.m.s.

< o temperature profiles nor-
4 -

malized by the centerline
values, from Warhaft
0.2} | (1984) . The wire was at
(b X./M = 52, The wire dea-
méter was 0.127 mm,

-3 -2 -1 0 | 2 3
1ok /M
s o X
® 63
~ 08 2 133
E L
& 08|
S s Figure 3. Case III. r.m.s.
0al temperature profiles nor-
' malized by the centerline
i values, from Warhaft (1984)
o2}t The wire was at x./M= 20.
8 The wire diameter“was
0 . ] L | N 1 | 0.127 mm.
-4 -2 ) 2 4
y'/M

tion curve of the r.m.s. value, this means that the initial level of
(eg> 1is probably too high, resulting in too rapid decay of values of

r.m.s. temperature.

In figures 6 & 7 we have case 1II. It is evident that this case
still begins in the regime in which the instantaneous plume is thinner
than the Kolmogorov microscale, since the ratio of centerline r.m.s. to
mean temperature is growing initially. We can see here, both in the
data and in the computations, the decrease to a constant value (follow-
ing the initial rise), corresponding to the instantaneous plume width
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! . Figure 4. Centerline temper-

. tion Case 1
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Figure 5. Rms at X/M = 0.36,
0.6, 1.0, 1.82, 3.8, 8.0

v Nt e st
1) ‘..ll . ;l.
ottt

-
»
’

.
‘

.

"

'..
o
.
',

TR

mean decreases too fast., This is probably a result of the same mechan-
ism already seen in case I, The curves of normalized r.m.s. tempera-

Figure 6. Centerline temper- by
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Figure 7. Rms temp profiles
at X/mM=8, 30, 60, 100

DISTANCE FROM CENTERLINE

ture are not badly reproduced, although the appearance of ‘off-axis
peaks as the instantaneous plume grows to a substantial fraction of the
mean plume width is perhaps a bit premature.

To determine whether our hypothesis (above) were correct, we arti-
ficially increased all the transport by 10%, decreasing the dissipation
by a corresponding amount. The results are shown in figures 8 & 9
(also for case Il), It is evident that the trend is in the right
direction; the off-axis peaks are suppressed (perhaps too much), and
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the decay of the centerline value of the r.m.s. temperature is substan-
tially slowed. Of course, this artificial increase in the transport
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does not produce a transport of the right structure, to correspond to
intermittency. We intend in the future to introduce some of the inter-
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mittency corrections developed for other purposes (Chen & Lumley, 1984; ﬂ%}
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Dancey, 1984). . ?3
NS

In figures 10 & 11 we present case III. Here it is clear that we s Xk
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4 In figures 12 & 13 we present case III with a background r.m.s.
b Y
temperature fluctuation level of 10% of the peak value in the plume,
Y, and in figures 14 & 15 with a background level of 30%. In both cases,
.
Y to determine the centerline values and half-widths, we have subtracted
?: the background. It is clear that, although the model is not formally
4
; superposable, the difference between the results and a simple superpos-
! ition is very small at the 10% level. At the 30% level the half-widths
f? and centerline values are worse, but not disastrous; the r.m.s. pro-
‘j files, however, have a bizarre appearance. This is largely an artifact

of the presentation. At x'/M = 133, the peaks of the plume are only
] 20% above the background, and the centerline value has nearly reached
(X the background level. When the background is subtracted, and the
result devided by the centerline value, the curious appearance
results. It is undeniable, however, that the peaks are too large rela-
tive to the centerline, and that the centerline is decaying too fast.
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5. Conclusions

We may conclude that the second order model outlined in Shih &
Lumley (1982) is quite satisfactory for describing the evolution of
plumes that begin in the inertial range. Modification of the transport
will be necessary to describe plumes which are initially thinner than
the Kolmogorov microscale; it seems likely that a correction for inter-
mittency will help in this regime. Since the majority of plumes that
one 1is called upon to calculate in geophysical situations begin well
i into the inertial range, it appears probable that the model as formu-
y lated here is more than adequate for the description of geophysical
phenomena.

The performance of the model in this regime in the presence of
overlapping temperature fields of differing time scale may be regarded
; as satisfactory as long as the magnitudes are very different. Evident-
. ly the lack of formal superposability in the model may not be as seri-
ous a concern as had been thought, at least under these circumstances.
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Of course, we present here a situation in which the two temperature
fields, although their time scales are quite different, are initially
uncorrelated, and can never develop a correlation, as one can easily
show from the equation for the cross-correlation. The situation is
more complicated if the fields are correlated. This is the situation
described in Warhaft (1984), in which plumes from adjacent sources
interact. In a future paper, we will attempt to calculate this case,
We will, in addition, make calculations for finite sources, to explore
the effect of source size on temperature variance.

Acknowledgments

We are grateful,for the help and encouragement of our colleagues
S. Leibovich, S. Pope, T.-H. Shih, and Z. Warhaft.

References

Chatwin, P. C. & Sullivan, P, J. 1979. The relative diffusion of a
cloud of passive contaminant in incompressible turbulent flow. Ja
Fluid Mech. 91: 337-355.

Chen, J.-Y. & Lumley, J. L. 1984, Second order modeling of the effect
of intermittency on scalar mixing. Proceedings, 20th International
Symposium on Combustion. In Press.

Comte-Bellot, G. & Corrsin, S. 1966, The use of a contraction to
improve the isotropy of grid-generated turbulence. J. Fluid Mech. 25:
657-682.

Csanady, G. T. 1967a. Concentration fluctuations in turbulent diffu-
sion. J. Atmos. Sci. 24: 21-28.

Csanady, G. T. 1967b, Variance of 1local concentration fluctuations,
Physics of Fluids Supplement: S76-S78,

Dancey, C. 1984. The Effect of Intermittency on Scalar Mixing. Ph.
D. Thesis. Ithaca, NY: Cornell.

Durbin, P. A. 1980. A stochastic model of two-particle dispersion and
concentration fluctuations in homogeneous turbulence. J. Fluid Mech.
100: 279-302,

Fackrell, J. E. & Robins, A. G. 1982, Concentration fluctuations and
fluxes in plumes from point sources in a turbulent boundary layer. Jde
Fluid Mech. 117: 1-26.

LaRue, J. C. , Libby, P. A. & Seshadri, D. V. R, 1981, Further results
on thermal mixing layer downstream of a turbulence grid. In Third Sym-
posium on Turbulent Shear Flows, ed. L. J. S. Bradbury et al, pp. 15.1-
15.6. Davis: U, of California.

Lumley, J. L. 1978, Computational modeling of turbulent flows. In
Advances in Applied Mechanics 18, ed. C.-S. Yih, ppl123-176. New York:

Academic.

%:g;ey. J. L. 1983a, Turbulence modeling. J. Applied Mech. 50: 1097-

217

P e WL W me SRR R - - ‘ -, C e e . * - - Yo e e te T, - . ~ A
--‘,'-\\_\"-.,s-r.’-.“\-.' S N ORI R A R R R SR CSTSONTI N CRNES (0 SRRty

wDa Nt}

o -"-‘!‘ ;.'- X
BRI PR R

o

AT
. Vat

-
-

—.




W ¥ T T . TS SR, TR T o Ldhd el L B I FRRAE TV Y F TR R AR TR TR T A il IR R I e S e,

| AR
o
be I FodaN
N Lumley, J. L. 1983b. Atmospheric Modeling. The Institution of Engin- 60Ny
K eers, Australia: Mechanical Engineering Transactions. ME8: 153-159, 'i.'c ,
. :
: . {
it Lumley, J. L. & Mansfield, P. 1984. Second order modeling of turbulent X ) '
transport in the surface mixed layer. Boundary Layer Meteorology. In N b
A Press. : N
v Lo
b Lumley, J. L. & Newman, G. R. 1977. The return to isotropy of homogen- : .j
eous turbulence. J. Fluid Mech. 84: 581-597, o j
v ..,!
k Orszag, S. A. 1970. Analytical theories of turbulence. J. Fluid - A
Mech. 41: 363- . N
\ _— ¢ Sy g
: i S
N Pope, S. B. 1983. Consistent modeling of scalars in turbulent flows, ,LN &
& Physics of Fluids, 26: 404-408. UL
Ny TN
W Shih, T.-H. 1984, Second Order Modeling of Scalar Turbulent Flow. k‘-'"_"
Ph. D. Thesis. 1Ithaca NY: Cornell. k _—
LAY
“~ | EIR Ry
: Shih, T.-H. & Lumley, J. L. 1982, Modeling heat flux in a thermal mix- ;_:_,w."-
N ing layer. In Refined Modeling of Flows, Vol. I (eds. J. P. Benqué et f. ::.ff::-
N al). Paris: Presses Ponts et Chaussées, pp. 239-250. ' h,;
- age™e
Warhaft, Z. 1984. The interference of thermal fields from line sources R
” in grid turbulence. J. Fluid Mech. 144: 363-387. RO
- ..;'. .
. ey
3 G
&, A 4
AL
v‘\ [ ) . !
1%
R
i~
N
Y
- .
2,
’,
'-
2,
>
»~
Cad
- -.\'.-'
o, ol
.- ;‘.-:.'
- N
-~ A
- I
Wi

.:: Loy . . "
-! " '-}l"_ ..'.."-.: ..}..}‘\.l.}l“; ™ ‘-_ q.-...- .'vv.. S e -_’.-- " ., -."s" :..-n_ .\-:_ .-.‘ ."'\">~"‘;~"’_.\¢"'§-F -'.- "...v‘-_-.-_{-".-‘ -"‘(\"-'.-\,‘-'qi"d.';..' 1.-...~.:..‘-.'- . .
- v, >, -'-" . . "-‘- M) |’. '.n d o DA RA S XY ] S L e W, o . Al

“ Yo LN \ T,




S SIS SHAN SR vt P RS A AT W e

L]
(]

2! LY

*I

Acoustic Wave Propagation in Fluids

Timothy S. Margulies
Office of Research, U.S. Nuclear Regulatory Commission, Washington, DC 20555, USA
W.H. Schwarz

Department of Chemical Engineering, The Johns Hopkins University
Baltimore, MD 21218, USA

The classical viscothermal problem of infinitesimal, planar
acoustic-wave propagation in a single-component Newtonian fluid is
extended to more general multicomponent materials that are diffusive,
reacting and viscoelastic. The attenuation and dispersion of the sound
wave are determined by solving the linearized (first-order) equations
of mass, linear momentum, energy and chemical kinetics. General
results are obtained in the form of a biquadratic characteristic
equation (called the Kirchhoff-Langevin equation) for the complex
propagation coefficient %3 -{(+iw/c), where o is the attenuation
coefficient, € 1is the phase speed of the progressive wave and @ is
the angular frequency.

First, the case of a single-component Newtonian fluid is examined.
Then the problem of a nondiffusive, equilibrium mixture with coupled
chemical reactions is considered. Next, the effect of diffusion on
acoustic wave propagation in a binary, nonreacting fluid is treated,
and results in a sixth-order characteristic equation for X . Then the
precise theory for predicting attenuation and dispersion of a plane
sound wave propagating in a single-component viscoelastic fluid is
developed, where the response of the stress-tensor is represented by
Noll's simple-fluid theory which incorporates the memory of the
material. Finally, a combined treatment unifying the theories for the
effect of viscoelasticity and reactions is presented. Calculated
results and experimental measurements are compared for different
classes of materials where possible.

1. Introduction

The theoretical prediction of acoustic wave propagation in fluids
is important for understanding medical diagnostic and sonar performance
characteristics, for measuring physico-chemical and thermostatic
properties of fluids and for examining constitutive relations. The
purpose of this paper is to present a fluid dynamical theory for
examining a wide variety of acoustical classes of materials, including
polymer solutions which exhibit non-Newtonian viscous behavior (or
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memory effects) and chemical reactions. Here we introduce the forced

small-amplitude acoustic wave propagation problem.

Given a semi-infinite homogeneous fluid otherwise at rest, the y,
2z plane of fluid is oscillated harmonically in the x-direction with
frequency § as shown pictorially in Fig. 1l.1.

f

Ap—

a W = W

a

X= Complex Propagation Constant

a = Attenuation coefficient

I =1 exp [-(la + iw)x + iwt] w = Angular Frequency (= 2 Tf)
C
x' c = Sound Speed

Fig. 1.1 Forced sound wave propagation in a fluid

The displacement of the plane boundary and resulting longitudinal wave
motion within the fluid is assumed to be infinitesimal. The wave
amplitude progressively diminishes with transmission distance as the
mechanical energy which is imparted by the boundary surface is
dynamically converted into thermal energy. This analysis assumes that
the actual motion is well approximated by the exact solutions to the
first-order field equations of the mixture, in which all nonlinear
terms are omitted, and moreover, all coefficients are evaluated at
their uniform equilibrium reference values.

The total value of each variable, I, in the list of system
variables chosen to define this one-dimensional perturbed motion is
decomposed into an equilibkrium (static) and time~dependent incremental
acoustic contribution.

Total = 1 Static + 12 Acoustic (1.1)
Variable o Variable Variable *
Furthermore, each acoustic variable, I®, such as pressure '

temperature 9", or velocity v* is represented as a damped sinusoidal
progressive wave by

I* = Re L'E: exp (xxsiwt)] (1.2)

%» -@eiR) is the complex propagation variable where & is the spatial
absorption coefficient and kR is the magnitude of the wave number
vector perpendicular to surfaces of constant phase. kew/c is the
spatial analog of frequency and r.presents the number of wavecrests per
unit length, or simply 27 multiplied by the reciprocal of wavelength
in this one-dimensional problem. Absorption and dispersion measures
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are found by solving the appropriate balance equations and constitutive
equations for the fluid (or mixture) under study. Exact solutions are
sought, in the analyses in order not to preclude the interactions among
the various dissipative mechanisms that contribute to an increase of
the entropy, rather than using an approximate approach that relies
solely upon the energy equation and omits dispersion estimates.

The paper is arranged as follows. First, we will examine the
exact treatment for solving the small-amplitude, sound wave propagation
problem for the classical Newtonian viscous and Fourier heat-conducting
fluid. Then the acoustic problem will be extended to account for
several coupled reactions which occur simultaneously in a nondiffusing
mixture. The viscothermal case of diffusion in a binary mixture of
fluids {without chemical reaction) is also presented. The next part of
the paper will develop the precise theory predicting attenuation and
dispersion of a plane sound wave propagating in a single-component,
non-Newtonian medium. Here, the response of the fluid may be
represented by Noll's simple fluid theory which incorporates memory
effects and viscoelastic relaxation spectra. Finally, a combined
treatment unifying the above theories for different acoustical classes
of materials and describing existing experimental data is proposed for

a reacting fluid system with non-Newtonian viscous characteristics.

2. Single-Component Newtonian Fluid

2.1 Continuum Balance Equations

The general continuum field equations for a single component
material are obtained from the balances of total mass, linear momentum,
moment of momentum and energy. Omitting radiation supply, these
balance postulates are written in spatial or Eulerian differential form
using rectangular Cartesian coordinates as:

J A
3{-_ + T(_fli} = 0 (2.1)
) b
d o 35;;‘ .
f,ﬁ = d M f\)‘ (2.2)
S;s = S’A_ (2.3)
de 1. Ik,
PI; S'*s‘la* & S (2.4)
dL

where

3
g3 denotes the total derivative (and equals
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b, and h; denote the components of the

22 + Vi g‘;’: ). SL% '
total stress tensor S , the external bpdy-force vector per unit mass
b , and h the heat-flux vector, respectively. The specific internal
energy € (per unit mass) is defined as the difference of the total and
kinetic energy densities, and d;i represents the components of:g , the
symmetric part of the velocity-gradient tensor called the
rate-of-deformation or stretching tensor.

Constitutive relations are required to complete the system of
balance equations in order to derive the acoustic equations for a
particular class of materials. First, the linear forms of the
constitutive relations representing classical fluids are examined.
Here, classical means that the response of the material depends only
upon the present values of the field variables. Viscoelastic models
for materials which exhibit memory effects, for example, are excluded
from this class but will be considered in a later section.

The classical constitutive relations considered may be explicitly

written for:

1) the stress relation as a homogeneous, linear,

isotropic function of the stretching tensor, d, where Zg = grad é +
«T =

(grad x) that is,

SJ..’ (-t + xo Ahﬁ) 8.3 + Z'z. A"a (2.5)

e

n

where p = ﬁ (e ,u) is the pressure; f, is the coefficient of shear
viscosity or first coefficient of viscosity, A; is the "dilational" or

volume coefficient of viscosity or the second coefficient of viscosity,
and Ir==1/f is the specific volume. The stress tensor can be written

in the equivalent form:

S = (-t-; Koda) Sgy + 2.5 (2.6)
where <d,; > is the traceless part of d; i.e.,
<dg, > = 33_- - % dygs S;é and K, is called the bulk viscosity of the
fluid, K, = (A +%%.). This constitutive relation for the stress

tensor defines a linearly viscous or Newtonian fluid and satisfies the
moment-of -momentum equation (2.3).

2) the heat in-flux vector is represented as a linear function of
the temperature gradient,

h, = e (2.7)

Ox.

where k. is the thermal conductivity tensor. This is often referred
to as Fourier's law of heat conduction.

3) An equation of state &= 2(9."3 or P =¥(O,v) jeeds to be .
specified. ¥ is the specific Helmholtz free energy ( ¥ = E- ev() L\—i
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which is a function of the temperature and specific volume and n
is the specific entropy function. Alternatively, the function

é(u;q) , called a caloric equation, may be used for the equation of
state. Further, the following relations hold:

v

= 95 = H v & - BE - - é$
© on é t("\\ EY Yt
e - PANCRD h 2% (2.8)
3L S36

These relations are consistent with the basic principles of continuum

mechanics which was demonstrated by Coleman and Mizel [1].
Now, using (2.4) and (2.8), obtain

'D& = E)G!:L— _@ o= S‘%dt" +« oh; (2.9)

dx,

Since S;'a c\:..'o = "& ("’/‘f\ + -‘:34‘1 , (2.9) becomes

s - T A ol
pon= Tydi+ Shi (2.10)

which is the entropy equation. This can be written in terms of the
temperature field © (x,%), thereby introducing standard thermodynamic
parameters such as heat capacities for which experimental data have
been tabulated for specific substances.

Consider :L(O.V\ , hence

=3 (3F

e

where
A

M- - -Sf G %
2vU ° y 2 AR
and S 0

-
-
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Furthermore,

Cy-Co= e(s;f/f (3‘_ = GG:C:'/B‘
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where €, is called the 'reference speed of sound'. Therefore, using

these relations and Fourier's form for the heat-influx vector, (2.10)

becomes
223
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| e = CIEX W) é v Tigdp + by 2@

2.2 The Linearized Acoustics Equations

i)
; The balance equations may be systematically linearized by
f»: replacing the total variables, say temperature & , pressure p,

velocity v and density f by the sum of an equilibrium part and the
incremented acoustic contribution (1.1). Products of acoustic
variables (written with a superscript "a") which appear explicitly are

N omitted. For infinitesimal waves propagating into a fluid at rest
& (v, 2 0) with a uniform equilibrium state, the linearized balance
B equations for a Newtonian viscous, Fourier heat-conducting fluid
2 become:
> dp° Svt
-\ 28 o G =0 (2.11)
N at 3x
': < a o
o fo v + _t_é - ____ét“ = O (2.12)
. ot ox ox
o, LY
. g & 3 _ (oo 2 _ k € _ g (2.13)
3 EY s (&6 -7 3 © Jx+
5
;:'- which are usually referred to as the first-order acoustic equations
- (neglecting radiation supply and body forces). Here 2‘;= @'_Ba_v: and
x
o we define (3°= (%. 'l..;.k.) as the "acoustic viscosity".
_:'. To solve this system of three linear partial differential

equations in terms of ‘O.' , vtand 9.', the nonlinear dependence of
pressure on the other thermodynamic variables is linearly approximated.
py A small change in f and & in 3«(9,@ is given by

’5: X = %%_.fl p .‘_[(_g_ig_)/(%%)]} o~ (2.14)

rAUR Y A

.y a

= ¥

l
u

- Also,
'( ~ x a ~ A —
% . & = -t c 4.8 .02
o = = = 9 = = -
: ag 3 Y 53 6y 55 = O fe
ﬁ. and .
> ° e
b L G
ks Aq* 35 is called the adiabatic compressibility and 8 , the
¥ ratio of specific heats, can be written as:
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where (515?' 5% is the 'isothermal compressibility' and f&a is ( :
the 'isothermal expansion coefficient'. Thus the linearized equation :

of motion in one-dimension (x) becomes:

3zt (2.15)

2.3 Kirchhoff-Langevin Equation

An exact solution of the complete first-order equations for forced
monochromatic plane waves in Newtonian fluids has been given by
Truesdell [2]. At x = 0, any acoustic variable, I“L + is represented by
the real part of I%= I: ez.v(,a‘.wt) . This disturbance is propagated
through the material as a damped harmonic oscillation
%= I cexp (xz+.i.w:t) . Assume solutions of the form

e* = o, exk (Z‘r.-v Lwi‘)

F‘ F: e.nt (1.:. A—A'.u)i‘\
v W exp (2 + dwi) (2.16)
and substitute into (2.11), (2.13) and (2.15) to obtain:

. -~ -
‘,uug. ;@xv‘ = ©

SR el S YL A

LwRe, € - .Lw(c.‘,_-c..,\ ﬁ“ - kox.‘e:-; o (2.17)
6
Nontrivial solutions exist if and only if the determinant of the
coefficients of these algebraic equations vanishes. The values of X
are found by solving:

o) Aw (’.'ﬁ
_v.(sae'g— %—;_x Aw(’ F‘l, = O
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The characteristic equation formed in this way results in a biquadratic
equation in the dimensionless complex propagation variable ¢/k-. which
can be solved by using the standard "quadratic formula."”

Truesdell [2] has also written the characteristic equation in
terms of dimensionless parameters which specify the properties of the
medium as discussed below. In addition to X and the three variables
(V.‘ ' f: and 9:), there are nine parameters that define the acoustic
behavior of the material at angular frequency & . However, only eight
of these parameters are independent since we have the thermodynamic
identity

T
¥-1 = O B <
'3
T
Therefore, only eight parameters are independent: &, C, , f. P ko ’
K. "%, Ct and &, . Since each of these can be expressed in

fundamental units such as mass, length, time and temperature, it
follows from the pi-theorem of dimensional analysis [3] four
independent dimensionless ratios can be formed. The dimensionless
propagation constant may be expressed as:

- 5@ (5 (49, @3]

The first dimensionless parameter is ¥ or the ratio of specific heats,
and the third ratio is recognized as the Prandtl number (PN ). The
second ratio is incorporated into a dimensionless quantity called the
viscosity number defined as:

V.= 2 )-./vl. = % r X/

hence ‘(/; 2 4/3 . The fourth group of parameters is called the Stokes

number ( S_,). Now

(F) - s [n%.rs]

In dimensionless terms, Truesdell [2] obtained the following equation
for the dimensionless complex propagation constant %/ Kk,
4
. . %
[G-3x )X Y (@R + [Leix aes W) (#AY s L2010
-3
It was found convenient to define Xuo* U, N, and Yu* (p“ ‘(,{,) The
result is called the Kirchhoff-Langevin biguadratic eguation in

recognition of Kirchhoff who formed a secular equation in this way for

perfect gases and Langevin who considered a fluid with an arbitrary
equaticn of state [4].
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The dimensionless groups are summarized below:

Heat capacity ratio 5= % /<

Viscosity number U,= 2 + ),/v'l. = 5‘5 + K‘/f,‘
Stokes number S.= ¥ / @ <o

Frequency number Xo= WS, = ‘(J?.%/€°c:-
Thermoviscous number Y, = ko/'lo% cy = (Pu %YL
Frequency number (K, =0) _ ;(-,,, = sn§ Qe 5(’. <o

Prandtl number R = ('l,/.\/( k/?’ ct) = 7’<8/k°

The problem has been reduced to finding the function:

= aleow %]

where the inner brackets are dimensionless groups representing the
fluid, and only X“ contains the frequency of the sound.

Each Newtonian fluid is represented as a point in the physical
property space <Y,VY,) . The real part of '.K/k, corresponds to
o/ k., and the imaginary part corresponds to k/R, = C.k . which for each
fixed value of ¥, Y, are continuous functions of X,, , the frequency
number. Therefore, the absorption coefficient and sound speed can be
precisely calculated from the Kirchhoff-Langevin equation and tabulated
for each fluid with frequency or X4 as the variable.

The range of the physical property space is given by:
1€ ¥<%® 3nd % 20
exception [5].

The standard quadratic formula can be used to solve for 0!./’&\1:

. Por most fluids, ¥<4€% ., Liquid argon is an

2
( h-) o L eiX e W) e i (e - a e 7)) AW

% 2 (2.19)
which gives an expression relating o and k to the three independent
parameters X, , ¥ , and Yo . Each parameter in (2.19) occurs in one
or more product combinations, and hence it cannot be generally assumed
that the effects of viscosity and heat conduction are linearly
additive. Therefore, the practice of determining contributions from
these effects separately, and superimposing the results must be
justified explicitly and quantitatively.
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Equation (2.19) has two pairs of non-coincident complex roots:

L N T "L
(3&\1.= “fi o+ ax, e x‘/“)]- il.- Xole- oY s zaxJe- (1.-8\‘/“'_“
%
and

QLW r

~ 5

Z (2.20)

i A

L3

|
(L-j' - ‘_L‘*" XA r ¥y )]+ {x-x:(x-xmh 24X, [|- (z-a}y.,]l *
”" z (2.21)

Here the curly brackets {’3 means the principal determination of the
square root. Now, only those solutions which yield positive values for

>
A

e

"

ok , corresponding to real attenuation, were retained. The two
solutions (2.20) and (2.21) comprise the two branches of a complex
square root; one branch pertains to typical compressional sound waves
identified as type I, and obtained from (2.20); the other, the
so-called thermal waves referred to as type 1II are obtained from
(2.21). One is not completely justified, however, in describing these

Yo

a e e

e

7ot

simply as 'pressure' and 'thermal' waves, since all field variables are
simultaneously perturbed and propagated by each wave type; and both

A

types of waves are always propagated by any source. On the other hand,
the absorption and dispersion characteristics of types I and II waves
will, in general, be quite different. Type II waves are more rapidly
attenuated than type I waves and have not been observed in any

'_..'_.,‘ ey

L

experiment to date. ,
A Clearly the calculated results for OL and c are not easily
interpreted, because of the algebraic complexity of the equations.
However, power series expansions do provide explicit formulae that are
valid over certain ranges and can be readily examined for physical
content. However, to establish the range of validity of any series

‘: LN '4‘ 9N

3 t »
expansion, as well as the analyticity of (ﬁ./%) with respect to

140
& [T

<5,¥ and X » Truesdell [2] examined carefully the branches of ;
(2.18) and (2.19). EE

L]
.l
]
A

The amplitude attenuation per wave-length A, was defined as:
A = 2.1'\'.4./& = oL\

and in a similar manner the amplitude attenuation per reference

ye
-« » A’"

L

ARG
!t

N
Vas'a.a s
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1

wave-length, A, was defined as:
A.: Urd/‘l. T ol )\

O
These are standard measures of absorption, while Ss s (C./c.\ + the
square of the ratio of the actual speed to the reference speed, is a

"

l"'). {‘" ‘,
.

o
%
LACH A

o
¥

[y

X
A
Py

..
P . .
.
ot
‘Am‘
0
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R .
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A
A

s
M -

measure of the dispersion. N
For fluids such that Y4 < 3=y in the low-frequency range
( Xyet s ), one may approximate (2.21) by

DAL S AR A

N N

N7
4
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C= &

(%) &[> o] = (1)

Thus, dispersion is predicted to be negligible and the absorption
coefficient is given by the 'Kirchhoff' value:

(c..)z L X, [+ G w]

k.

Substituting for Re, Xu , Y , and ¥ , this takes the familiar form:

() - = [Grew) e e )]
) T 3
b <
Using the ‘'Stokes assumption', viz., K,= o (4\.“%'\) » (2.22) becomes:
(a,\ . zw* [-35'1. + K(c-‘.‘-cg‘)]
51 e <>

This form for the absorption coefficient is referred to as the

(2.22)

‘classical' or the Stokes relation. Due to the large number of
assumptions and approximations inherent in its determination, it lacks,
in general, the ability to correctly predict the absorption
characteristics of all fluids over a large range of frequencies.

Some of the results of the viscothermal Newtonian theory are
presented and then compared to experimental results to indicate the
inadequacy of that model. The asymptotic limits of the measures of
absorption and dispersion are given in Table 2.1.

TABLE 2.1

Asymptotic Limits of Absorption and Dispersion
Measures from Newtonian Viscothermal Theory

XN + 0 XN + o
A, = ak, 0 0
A= al 0 2n '1211;1:;
» N,
— .I-¢-.
6 - (C/ Co) l oo ..'f...l

TE:

R Y

. . N ~ %

Since the limits of A, are zero as X,—voe and X, o, the 5

- N

absorption measure has at least one maximum, hence indicates a viscous A,

relaxation time. Also a consequence of the Newtonian viscothermal

o,
n".
S, F S

N

theory is that the dispersion increases indefinitely and is determined |

* \'.\_‘-'
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by the viscosity only, since for Xy o,

C‘. ~~ z('lo *xo\ w
e

Using the asymptotic results listed above, Truesdell [2] has noted

the following behavior for the absorption and dispersion measures. 1)
A, experiences exactly one, usually broad maximum that characterizes
visco-thermal resonance and this lies in the frequency range

1< &.'A.w'g 3 . The maximum value of A, will always have the same
magnitud'e (A,‘mfl.z); 2) A is a monotone increasing function of X, .
3) The curve of S versus X, is curved positively upward at all
points. These results are exhibited by the curves shown in Fig. 2.1.

alkg ' ' ' ' ) alk
[ X} a/kexak CIco-l (X }
a/kgxal, s -
- -06
~45
0.2 -1 -10.4
4
1 -10.2
d2 4
0 1 | . 1

[ ] 20 4.0 6.0
Frequency Number X,

Figure 2.1 Graph of absorption and dispersion for classical,
linearly viscous fluid ¥,y = <1.40, 0.25) .

Now, in the range of frequencies such that X,4%, the Stokes'
value for the absorption coefficient is the lowest value that can be
calculated by the viscothermal theory, i.e., ("";!i'. 5("5__:’.) since the
bulk viscosity K.>, © . There are experimental data for several

fluids where ¥,4¢1 and (-“—;-.,_) > (%c) which must be analyzed using
alternative constitutive relation assumptions.

2.4 Approximate Formula

For the case of a non-conducting fluid (k.‘=°), Yu=0, the
Kirchhoff-Langevin equation obtains the simple guadratic form:
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X (_x_)“ s —+ _ = o
; R, Ly X, (2.23)

or
‘ *\_ (kY . 2ak o _ 1-4iX,
: U IR a5

. v (2.24)

If we equate the real parts, obtain

ﬁ, G%S = L:-x: v O[(d/k'y] (2.25)

-44 The order of magnitude of the correction term has been included here to

examine the validity of the approximation that uses the relation:
& gk

2 — or kA4 1 to obtain the dispersion relation:
'.,: h. h.
% c v 2
v (—c._.') = 4+ X,
> from (2.25) by neglecting the correction term. On comparing the
N imaginary parts of (2.24), obtain
o 2
% (ot L ( k.) X
= Bl (2.26)
\k z \k 1L+ x,‘
3 For X, <<1i.
1
(_‘E.\ =5 X, * o(x:) (2.27)
\ and using (2.25).
N k L 8 L. z
o z — + O(X
B < \v.,) L+ X “\)
N
s For small X, , the (ds/k,\term cannot be neglected and
2 f2,
\ k ) = — +_X . o (> )
. ) = —= — X X, &
o, ( R Ve Ry Ve Xy \ - X3 27n <) (2.28)
-’\ or . X ’2
R (L) - 4+ X|T X, + O0(x1)]
(% k. L + x"t
"
oo Therefore
. 2 2 % 4
3 (k' =(.c’_) = 142X, + O(X“)
R <o 4
2 Now using (2.27)
z' A K 8
y —_) = = X ~ o(X
(2) = 1 %+ o)
‘.
>
> , | R X | M
AHGHADA NSO E 0 TR S0 A o J A S e 52505 21 W 35 1SS 60 5. 52 50NN 258 1S5 S AR AR SO A A




ST

DRRRY _ PR

i
& -
sa ‘s

A/ Jak

>,
o3
N

_'-.Q:‘.{s?“\""\.' ‘o '.“".' "\:-. "o g {"l'f AP AT RN ~'.\".,\ ® A A

o b1 e T e gk e F S T S oS e £ P TG Ml v, f e Ohe B TPOare o % e %e§ tpR e R B wal Bl b gl aeh dne s T ™ oemoA -

3. Newtonian Fluid Mixture with Coupled Reactions
(Nondiffusive System)

3.1 Continuum Balance Equations

Ultrasonic relaxation techniques have contributed significanty to
our understanding of fast chemical reaction mechanisms in fluids and to
the measurement of reaction parameters (e.g., rate constants) [6]. The
aim of this section is to present a hydroacoustic theory which accounts
for sound absorption and dispersion in a mixture of reacting fluids in
equilibrium, such that several reactions can occur simultaneously. The
theory is applied to several chemical systems using physico-chemical
data available in the literature. The theoretical results reduce to
the Kirchhoff-Langevin biquadratic equation obtained for the classical,
viscothermal non-reacting case.

Here we present the continuum theory involving a perturbation of a
multistep sequence of reactions omitting diffusion and radiation
supply. The previously considered field equations for the balance of
total mass, linear momentum, moment of momentum and energy are used in
the derivation. Also, a partial mass balance equation for each
constituent of the mixture must be included. For constituents which
have a common absolute temperature © and which can occupy any place
X at time t in the mixture of (& =1,2,...k) species the balance

equations are written in rectangular Cartesian coordinates (2.1-2.4),

and
d - I
—d;,“ = W, (3.1)

where Wy is the molar concentration of the o(th constituent. Qi
equals the moles of o per total mass (mol g~') and JL represents the
production due to chemical reactions.

The form of the equation for the mass balance of a chemical
constituent can be rewritten by a change of variables to any other
suitable concentration measure. However, additional terms may arise
due to a chain rule time differentiation of @i whose neglect or
retention in the equation must be consistent with the analysis. For
instance, in the collisional rate theory of chemical kinetics for
gaseous systems one usually considers ﬁ@‘=;%“ , where this form of the
equation of balance in terms of the molar density (mol em™®) is valid
only for constant volume systems.

3.2 Chemical Reactions and Their Description

The acoustic theory is appropriate for a general reaction scheme
composed of j = 1,2,...r coupled reactions."This may be expressed in
terms of the signed stoichiometric matrix, S.)' + as follows:

AT AN T T W T NN AL,
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i S%c = 0 %=z 1,2, ‘t
®) §=4L2,...r

@*si
where the positive values of the stoichiometric coefficients
correspond to the reaction products while negative values correspond to
reactants. Also, by convention, a neutral species such as an inert
solvent is assigned a stoichiometric number of zero. The rank of the
stoichiometric matrix determines the maximum number of*;ndependent
reactions or calculated relaxation times. Let rank (ELQ ) =R& P,
Then the total collection of reaction steps may be completely
represented by an arbitrarily selected subset of R reactions.

In order to express the composition changes during the progress of
a reaction in a nondiffusing mixture, it is convenient to define a

7 Y S TS

degree-of-advancement variable for each reaction by

et

®
Wy = wy + 5.,';,

y e '

PAA  nrlAnidy ok

where ad; is a reference molar density, say at equilibrium. If ;;, is
the degree of advancement of the jth chemical reaction, it has
contributed 5:,- ti’ (moles g-!' ) to the total change in the molar
density of the «th component of the mixture. All composition changes
may be expressed in terms of these degree-of-advancement variables
corresponding to the chosen R independent reactions.

The equation of partial mass balance may now be written

alternatively as
. * ~ 3
»

and i; = C;

0,

7,

N A

"
L‘

B
‘Ic

\d

where t', the time rate of change of ‘; . is called the reaction

velocity and + denotes the production term that must be specified.

3.3 Constitutive Relations

MNNINAE _ L=r

A compatible set of constitutive relations is required to complete

.
o7

the system of balance equations in order to derive the acoustic

%

i equations for Newtonian viscous, Fourier heat-conducting fluids with
ig chemical reactions. The linear forms for the stress tensor and

$§ heat-flux vector previously described in (2.6) and (2.7), as well as
'é the following relations define the material under study:

h 1) & = g(O.u',i) for the specific internal energy; and

- 2) the linear reaction rate by a continuum theory of

ﬁf thermodynamics for a nondiffusive mixture of fluids is:

- T(8h8) + R, Mg

N, i; =
,
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The first _term is the classical mass-action form for the chemical

T
A

&>
kinetics ¥ and is generally represented as

- . « ) ) .
A T
- az|

%

7

st n—

! - « SIAA
;' - + L . . et
: where Se¢u and See denote the positive stoichiometric constants for “:"'.
? . ‘ - + N 4 !
th: reactant: and products, respectively ( S’-‘ = Sﬁ- Si'd ). ;4‘"‘.

: . 37T,

‘&, and ‘k._ are the forward and reverse reaction rate coefficients —

which are assumed independent of the activities, although -}_‘ !

-au(e;‘t’; E) . This is consistent with the equilibrium condition

v
. -
R

St g g T
e

. k R
‘_' = K(o4) = Tl" O-:‘ = exp (A?/Re) i
L ¢ ws) =

. SRS .Y 4 " E_E.

o
where Ac(e,‘p) is the standard affinity of the g th reaction.
The trace term indicates a dependence on the dilational parts of

.
»
b

the mean velocity gradient. This relation for the reaction rate is
similar to that derived by the Onsager theory of irreversible
thermodynamics when considering a state near equililbrium such that the
affinity is zero [7]. This term indicating a mechanical contribution
to the reaction velocity has been included in both single [8] and
multistep forced plane wave acoustic analyses {9). PFor simplicity, the
chemical production due to mechanical effects will not be addressed in
the following derivation.

3.4 The Linearized Equations of Acoustics

AR v "¢ s e s s WEEN"."0 "¢ 4 4 ) EEE V ¢ 7 v

Next, we will derive the first-order equations of acoustics using
the balance laws and constitutive relations.

The energy equation is expressed in terms of @ by first
transferring it into the form of an entropy equation as before. Let
the internal energy be written as € = §<'7»": ). Then

¢ =(5)e + () + (Be) &

e ERMPF.T,".

Using the following relations

” v v
f:-éésgz_a_E_;A.=.aﬁ;
v o at,
one can rewrite (2.4) as
PE = PP+ pOq - pAL L = Syq; + 2
Assuming Fourier heat conduction and using the relationship

TR NS Y VIR . W N

S."t = -4P /e + T;‘, d;"-, one obtains for the local change of entropy

-
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Also, ﬁ (0,9, E) gives L
> 3 f ",
. = —q . ._- . - : :‘
'7 (36 e ¥ B" ‘P + %? ta- - ‘.l‘.'n‘:
P tc. .:i;-::):,
- NG
so that :.gx'x
3 . .
- . O b a 9 %
>, PCrs & = 6 pot‘P + l"c . = T:) di‘ + '&o Ix. A
3 : : Xy O%g bkl
» .'_ c’ ] ?.1 BJ - v - U P . M_ ,-_ g :,‘--.
ith =2 = ; =35 = "YPes; = (As+ h,) A0S
i with 0 pYz) a-P 006 bY‘ - o /e i 7
::'. Now the equilibrium heat capacity which is measured by calorimetry L‘-r.\\
j: (§ at equilibrium) is defined by :-:-::::'.'
- - BN
7 -l e
i b oo+ B (52) B
- + —— B )
; Co Pt -} a';' o
',_l: Cp¢ is called the instantaneous, or "frozen" specific heat at constant . T'"_'.
;'."-.' pressure (measured at fixed { ). The equilibrium isobaric and L
i isothermal coefficients of compressibility are
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Linearizing the hydrodynamic equations (total mass, linear
momentum and energy) gives

F 4 g X o0 (3.2) T

E:if a £ ° Jn =
i vt _ _ op Py

e — = —_ t po — (3.3)

n.-: ax a a *z l‘:-‘ ::;
e 2 o
2 26* %'f o8, 36 wi
2 RSs = -, + 226 = g — (3.4) o
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Further, the density relation ?(9,4:, €) can be linearly approximated

- = (38)s *(%S)?‘ + (%5)4.‘

(

PC

where Pf" = L éf

Equation (3.2) obtains
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Next, consider the chemical kinetic equations and the}r linearization.

It is convenient to decompose the reaction velocity t into velocities ~"-:-:
2 T3

for the forward and reverse directed reactions respectively. i~y
+ + N

¢. = L _f'fa ) 3

- 5 i b=z, R

gty

- Sy s . e L

For smill gepartures irom the strong equilibrium point (9,,10”5 ), :::
where = Y
4 , :‘d

+ +Fe hA e a H ~
I 80 = (ST 5 () g

and t: = I,. - -[:

et £ = £5(6,4,9) = <F (a4, ¢
3

Now An g = ,L\n[l-l'"_{':_.']’:

,

S - Se
for )44 1. Combining with a similar expression obtained for
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the linearized kinetics equations are written
*

.51 :(hr)e¢+ (y"’)'ff' + (a(Ar/R6)>_S _=...
(3.6)
}; rRO? RO agr r ge
33"5 (A.-/ ze) may be evaluated by writing the chemical affinities in
(4

terms of a linear stoichiometric combination of chemical potentials
(partial molar Gibbs free energies). Let

As = - s:e Pe
where /“f = }_Jre(el"’) + RO .l.h (X: x‘)

. 3 K3 —e .
is the usual representation for the chemical potential. )4, (9,15) is the
standard function, Yf is the activity coefficient and x‘= w'/zl_‘w
the mole fraction of component « . Then calculate

axc - - S:—Z' S:;f - Se Se + d Lﬁ' 73 a
bsr { w; ‘U. ( ) = cl’
where k
S, = 2. =

3.5 Chemical Relaxation Times
Equation (3.6) is a linear system of coupled inhomogeneous
a a
differential equations of first order in {_ . For © = —P‘ =0 and

(i.e., a single elementary reaction), a chemical relaxation time
towards equilibrium can be defined as

L= _zf_ (&' )
T,  Re, \ L,
so that (:‘ = - ‘/'C S:I

Different chemical relaxation times may be defined in a similar way
according to the particular set of independent variables used for C
That is, relaxation times may be defined with {9 ’7'; held fixed, for
example, where n 1is the specific entropy rather than at fixed O and

y 'C,. for fixed {6 '” is related to T, by T, CP.!‘ 'C!_ where

HeTo
CP;I ;l C R Q

....................... .-_~ -.s.-_q_ - s
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' When considering multi-step systems, the kinetics equations at

%,

k constant {9,?} become

8

B e

=T8T

B +

% e

2 where . = .

' The chemical relaxation times can be calculated from the reciprocals of
A the eigenvalues of =G. or J (defined below to separate the linearized

\‘t kinetic equations into independent, disjoint equations). The

< determinantal equation for G can be converted into that for J by a

v symmetrization procedure of Jost [10]. Castellan [11] has discussed

e eigenvalue determinations by direct and approximate methods for various
3 . —-h . .

;: chemical systems. )\c, 2 Te are obtained from the equation

\.

;: det ()\r S"' - J-f.r)
o with y .y

K + )

g - e\2z e\ _
T = (6) Qg (%)

oy

»'
u": The kinetics equations may now be expressed in normal form. Let M be a

matrix constructed from the & eigenvectors corresponding to the
. . . a e
:: eigenvalues of the matrix .I and define (} = (Q)M
) : then

Z + (Rez)e (—é\%)-p‘ + NgZy =0 L=yz..R 3.7

3.6 Modified Kirchhoff-Langevin Equation

.- Treating equations (3.3), (3.4), (3.5) and (3.7) as a system of
,. linear partial differential equations for infinitesimal plane waves and
B introducing damped harmonic wave solutions for each acoustic variable

results in a modified Kirchhoff-Langevin equation. That is, assuming
&S
9 &
a
B | exp (Xx + iwk)
VQ

~
'

7 ve o ~ ’f"‘e

{’ Z‘ .':, e

Z1 A

‘:j results in a homogeneous system of algebraic equations in terms of the _f

» acoustic amplitude variables { 9:', ‘H‘, A (Z;).'k . Nontrivial "':

o solutions exist if ;

.:_:.}

8iB) . det (A-BD'C)detD = 2%

.’ det R = e = = = E ¢ - = 0 (3.8) :::.‘_*_

: - RSN
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where the submatrices are given by

"“"’Pa,s_ iwBpg X —iwpV, -iwpl, - -iwgVk
A = 0 X igw-pX| Bg:| O 0 - 0
igwc,.s"*e’)(" -iwe,p.'! 0 iwpH, iwpH, "~ twpHg
C = H/RB Vn/Re"o
= Ha/RE Vo /RG'"O
L+ ;wt‘ O e O
tl
! + lw'cz
2 = (4] N .‘cz . :0
; : | + iwTqa
O e —————
0 T

In general, a complex-valued biquadratic equation for ('x/k\is
obtained [9]). This may be written in terms of dimensionless parameters
as follows:

4
(%)[ixim(:rx,a“;«» ] +
F)re e rxccrny- 5 egf)« wg)]
+ vl - =L (ey)]

Y (3.9)
where
-Q.. = Tew (Reaction frequency number)
and
a’! = Cﬂ! / C.v'! (Ratio of specific heats)
Also,
R A H‘
CG=14+3 & AC, = T e
o L F 0T, S R6, ~E
o .
B +y Al o L HVeT
e |+ i0Te ' or “'PQRG:
R v
Bl= 145 Abe AB,, = LT ;
’ S, VW, Lad v RO, N
'/1 *QY‘ :
Vr - (ss Mtrv" s
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o For the cases of 1) a single component non-reacting fluid and 2) a , ‘5.:.:.;:
f: fluid mixture with a single elementary reaction, the algebraic 4'?%
i equations correspond to the results of Truesdell [2] and Mazo [12], _
respectively. In the case of a non-diffusive, non-reacting system :
; (8;" 1, C:-'l,B:'-l)the classical Kirchhoff-Langevin equation (2.18) .
j is obtained. The propagation constant X can be determined by solving ?i
) the complex algebraic equation numerically. Two of the four values of
ﬁ( are unphysical (negative values of & ) and the other two correspond
f to type 1 and type II waves respectively. The type I waves are chosen
Q to correspond to the classical theories. The type II waves are found
{ to have very large attenuation and have not been observed
y experimentally.
o
'ﬁ 3.7 Approximations and Calculated Results
:$ The calculation of‘?( from the general biquadratic equation is
" algebraically complicated and it is not apparent that the viscous heat
.Y conduction and reaction effects can be separated. We should note that i,;*
}ﬁ for a nonconducting fluid‘ke ='V§ = 0 , the biquadratic equation reduces ;i?
3 to the quadratic equation ;_;
xV _ LGB -5 (B) ] &
2 (t.) Co + iv X [ G'B - = (ByY] T
". or |
& - (_’&f . alas - 5 e {1 - B =T @y
2 . C, C,
.‘;:

From the above equation it is seen that the viscous contribution to the
_ absorption and dispersion is linearly additive to the reactive
contribution only for w‘L‘,»l. Other approximations and power series

;: expansions have been considered; in particular, those needed to obtain
'51 the approximate formula typically used to interpret experimental

;f measurements. Simple and direct relationships are sought for fitting
$ data from experimental measurements as shown in Table 3.1.

:: The assumptions needed to obtain these simple formulae from the
;§ exact biquadratic solution are: 1) an ideal solution, 2) viscous,

> thermal and diffusive effects are negligible, 3) either a dilute

- solution or S, 0, 4)X<< k , and a reaction sequence

N orthonormalization. We wrote a computer program to calculate the

2. absorption and speed of sound by the "direct" method, which requires

' all the physical property data. For the single-reaction case, however,
o the approximate equation is precisely that obtained by others. For
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3 TABLE 3.1 ::.ﬁ
: Typical Formulas Used to Compute Chemical I.!eaction ' :’l
X Contribution to the Acoustic Absorption 3
\ E s

(Neglecting Viscothermal Effects)

) Single Reaction Case: EXAMPLES

N ah= TOEOT[h-(e/f MVszI; A=B

" Cy Re*[ 1.+(wt,_\"]

i Uncoupled Reaction Case:
> R 2 A=8

a2 2 TeaRlhebobiwlet
% (= RO [1+ (WT,) -~
< < [1+ 7
i.
- Multiple Coupled Independent Reaction Case:

R . z

ars > TWT [ue- (fpIv] 0T A ®
& P qRo* [1v T B c
7
e illustrative purposes, Fig. 3.1 shows the sound absorption in acetic
22 acid. The chemical system and sound absorption calculations were made
B

A assuming a monomer-dimer reaction (2AF Az (D) ) in equilibrium which
A
exhibits a single relaxation.

Figures 3.2 and 3.3 present calculations performed on a cobalt

::: polyphosphate (Co-PP) system where the ultrasonic absorption due to

;_ chemical reactions is considered analogous to Eigen's ion-pair

.:_ formation mechanism in simple electrolyte solutions [6]). Here the

: chemical model considers ion-pairs exhibiting three states of hydration

o that are in equilibrium relative to the two reaction sequence

::: A=BS=C . statea corresponds to the hydration shells of the

;:il polyion site and the counterion in contact without overlapping; state

- B consists of relatively unaffected counterions and partially
dehydrated polyion sites and state C consists of the hydration shells

" of both the counterions and the polyion sites being modified. It was

:;: assumed that the excess absorption due to the above described chemical

2 process can be separated from other effects by subtracting the
absorption using 'I‘MA* (tetramethyl-ammonium) as the counterion. We

remark that approximate calculations of M) minus W)

* differ from the exact by less than one percﬁnt which is wellfwithin

:-'j experimental error. The plot of «/ f‘z for a 0.068 N Co-PP is shown in

: Fig. 3.2 and the relative contributions to the ®\ or absorption per

‘. 241 -
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Figure 3.1: Graph of c(/fz and c/co versus frequency for

acetic acid (J. Lamb and J. M. M. Pinkerton, Proc. Roy. Soc.
Al99, 14, 1949).
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Figure 3.3: Absorption per wavelength versus frequency for

0.068N Cobalt-Polyphosphate Solution

‘ﬁ wavelength curve are shown in'Fig. 3.3. The relaxation frequencies are
the same as those for a 0.125 N solution (13) and provide quantitative
information about the reaction rates. The amplitude of the spectra for
the reactions, (O‘XM » and (d\)z, are interpreted as mainly volume
changes associated with the reactions.
f Calculations have also been performed for other chemical systems,
N each having two reaction steps, including aqueous solutions of glycine
and water-p-dioxane mixtures [13]. The calculated values using the

[
A

exact and approximate formulae for the multiple-reaction cases examined
were well within experimental error. However, it was shown that the

. .
RV NS

viscous term in the case of p-dioxane-water is not small compared to

the reactive terms over the entire range of frequencies. Therefore,
assuming that the viscous term can be decoupled from the kinetics by a
linear subtraction is not necessarily valid and must be explicitly
justified. From the calculations it is not possible to determine if
the difference between the exact and the approximate values is due to
the viscous approximation or the chemical approximation. Because the
criteria for the chemical approximation are satisfied and the error
decreases at high frequencies where the viscous term dominates, we

LN

e

LS N

attribute the difference to the nonlinear viscous contribution at low
frequencies. Purthermore, the exact and approximate calculation and
interpretation of sound absorption spectra for quantifying
thermodynamic parameters (e.g., heat or volumetric changes) associated
with the reactions may differ. 1In general, the exact results depend
upon M, the transformation used to diagonalize the kinetics equations.
The chemical systems previously studied indicate that the approximate \ﬁt:
formula provides estimates for the first reaction parameters which t?ﬁ
closely agree with those derived from the exact calculation. However, N«
the second reaction (heat or volume change) calculation is affected by . lﬁj

YA

SRSAA

"ol

&
N
-

» ( -
(3N

243 R
e e A T i e T e o ./\: TRT IR :.;_.‘:’.‘:_.;..\-_..:'.;_. -‘\:.."- o, .‘““-_" AT TR ;.'_\_;.\' \}\ “\‘.\..\:.“
X h o *e Ny Yoy} z N2 -3 Y.




the transformation used even in dilute cases where the chemical

relaxation times are well separated.

3.8 Dependent Reactions

A general reaction scheme may be composed of r-coupled reaction
steps containing dependent reactions. As a consequence, the total
collection of reaction sequences may be completely represented by a
subset (say R) of independent reactions that span the reaction space.
Chemical mixtures with dependent reactions have been considered in the
acoustic theory for a classical Newtonian viscothermal fluid. There
the reaction sequences were rewritten according to a procedure similar
to Heilman [14]). Let

k ®
> .G =22 B, SG - re i

k
o=z wz4 =

ok

Byp is a matrix of dimension (rxR) whose first rows are identical with
the identity matrix and S;: is the matrix of dimension (Rxk)
consisting of the first R rows of 55;; {({i.e., the chosen independent
set of reactions).

Let's consider a simple example of a dependent reaction, a
triangular reaction scheme,

=3

where Rank (E:L) = 2. If we choose the first two reactions (or rows

t 4
in the stoichiometric matrix) to be independent, calling them s;;
(P: L2, &= 1,3)

0
¥ X -1 ! 0
Sew = By S = ! (o -1 l)
-1

Now the acoustics theory must be appropriately modified by transforming
the various thermodynamic and kinetic parameters

o
E}’i ki
Bri \j

% T
B Q. v i R (3.10)




A‘-l;\l.l\‘v
where nonideal terms are neglected. For our triangular reaction * ,f
* AN
sxamples Lot L sl
* X X8 Xs
d”, = Me ' ' ' ’ ‘“‘-.‘
T — + =B T
<3 - -
NG
£ !"-"\E’;i
e ! ! 1 ] : EAh
ol s
J ! L=t giﬁ:ﬁ A
= - xe + : <t LT,
I = M} TRORIRIE B
L ! . ] + { 3«
- R R 3
)§ Xe : XN % f;"_;
e
""!':'l. !
According to (3.10), this equals bbrhy
> O
{ 0 -l_ + _l_ A i " 5 o &
4 f' e { o] -1 i vlygs
o ‘ - f [, o0 (,
M, =\ ' 1 0 \ | | B
v =t e C b Esd
-t -l Xa xg X 2

Also, it can be shown that the eigenvalues (or reciprocal relaxation
times) are computed from x: .

R

g o= RALR, g

That is, the matrix square root in the example becomes

; ) n.fs.
a T Fe -
‘ where PM. = Bn Sg B!-u G,
’

T +e Va ,.** A

- te s
t For E.-v- o , P‘., - [Ls‘) 9! “hl

A

3 0 (s,
and the two independent reaction case is obtained (e.g.,A#B and
B=0C).

In general, for the dependent reaction case one obtains a
biquadratic equation for'x similar to the independent reaction case;
however, the thermodynamic quantities and coefficients are redefined

(91].
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4. Binary Mixture of Newtonian Fluids with a Generalized
Fick's Law of Diffusion

Do I K S

v e
ey

4.1 Continuum Balance Equations and Constitutive Relations

(72
u«

The classical problem of the propagation of forced acoustic waves
N in a binary mixture of nonreactive fluids, particularly monatomic

373

gases, has been previously examined in considerable detail using

R hydrodynamic (15-17) and kinetic theories [18-20]. Here, the

X hydrodynamic approach will be presented using appropriate constitutive
?‘ equations including a generalized form of Fick's law of diffusion [21]
‘E to obtain a set of linear partial differential equations from the

{’ balance postulates. The constitutive equations are deduced from a

N thermodynamic theory that uses the entropy inequality and also certain
f: invariance principles [22]. Specifically, for a mixture of two

'3 constituents (nonreacting) A and B for the heat flux (Fourier's law)

o Zi = —*0 e,i ’*pui (4.1)

k for the caloric equation of state

3 a

-:.; €= &(6,4,w) (4.2)
ke for the inner part of the total stress tensor;

Sy=-PS+2ndy+ quD;} +[ (k-3 2 dyy + (Kp-3% %) D“] S5

g l‘l

'-
b« for the symmetric diffusive tensor (4.3)
¥ A .. T, T A JE PR T 2 ¢
. Ty =-P $ig + 20, dy + 2'1,0:w[('<.-'s‘1.)d“+ (Kp- ;VD)D”] S
. (4.4)
s and for a generalized Fick's law
'S
. . DweMa . | -Das [ [KrMaMe A G feMa],.
u, + T W = Cs C a2 ¥ t 6y

: caCe pia A Ce oM ¥ pia
", a T 3
+ [ £ .+ "+ : +
¢ T RS IR - O e
:: DA‘ [(Kf"}-q) 4 (Kr—eq D"o (4.5) .‘..

3 0 ' D o
P (waca)pha i >~ 37 ) Dt £
" . N
Ca <+ T o, e < ce v . 2 N
v 2y dijg + 2y Digy v p ALy &
"1»“, .
] The coefficients of the constitutive relations were arranged to be :
- consistent with the classical results of irreversible thermodynamics \f‘g
% [6,7) and the results obtained by Goldman and Sirovich [23]. pp, Kp, ;‘:\
- ‘ -
" V).t’ Kf’ n; : |<: and }.Lt are diffusive shear and bulk bl
;: viscosity parameters that define the material.
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In terms of the variables{O,‘P,w"; , the generalized form of
Fick's law (4.5) can be written as:

Das Ma w = .ﬂ&x.--’ﬁe"*f,;-mﬁi"'

T e Pha YaXg P WaCapia *a ke b
Das Ma (hi-byi) + Das

T T
@ <8 pls P Concally {Kagi+ s +
2 {diji> + 2y <Py>,y * ,Utﬂig.,'} (4.6)

where the brackets <> refer to the traceless part of the tensor. On
the right hand side, the terms correspond to diffusive transport by a
concentration gradient, the pressure-diffusive effect, the
thermal-diffusive or Soret effect, diffusive effect due to a difference
in body forces, and a diffusive-viscous drag. In addition, an inertial
term appears on the left hand side, and has the satisfying effect of
changing the parabolic diffusion equation to a hyperbolic form hence
making propagating diffusion waves travel with finite speed.

4.2 Linearized Equations for a Binary Nonreactive Fluid

\'
A
‘
\
A
.

The linearized balance equations for mass, composition of

component A, linear momentum, and energy, as well as Fick's law are
given by:

a(?' + PV&.,h = 0 (4.7)

3
dw, + WaCpUyy= 0 (4.8)

Py, = - [(4p)6; + (3#)p; (a“‘;),.;,j] CAEIRT Y

+ <KD+§%)¢M}

(4.9)
pc, 36 - E%C') Xe + P 5,‘;(:: oh = Ag B + 4k uks
(4.10)
g “i%';‘:?‘atu; = -%'; {['i—'»%‘? ¥ Fuiﬁ‘m 16,
(8216 o[ B2 Ta]

T, 4,Cy 4 T o
f(D::C.Y' R [( K. +3" )Vg,k" + (Ko + ‘.:.qg)u"“i] ,(4.11)
ah

where the thermodiffusion coefficient.kp is given by
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k.b
where

A =€+ pv =1(9,+,wA)

is the specific enthalpy and all coefficients; e.g., €p, Cv, Lg,---
are evaluated at equilibrium {9.’ ?’, w:} .

4.3 Exact Solution - Sixth Order Polynomial for X

Forced plane waves propagating in the x-direction are assumed to
be admitted by (4.7-4.11) where I= ] + I‘exp(%xtiwt) for 1= {9,1’:

Wy ,V, u} . These equations obtain
) iwp" + X = 0 (4.12)
: iwa, + wacgXut = 0 (4.13)
3 2 . 2 2 .
; ipwy’ + L‘;E"'xe, + SAg E%E“Xah,
- (K 32) XN - (Ko* ) Xt = (414
. e Cp—C . Y . £ 'S
': ipc,wg + —L‘# gt + w g—f—,‘a;,
‘ _Ae,x‘ze: _ /‘(D’KU: = 0 (4.15)
1 - Dag Ma . Dae { 1 o p..c. Q, o
¢ Dag Ma . o +
2 u. * UAC.I“:A wu° + UACQ [ ]Xeo
e...c.‘ T o -
: *Lalze [‘*%76:“]*%3
3 _ Dae .
b P(“ C’)/‘T [ (K' ;'If) ’X"v. +
4 (G*+3B)Xu] = 0 (1.16)
(A

Therefore, for nontrivial solutions detc I"]-- O,Where
| ]

' [:::r;;:r:szq'zr;tzr;“:r;‘:O)

‘. = iw, = g%, = i@, G = waCp X,
= 2 = 2 - k)
> fa, £efeX [;;- =X, r;‘s = P X » :
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[, = ipe - (Ke+ )X, Ts = = (Ko+ ¥375)%°
DAB [ KT MB + ‘E‘” C.z(SQ ]X .
W oncel Tom 28

[|+£:—c'.:]7(

Das Bo & ~. = Das
Wals [_T’ ¥ ,uh] s WatCe

+J
~n
n

- Das T, ¢ n° 2
- (M. + "")o X
e = T lomcer i ¥ )7
Das ) T T 2
s ® r(wACs)‘/AL\[WrcAC" (KD*'S;"?D)X ] ’
[;l = irc,oo~/ke’x,z , r;z : - (CP-Cv)iu /(39 ,
.2t
5 = om0 s T = ey X,

Also, note the thermodynamic relations,

-az_ B’é ( C' - C-) ‘Sw

DQA m “-‘9
and 2 A
-\ = e pe S / Ce

Now, a sixth-order polynomial is obtained for the complex propagation
coefficient ’X_ which is analogous to the Kirchhoff-Langevin biquadratic
equation for a single component.

'x_"[o(,w‘-a- iol,w-c-o(,] + x‘[i(s,w"r (S,w‘+ I(’,m]

P Lt + et s Bl d [ e St 0

where (4.17)
Das ‘O T T T T uE
oy = o= [+ 4 ) (RS 4 M8 ) - (K ) (KT 3 0) ]
'] )‘L(‘d‘c‘)" (] 5".)( D ‘7D) D va)( ° 5".) ) .,1 .
4 v ) :_".:,'.
y (K + 'J"h.)
C. (] [ L3 ‘ T ‘ ] R (A K
S + & -
« = koDu { T L3k 30T Geance 23
& 2 = =
~ (K4 Y3n,) (1 + —2"‘(/“, ) } ,
AL
-p 2 ke Dap
u. = y b
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3 B ° - {"'{e[‘a% (K+51) + C K» ~37 )] E
)
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; /‘ »(“-’ACJ‘ &,-"fuf
T T oy
b v o[ Gt ) CKTv 407y - (K 1) U5+ 1) B
8 ——r 2L Ve
" Y Ly
y pL < Ma g
' Ao Duop ( 1+ Lo 2%y (egn)[ ket B
e YAD J'}‘f ¥, & + N x
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3 Das o ( KeMe . & EOF”) ] pras s (ot o
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Equation (4.17) includes terms that arise from the generalized form of P

Fick's law. The dashed-underscored terms are due to the

viscous-diffusive terms and the solid-underscored terms arise from the
inertial-diffusive term.
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Explicit results obtained by solving the complex sixth-order A %}é

polynomial (4.17) cannot be interpreted in a simple manner. However, a q<J

low frequency expansion does obtain relatively simple representations. ;P?ﬁ
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F;A + C' MZ (4.18)

and

L 2
Coo = 4+ 2 [Z,YzCT"—‘a*(z-i,-lfq
C
2 :
- 22 _CE'_+ ch.)] (4.19)

Therefore, the results are similar to those obtained by Kirchhoff
for the Newtonian single component fluid, viz., the sound propagation
is nondispersive and the absorption is proportional to the square of
the frequency and depends on viscous, thermal and diffusive effects.

For the special case of a mixture of perfect gases, (4.18) becomes

f? c?

which is precisely the result obtained by Kohler [15] and Goldman [17].

o 1_1T=-[ K, + %), + (¥=1) ke Mg -Ma + Ky (¥-1) \z]

=2
£ ¥ Pcy DasXaxy ¥ ( Mo XA Xp ¥

Kohler, however, used the classical form for Fick's law, which does not
include the inertial-diffusive term nor the viscous~diffusive terms.

Therefore, at low frequencies, these latter effects are negligible.

4.5 Calculated Results

Numerical computations of the roots of (4.17) were obtained for
gaseous mixtures of helium and argon with compositions that
corresponded to the experiments of Prangsma, Jonkman and Beenakker
[24). The fluids were considered to be ideal gases, and the
viscometric coefficients that appear in the form of Fick's law were
computed using the results of Goldman and Sirovich [23,25]. Their
relations were given in terms of 7d which are the forms that appear
in the constitutive equations for the individual stresses 55 It was
more convenient to use the total stress tensor and the symmetrlc
diffusive stress tensorf“bs'c 5 The viscometric coefficients are
related by:

% = ')AA'* Y)Aa+ Y)BA + ‘735 )

T = c5<7~\+7BA) - CA(‘?AB * ”?sa) ,
\7;' = 2 {_*'IM ce — CuCs (’h‘; + '7».) + Mes a S
and ‘7-5 = 2 { Ca (YIM 7AB§ Ca <VBA * WBB)2$
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All the bulk viscosity coefficients, viz., Ko , Kp K: and l(: were
assumed to be identically zero, consistent with the kinetic theory.
Although the Maxwell model (inverse fifth-power law) is known to be
less suitable than other models, such as the Lennard-Jones 6-12 model,
it is not considered that the numerical values will be substantially
different so as to alter the results appreciably.

3 T T T TrTrT
=
NS
At
-~
L \\\ N
a/k S
0_ \\\\\
~ -~
LI e S A R L | L e B S R R | T T TTITY TR ~
10} S ~ _
s ~ ~ 3
- o ~ \
1] od F ~
s 1 s S~ \\
5 - Y
[ J o \\\ \ <4
cic, | P I
// o' >
10 31
10} - P e ]
- Pl / 3 ]
< - 3
[ pu ]
[ l:l - 1
il 7 1
o rd -1
r” // 1 I
-
el el L2 1318 r ol 24 s aaal I WU
10 w’ 0*® 0" w* 1 1% "
wlsec)’ wisec’

Fig. 4.la Plot of dispersion versus frequency for a helium-argon mixture

Fig. 4.1b Plot of absorption &/k. versus frequency @ for a helium-argon
mixture (xAR =0.10,p=1atm, €Q = 293.16°K). Data points @ from
Prangsma, Jonkman and Beenakker [24]; - Theory of Goldman [17]

Calculated curves for the absorption and dispersion for all three
wave types are shown in Figs. (4.1-4.3) for ¥X,q =0.1, 0.5 and 0.75.
For some of the experiments, the agreement with the theoretical values
for the type-I wave is remarkable. However, it is apparent that
type-I1 and type-III waves must be considered in the high-frequency
range. The results of Goldman's two-fluid theory for the type-I wave
are also shown in these figures. These results are similar; the
differences are probably due to the different choice of values of the
physical properties of the helium-argon mixture and the more general
form for the energy equation.

The absorption data of Greenspan (26,27]) for argon, helium,
krypton, xenon and neon which are pure gases are shown in Fig. 4.4,
where u/*. is plotted versus X, .

All the data obtained at f = 11MHz differ from the results
obtained with the Navier-Stokes theory for X.,, 0.1, except the helium
data obtained at f = 1MHz. The |l MHz data were confirmed by Meyer and
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Fig. 4.3b Plot of dispersion versus frequency for a helium-argon mixture
(x4 = 0.75, p = 1 atm, 6, = 293.16°K).
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5 Sessler [28]) for argon. The theoretical curve for the type-II wave 1s
[
"\ also shown in Fig. 4.4. At low frequencies, the attenuation is pty
¥ . |
K relatively large and the type-II wave is probably not detectable for g%ﬁh
| X £ 10,
On the basis of Greenspan's measurements for pure gases, the range Qaii
% of applicabililty of the hydrodynamical theory to the prediction of =;§3:;
“ absorption and dispersion of sound in gases is rather limited. At 5;5
¥ Py,
' Xn=x 0.1 , there is an apparent deviation of the data from the
theoretical curve, i.e., the deviation is greater than the experimental
y scatter. Therefore, the theory appears to be valid only for Xn$ 0.1 ,
. for which the absorption is given by the Kirchhoff relation (4.18) and ]
the sound velocity is non-dispersive. :
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. Fig. 4.4 Absorption of sound in pure gases plotted Fig. 4.5 Plot of absorption
(. as a/kg versus the viscous number Xy. Data of Green- u/ko versus frequency w for
" span: Q0 argon, { krypton, O neon, A xenon, O helium, a helium-argon mixture

11MHz, @ helium IMHz. The sclid lines are the results (xpagr=0.999, p=1 atm,
~ of the hydrodynamical theory. Op = 293,16°K).
-
j On the other hand, there is the possibility that the discrepancy -
- . ;;'
, between the experimental work of Greenspan and the results of the
_ hydrodynamical theory was affected by impurities in the gases. To
: provide some perspective on this possibility, calculations for a
¢

mixture of argon and helium ( Xaq= O.QQQ) were made and shown in Figq.
4.5. The type-1 and type-II waves are essentially the same as the
type-1I and type-1I waves of pure argon. However, the type-II1 wave can

—a AL

*

occur, and in the range of the measurements it has a lower attenuation

S than the type-I wave which apparently dominates the measurements. The
e wave speed of this type-III wave is about ten times faster than the

a type-1I wave. It should be remarked that other kinds of impurities can
o 254
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information.

5. Viscoelastic Fluids

There is a large class of fluids that do not satisfy the linearly
viscous constitutive equation (Newton's law) for the stress tensor.
Examples are synthetic polymer melts and solutions, biopolymers,
emulsions and other multiphase fluids. During the last two decades,
there has been considerable work done by fluid mechanicians to

understand some of the flow phenomena exhibited by non-Newtonian
materials. The particular problem of determining the characteristics

:: of the propagation of infinitesimal acoustic waves through viscoelastic
3 media is considered here in order to better understand non-Newtonian
* effects on the mechanics of fluid motions, and also because it provides
. a method for determining some viscometric parameters of non-Newtonian 7 3
5: fluids that are not otherwise accessible. . ;r
ti}i
b 5.1 Viscoelastic Constitutive Equation :ﬁ i'
| A number of constitutive equations have been proposed to represent \‘
-i the stress tensor in terms of the motion of the fluid. These forms ;3%?E
{5 were developed phenomenologically by using hydrodynamical and/or ?:ﬁﬂ?
:: molecular models, or by using the methods of continuum mechanics. A ;':jﬁi
¥ constitutive relation for the stress tensor that has been shown to f-?ég
‘. represent a large class of nonlinear fluids was developed for the model : ;?¢‘
- of a simple fluid [29] for which PR
L o )
o s(O) = S [cEy, p () ] (5.1) e
iE = =Feo EE
- ke
The stress tensor associated with a fluid particle f at the time t ;\:
;Z depends on the entire history of the relative right Cauchy-Green tensor Z‘izg
v C:("'\, where past time oet-T (@<TS$A) | fThe tensor f:’.: .
='__C§("\!f‘(r\f:zé, where FLl#d is the relative deformation gradient. t‘z
20 The model of a simple fluid accounts for the memory and also the local :“‘"':
’$ deformation of the material by the functional dependence of the stress ﬁé;:
;‘E tensor on the entire history of a measure of the local deformation o
~ gradient. To obtain explicit analytical forms for the functional
A §‘[°] and to satisfy the intuitive belief that recent events (small
: 6 ) influence the stress tensor (associated with ® ) more than those
';S occurring in the distant past, the concept of "material fading memory"
=t was introduced. This in turn brings in the idea of a relaxation time.

L] s,
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Non-Newtonian fluids that have a long memory have a large

viscous-relaxation time. C
Using the mathematical representation for “fading memory"” and the ‘

isotropy condition fgor a fluid, Coleman and Noll (30] obtained:

5, (@)= {-ylgwl+ 54>(y,f) 3E 3T 4 (¢, 4 d- Y&y
- ¥ (5.2
+ zi ¢ (o ) 31‘ 91 d..(8 tDNd0 )
which is the finite first-order linear form for a viscoelastic fluid

where S is the position of ® at past time T . This representation
corresponds to small displacements superposed on the rest state.

5.2 Sound Absorption and Dispersion Theory
Having developed a general constitutive equation for the stress
X tensor to represent viscoelastic fluids, the problem of sound wave
absorption and dispersion is considered. If this viscometric model is
adequate, analytic results are expected to describe the behavior of
. small-amplitude acoustic waves in a variety of viscoelastic fluids.

A For planar sound wave propagation, it is appropriate to
approximate (5.2) by the linear infinitesimal expression:

x %
£ k(;n\t\: 2 54)(1:—1"@ dul=NdT e S“‘-S $ @76 A“(;E;D AT (5.3)

We remark that this relation is exactly that obtained by the
phenomenological approach of using a superposition of "Maxwell
elements" to obtain an expression for a linear viscoelastic fluid [30].
Most other models for isotropic non-Newtonian materials can be
represented by (5.3) in the limit of small-displacement motions.

For sound propagation along the x-axis, only the xx component of
the extra-stress tensor is required, viz.,

£, 6 =j [4’“ Tie) + 2P, e\] }fbv‘("'*\ 4T (5.4)
kS

It should be noted that this continuum mechanics model is
essentially mechanical; it accounts for the temperature (the
thermodynamics) in the classical way. The quantities such as the
internal energy (&), the stress tensor (_§_), etc., are assumed to
depend on the present value of the temperature only, and not on its
entire history.

The linearized equations of change (2.11), (2.12) and (2.13) and
the equation of state are applicable to this problem, and together with

(5.4) form a deterministic system for the four unknowns f", V&, e,

.'."- \ -
- -
-.’.,A! \-1‘x-|.‘x.,



and 1:;. Damped wave solutions, given by (2.16), are then assumed for
the acoustic variables.

The expression for 1:; becomes
-4

= 2N exp (zx) j [#&-t;g\ +z.'4’(k-1';f\] erp (lwD 4T  (5.5)
&

It is convenient to define the Fourier transforms of the
shear-relaxation and compressional-relaxation functions as "complex

‘-
-

\K

shear and second-coefficient viscosities" respectively, viz.,

-0

TeHz | vV e 4o

~-®

M) = S $() Eiwcla- (5.6)

Also define the bulk compressional relaxation function by

K@ = $ () + % Y& (5.7)

and the "complex bulk viscosity" by

K'("’\t A*(“’\“’—;'].(“’\ = ﬁ(@'\é‘w o~ (5.8)
o

The complex-valued shear viscosity function ﬁ&?\has been experimentally
determined for a variety of materials [31]. Also there are a number of
theoretical models to predict values of the function [32]. These
studies will be discussed briefly in a later section. We also remark
that there are other representations for the "viscosities” that have
physical interpretations, specifically the relaxation spectra defined

by: @
,,(,\,f.”f\;\ S U </><r)ar‘-_f\*’_e:”" dA
and

.Q

K@ = [ ‘i('\'\_‘c"/" d A
“e (5.9)

P
.

&
PN

The functions H(AY, LUV and K(A) are the shear-relaxation, the
second-coefficient-relaxation and the bulk-relaxation spectra
O respectively. These forms are obtained in a natural way by extending
‘i the concept of a Maxwell viscoelastic fluid having a single relaxation
f time to the concept of a material having a continuous distribution of
- relaxation times, such that
» HEYdT = contribution to total viscosity for
;ﬁ Maxwell elements with times between
/ T and T +dT
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:} Further, "molecular" theories for dilute polymer solutions obtain the
$f shear relaxation spectrum directly in terms of "molecular" parameters
d [33-35].
Now the acoustic stress tensor can be written in a form similar to
ﬁ the Newtonian case, )
) (5.10
y LSRN -
$ 1;‘ : @ WYLV
.\.'
+ where the acoustic viscoelastic complex viscosity is defined by
B = P -1 (6 = 4 WD (5.11)
d 3
-d 0
i pres = i l%d)(rn &(r\] e do (5.12)
or -
R« «® ke
2 ne) « KN :
N (;'(..,\ - 3 dA (5.13) t
- 1+ wA :
s
B Note that in the limit of W-=o, !
i |
v 4. = - -4 0 ' :
@ @) ~ | © + K = Y ']Qﬁ)» K (o) ,
- 4 - = 4 < d d
= ‘g'{. Ke & -s lP(o-\ o + K ao
r'y [
“: - E?’ ‘( 5.14 )
s. ©
'% which is the acoustic viscosity for a Newtonian fluid. This is
ks consistent with the intuitive belief and also the experimental
~ observations that all isotropic non-Newtonian fluids act Newtonian
‘ji (linear) for small deformations.
i: The linearized acoustics balance equations for mass, linear
:‘ momentum and energy applied to a viscoelastic fluid having classical
, thermodynamic response obtain the same expressions as those for a
% Newtonian fluid except that the acoustic viscosity is replaced by
:Q the frequency-dependent acoustic viscosity YOR

For a linear viscoelastic fluid, the problem of establishing
measures of the absorption and dispersion of a forced, plane,
monochromatic sound wave propagating into an unbounded fluid otherwise
at rest as a function of the physical and thermodynamical properties of
the fluid and the frequency of the sound is posed as finding the
> function:

s F[“’\f“\ D q, e (5.,‘9] (5.15)

where <e> represents those rheological properties of the viscoelastic

3
alave, v,

,} fluid that are relevant to the acoustics problem. The two relaxation
- functions P (X) and $(R), or equivalent functions such as the relaxation -
NS D BIRDY R A S s T R D A R N TR L L TR N
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‘ spectra H(A) and L(A) must be specified. Here we consider the
second-viscosity relaxation spectrum L(A) explicitly rather than the
bulk viscosity relaxation spectrum K(A) since it appears in the theory
as an independent coefficient, whereas K(\) is defined as the
combination L) &-'g H(Q\) . We do remark that the bulk viscosity is
often convenient to use. Recall that K,=© for monatomic gases at low

pressure (the "dilute" range). There is no loss of generality for
either choice.

The relaxation spectra appear to be more convenient to represent
the viscometric properties of viscoelastic fluids because there are
*molecular/hydrodynamical" theories for polymer solutions that obtain
these quantities in terms of molecular parameters explicitly. Using
the spectral representation, the rheological properties <+> that are
relevant to the acoustic problem may be represented by:

= <'t.‘f.‘t,,...‘,m.,m“... ) '\o ,T.‘f”...', 17\.,3,_,...> (5.16)

The { } and { X are sets of characteristics times, and f“‘S
Lmi are sets of dimensionless constants that represent the shear and
. compressional relaxation spectra respectively. Several "molecular"
) models for viscoelastic fluids [32] obtain finite sets of values. 1In
general HN) and LA} are continuous functions, and it is necessary
X to specify an analytic representation and the parameters that appear in
the function. However, these parameters can be described by (5.16).
Some examples of discrete and continuous spectral representations are
given in Table 5.1.

N By using convenient dimensionless parameters, the characteristic LKA
f: equation can be rewritten as: fl"
. E '\',A‘.
4 : * - -
(h. + [,, X(@+¥Y) +(1e PX\] (E’\) - XY[k(L*UPX- B’X] = o g "&"‘\'
x % o
: (5.17) ‘(-_Q:
where X is the frequency number, Y is the thermo-viscous number and P =;=Q}
is the non-Newtonian viscosity number. These quantities are defined 5, 3§{
more completely in Table 5.2. ? ‘a
The problem is then reformulated as finding the function:
< X = T
¥ ¢(x,lv, v T, T, ...,

MMy, .. /71.,&\‘“...] ) (5.18)

where the inner brackets [*] represent the physical and thermodynamical
properties of the fluid. The space needed to represent the physical
properties of a Newtonian fluid is the ¢V Y. plane; however, a
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TABLE 5.2
Dimensionless Groups for a Linear Viscoelastic Fluid

Symbol
Parameter >
General Fluid Newtonian Fluid
Non-Newtonian Viscosity 's @' ' = 1
Parameter 1 P s/P° P
Non-Newtonian Viscosity ' = P"/P" P"=0
Parameter 2
v L 3
Frequency Number X= Pw/(gc: X=X, = (3. w/Fc.
. _ ' o v v
Thermoviscous Number Y= k./(Sc? /P Y=Y, = k./'z.v,‘c’.
Non-Newtonian Viscosity w/, e
Number P= P"/P"‘- P/p P= o
Viscosity Number Y= (3' /'lr v- ‘%= P./-z.
st s Relaxation Time = 2
ress Relax 1;==1; ) S, f; T = o
Compressional Relaxation = =
Time 'I: r‘ [ Q/Pg - " o
- o
‘. Juum»u»] ax . wn | wrlnOdi] gy
ﬂ" J [ ) F’_ 14wt
[ ]
= £1@s K s f'= A s ¥

k)= LOY + -’; N0 )]

multi-dimensional space (P-space, P>2) is necessary for a general
fluid. The dimensions of this space depend on the number of parameters
used to specify the compressional and shear relaxation spectra. It is
clear that for practical purposes, the space should be a minimum,
consistent with adequate correlation of experimental data. Currently,
there are few molecular or phenomenological theories available for

which it is possible to relate the relaxation functions to physical or

molecular properties of the fluid. Consequently, the present methods Ly;
of choosing a relaxation spectrum are empirical or phenomenological, 1
and are tempered with the desire to retain mathematical simplicity. S0
There is, however, a considerable literature for stress relaxation : f:{::?.:
functions for solutions of large molecular weight polymers in otherwise ‘ Z‘\-:EE
Newtonian solvents [31]. N
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For a fluid which may be represented by a single relaxation time
for compressional relaxation, and a single relaxation time for shear
relaxation, (5.18) becomes:

(23 = G[x.ﬁx,v.‘v_\'r.i‘.)] (5.19)

If the relaxation times are the same, then T.:'[; and ‘V. does not
appear explicitly in the equations, hence

2\e e [xe, <, o]
R,

and the physical property space is 3-dimensional. If the relaxation
time is zero, then T.=© and (5.20) is the same form as the Newtonian

o case.
hg The calculation procedure for the biquadratic characteristic

kﬁ equation is straight-forward, once forms for the compressiocnal and

ii shear relaxation spectra are specified.

N Similar to the Newtonian case, there are two possibic

}2 wave-solutions (Type I and Type II) for viscoelastic fluids.

E: Generally, the Type I wave is considered to be that observed in

& experiments since the absorption of the Type 11 wave is much greater,
.. hence those waves would be expected to decay very rapidly. There is
Q very little information available about Type II waves in the

E; literature. Our main effort is concentrated on the Type I waves.

5.3 Power Series Expansions

Power series expansion for the measures of absorption and

”
LR

PRI

dispersion may be established in terms of the variable X. This is a

v
‘.

convenient representation having results comparable with current

-
s‘.j- .
et

theories. For the low-frequency range, we find:

AP ¢

(%‘: %[L s(0Y] X+ o) " (5.21)
o
N and
_ 3 2 4
 r ne Lo X a8 + 3 «w(E-0 Y, 2 @-OEE N O X
‘- 2

3

2 (5.22)
v where

WY
-~

A[zH(,\v’e\ + L(/\;c\] d A (5.23)
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N l,x >

[14- (¥-\) Yu] _ev'_g:’_\_ + O[Xs] (5.24) ‘,_
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(_%_)= (%{\ 34_1/; _@L%wr\ (5.25)

Both n@®) and K'w) are monotonic non-increasing func%}ons with n'ey=1,
. s
and ¥ (@) =K, and ‘(/,,'&% In the Newtonia: theiry, ('{i) is the
smallest possible value. Therefore, if (—it)‘ -z’-,_\ is experlmgntally
observed, a viscoelastic effect is indicated.
The quantity l(@u\ may be computed from absorption data by

e - 5 {6 /)] - %

and ¥(X) may be determined by inverting

K’(@:f KN 44
) L+ WX

It is of interest to write the form of the dispersion relation for
the limiting case where Y,& 1 . Now,

. (A
n= 1 4 _j_;_ xi[ﬁ(«o\] Qe+ + O[X“]

and note that

E‘.."i‘,[i:‘—ﬁ“il: f,\ AONdA = n(’a:/f’.é

There is a similar form for the compressional part, call it . Then
g = (zh+ M)

Therefore
z . 2
neote £ X [Q.L‘;f\]ﬁ (2 e M) +3 ]

which gives an estimate of the dispersion in a viscoelastic fluid for
"small" values of X.

In order to obtain some idea of the poussible results of this
theoretical approach, fluids represented by discrete relaxation spectra
and continuous relaxation spectra have been examined. It should be
stated that the representation of the spectrum for a real fluid by a
single relaxation time or several relaxation times is a simplistic
method used to characterize fluids. If there is a complete lack of
data for a substance, then this approach is often necessary.
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Discrete Relaxation Spectra

For a single relaxation time for shear, and a single relaxation
time for compression, the relaxation spectra are given by the analytic

forms

HOY= n ST o L= A, S(A-T)

2

The parameters which determine the absorption and dispersion measures

are given by the set

[Xu} (x\yu, ‘UN‘]: af)]

where the inner bracket represents the physical properties of the fluid
and X, is the frequency variable. Each fluid is then represented by a
peint in a 5-dimensional space. There is a special case whenT,-. T. '
or when the relaxation times for both the compressional and shear modes
are the same. Then 1& does not appear explicitly and the P-space
reduces to 3-dimensions.

If there are two relaxation times for shear and two different
relaxation times for compression, then the spectra are represented by:

RO = A" ST + 2 80-T)

and

LAY = X SOG-T) & A* SG-T

. > 1)\ (o )
The coefficients q? and 't are related to 'b  and X and A are
related to A, by the normalization relations given in Table 5.1.
Define m_ and xﬂ by

'tfp/'lo y My = ,\m/ o

M

m

Therefore

e S A N A

)
The measures of absorption and dispersion are therefore determined
by the parameters

[*. 5<%, %, %, T..T.. T T, m,")]

The P-space, whose coordinates are given by the inner brackets is
9-dimensional. For each additional pair of relaxation times, the
P-space is increased by four dimensions. The dimension (d) of the
space is given by d = 3 + 2(m+M) where m and M. are the number of
shear and compressional relaxation times respectively. It does not
seem desirable to consider more than two relaxation times since the
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number of adjustable constants would be sufficiently large to
adequately correlate any experimental data.

For the one-time model, the measures of absorption a%/k and
dispersion N were computed and are shown plotted in Figs. 5.1 and 5.2
respectively for various values of the parameters 1; and ﬁi . The
values of ¥ , Y. and U, were chosen to be 1.0, 3.0x10™%, and 2.34
respectively which are typical for a liquid. It is seen that the
absorption curve may have a single maximum, or a maximum and an
inflgfion point depending on the ratio of the characteristic times T.
and I, . Now, we comment that even with a simple 2-relaxation time
medel, it is possible to obtain results which represent many available
data. However, we must note that the theory neglected any changes in
the thermodynamical properties of the fluid caused by the passage of
the acoustic wave, other than those which occur through the usual
caloric equation of state. The molecular theorists have noted that
when a disturbance is applied to a gas which is in thermostatic

equilibrium, a finite time is required for the energy of the system to

from one equilibrium state to another, it is possible to consider the
fluid as a mixture of two or more substances with a reaction or
sequence of reactions occurring among them. Other relaxation theories

have been proposed, based on different models, and in general do not

- o
= X
:.“‘ o1
:_\
F-‘ 001
b 001 .01 1 1 10 100
E:} Figure 5.1: Graph of d&/k versus XN for a single-relaxation
[
E visccoelastic fluid
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Figure 5.2: Graph of Dispersion r versus XN for the one-time i

model. The numbers correspond to those of Fig. 5.1. ‘_(,:,
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account for the viscosity of the system, other than superposing the ;r’ ';’)

classical results.
Power-series expansions for the measures of absorption and LN

dispersion for the low-frequency range obtain E.:_*

NNy

ot)- X [1.+ -9 ‘/..] 2 i +Y-2 2 E ...0[)(5] R

— | an — Tt e re— N
( R 2 U° -+ XNT VRV o

and »
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Continuous Spectrum

P

The results for a continuous spectrum will be examined by

¥
&

considering the Gaussian model:

e o (- P

The limiting case of L,~o is the Dirac delta function Q,S(’\'T-_.\. The

o
B il
[

N
.) .' .L
SR AN

»
.

; factor § is a normalization constant and is fixed once T, and T, are E
:-:’, specified.

::: The Gaussian model contains two arbitrary times: T, and T,. If a

::: similar form is applicable for the compressional relaxation model, then

g two additional times are needed. Therefore, the dimensionless

~ parameters which govern the measures of absorption and dispersion are

E‘.’ given by

3 [Xi3 <o %% T, T, T, T | 5.27)
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h :
§ and each'fluid for this class is represented by a point in the

' 7-dimensional P-space whose coordinates are given by the bracketed
¥,

e terms in (5.27).

A physical interpretation can be ascribed to the viscosity spectra

I for the Gaussian case:

N

~

‘ g 2 (A' r:) t\

]

then H(&)a% = amount of viscosity in the range of

& values between $§ and $+d%.

-1 and the normalization is given by:

S pond -

'1.,=j R dX = j H($ As

, (-] ' [}

- Now

- o

- "N
- e = exp ((¥) 43

e

. -/t

X or

".: - i

) £ = o e er§ (T,IT)

J where

“u

P erf w=_2_ j' exp %) as

v )

)

N

- Now 12-5 &é { and also T./T = T./T,,

The Gaussian form for the relaxation spectrum does not obtain

e simple results for the absorption and dispersion. 1In general,
‘2 numerical computations are required. For the case [ =0, results can be

. obtained in terms of tabulated functions although the calculations are

™ not apparently reduced.

4 5.4 Comparison to Experimental Data

- Available experimental data for viscoelastic fluids are generally
N incomplete since absorption and dispersion measurements have not been
$; obtained over a sufficiently large range of frequencies. It is usually
? not possible to estimate the asymptotic limits at large or small

$" frequencies. Further, in order to use the theoretical results to

-3 obtain values for the frequency-dependent bulk viscosity and

'FE subsequently the compressional relaxation function, independent

fj information on the frequency-dependent shear viscosity is required.

;? There are very few cases for which both sets of data have been

N obtained.
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Silicone Oils

Barlow, Harrison and Lamb [36] have presented data on the response
to an oscillatory shear wave for various silicone oils. The
experiments covered an extensive range of frequencies and temperatures,
and both q&d\and rléﬁ were reported. An interesting feature of some
of these fluids is that the value of X. (modified thermoviscous
number, obtained from X, with ¥,s© ) is small enough so that the
power series expansions in X can be used. For the special case that
kK@W)z0 and nR=1

(%‘r) = (%) .E:]L‘:’) (5.28)

Values of X, (100 MHz) were calculated for several silicone oils of
different molecular weights. It was found that the simplified
expression (5.28) is only applicable for a limited range of materials
and temperatures.

Hunter and Derdul [37] have reported sound absorption data for
three of the silicone oils used by Barlow et al. [36] for shear
measurements, i.e., the 100, 350, and 1000 centistokes (cS) materials
for © = -10 , 10 and 30°. The absorption data are shown plotted in
Fig. 5.3. The authors report that the absorption data for the 1000 ¢S
silicone were about 10-15% higher than the 350 ¢S fluid. The
theoretical predictions for the silicone oils, obtained by using the
shear data of Barlow et al. [36] and assuming that K=o, are also
graphed in Fig. 5.3. The calculations for the 1000 ¢S material were
computed by the complete expressions. However, as described earlier,
provided that Xu4Ll , then (5.28) is valid. This relation is the same
as that used by Hunter and Derdul [37].

1 1 L 1
~ L8l
% 10 -
»
-~ 350 cs
£
NU
o 31 ..
g 10 100 ¢S
N
8
~N
)
2 1 L 1 1
10" 01 1 1 10 102 103

t (MHz)

Figure 5.3: Graph of the absorption coefficient versus frequency
for 100 ¢S and 350 cS Silicone 0il (DC 200 Series).
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The experimental data for the 100 cS and 350 cS fluids are : o
accurately determined by the theory, assuming that X, is negligible : i'i
small in the range of frequencies examined. Also, the values of the f;g
absorption computed by the exact formulae are somewhat larger (10-15%) 2
than for the 350cS material which is in agreement with the experimental ;ﬁéﬁ

. . »
measurements. LLE

Hunter and Derdul [37] also reported that the dispersion was
negligible for the range of frequencies investigated (30¢ § £ 350MHz)
which is in agreement with the theory.

It is concluded that for silicone oils the bulk viscosity K@) is
very small in the range of frequencies examined. Absorption
measurements at lower frequencies would be desirable.

5.4 Application to Solutions of Polymeric Materials

Provided that Xw%1, then the power series expansion for the
absorption measure is applicable and reduces to the rather simple f[orm:

CRERTI RN P AR T N

where
[ 4 (] L ]
¢ )= NED- js] : 4>'(w\-=[££ﬁ]
® -
e s K-k
The subscript § refers to the solvent, and K, and 'L refer to the
bulk and shear viscosity of the solution respectively, and

'1.‘.%.('\,-'\‘\/'1: and Ks, +(Xo%0) /Ky refer to the specific shear and bulk
viscosities respectively. For very dilute solutions,

Ne = "N (1' + [‘\]9’3
where [ ] is the intrinsic viscosity h} rl;::: (3.':;;'1) and ﬁ. is the

concentration (g of polymer/cm3 of solution). It is also convenient
to define an intrinsic bulk viscosity [K ], viz.,

(k12 Lim (K=K} = L K
¢7° \ &, 0y Pero

hence the specific bulk viscosity becomes:
Ky = K10

Adequate data are not available for this quantity in order to determine

its properties. Also, note that we must require K@#o for an intrinsic
bulk viscosity to be defined.

For very dilute solutions of polymeric materials, (5.29) may be
written
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The function ¢ (@) may be obtained by experimental methods or by use of

a molecular theory such as that proposed by Zimm [35]) or Rouse [34] for
monodisperse polymers. In Fig. 5.4, calculated from Zimm's theory, Qq@»
has been plotted versus frequency using molecular welght as a
parameter. In the limit of @=2© , both ¢(‘J\ and 4’@’\ are unity.
Now, define

+ () = Lien + (%) ; 4>QD)- Lim é>QQ\

WD w-200
| 1 L ] 1
10 4
8f ..
M=9x10°
P8 Me2x10% d
25x103

7'(W)-n
Mo~ s

Figure 5.4: Graph of ¢ (w)
versus w for polymer solutions of
various molecular weights calcu-

4 1 L ] N lated by the theory of Zimm.
0 2 4 6 8 10 12
log w (rad/sec)

4

Both the theories of Zimm and Rouse predict that 4i@=5= © , which
appears to be an unacceptable result since experimental data indicate
otherwise. Theoretical attempts [38] have been made to correct this
deficiency, and also to account for polydispersity of the polymer.

Unfortunately, the theories have been restricted to dilute solutions
where inter-molecular interactions or entanglements are unimportant.

Many of the reported data on sound absorption are for concentrated
solutions.
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Now for small enough @ , such that X<¢1, ¢(“"\~1' , and
¢;(~.))~1 » obtain

e (o ét)‘! ~ [+ [k}
(fﬁam$. rv _(&";}'%%)

For a particular polymer-solvent system it is generally possible to

write an expression of the form [39]:
~
td = A M,

where A and m are constants for a fixed temperature (0¢m $2).
Further [n}2o0 (typical values are of order unity) which states that
the shear viscosity of the solution is greater than the pure solvent.

At the present time, a discussion of the properties of the
intrinsic bulk viscosity is speculative since there is a complete lack
of theory and experiment on this subject. However, (5.30) does provide
a relation from whicﬁx[K]can be determined by experiments.

For large enough @ , where X, 41, (5.29) becomes:

(%) Y.y N VR XN O
t Y Y (% (},# %: %t}

In summary, (5.29) is the fundamental relation representing the

absorption coefficient as a function of frequency for polymer
solutions. If the solutions are dilute, the data that are needed to
compute the absorption of acoustic waves are: 1) the intrinsic
viscosity, 2) the concentration, 3) the molecular weight, or the
relation between intrinsic viscosity and molecular weight, 4)
experimental data, or a molecular theory, for 4%@?\ 5) the value of the
bulk viscosity of the solution, or the intrinsic bulk viscosity and 6)
the function 'stﬁ. In fact, sound absorption data will provide us
with a knowledge of 5) and 6). For concentrated solutions, there are
no guidelines currently available to estimate the absorption and
dispersion measures.

Equation (5.29) may also be written as:

as - 5 +C,

§* Ce

S, = (e;:)s { 2:0 ;&;3 k . S(w;m) and

o W 3
c. 3 —-_— ® T 7 = s Mw
(§ s iTM}%\ q } C.(0; M)

In the limit: w-ne, @'@W) -1 therefore

where

2n
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{ Now S, (o3 M) = S, @M &6

and € (wy M) > Ce M) Fo) 1

In the limit: &= large, but such that X,<«4i , obtain

R T AL )

» \ v
S+ () {00 B L () 1) 4 ' R
M L+ 3 K ) { .
‘: and v 3% ; il
Clmim))= (%) [ Ba &3y 13
{ | ) [ 132 A
: k) s A AR
: v . . RN
[+ Now it is accepted that 4’1(“\#0 from experimental observations and ALY
. the theoretical work of Peterlin [38], which predicts that f,'
[} o ' g "'L’
3 ¢ = M) +*o gosis
3 - R
: In fact, 4{: C@\ decreases as the molecular weight increases. ‘Q
) For solutions which cannot be considered as dilute: ‘&;"‘
¥ ol - [dg 3 ey
1 —_—) = (%) |1+ J) + ‘_‘.g ) B ule
: &) () [+ 3 OHCR AR E A O RO
\ N
. where the conduction term was neglected. However. if conduction is 'ﬁ
g non-negligible, then write -1 1 ;:
(i‘r\'— -d—:)ii.# 2 K’[L-&-"‘z (C-Hr‘-\-)] k NS
1 $ § e e ey
e Now, PN
X Y 3
¢ ' ) \, )
, & !
- ( H = sz [VL‘ é wWy+ 3 e Ksr 4)‘(“’)] '- ‘
: s
N R
The data which are available indicates that the sign of K,r can be X
N ¢ §
3 positive or negative, and the bulk viscosity of a solvent can be g :'-1'\
2 increased or decreased by the addition of a sélute.
¥ By
o . . . . . WA
':-: 6. Viscoelastic Fluids with Coupled Reactions L t:;-‘:
. SO
A A simple set of first-order acoustic equations for a reacting v g,
_ system with non-Newtonian viscosity may be written as g
S o,
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where damped plane wave solutions have been assumed. Here the
equations are similar to (3.3), (3.4), and (3.7) except for the
viscoelastic response model of Noll [29] now subsuming the Newtonian
viscous term previously used in the linear momentum equation and a
visco-reactive term being introduced. 1In general, a biquadratic
equation for the complex propagation variable X is found:

axt + ba* &+ < = o

v »
v
L

where

(A A

ke[ia-e"'i.w@t B{’] + a,
= kg WGy r g R GO By AB g L) b
-;_t::cosc.,‘, B, -1

Cl= [ 48 - SRCRN

¥

The visco-reactive contributions are

a 2 hb 0ﬂ3

4

. “ . «w
b, N c.'c.‘, +~w‘3. [« S Be

E, Mr:- R (% y*

R 3
v, T, T
&,’ELGMZ: EeMt Oy = L(:wZ—J—L__ER 4
= 1.+1«.>12‘f * P 14 lwTp

The characteristic equation for %« may be written in terms of
dimensionless groups of parameters including a frequency number X ,
thermoviscous number Y, a non-Newtonian viscosity number P, as well as
additional parameters due to the presence of reactions as follows:

af(_‘f_)* + b (.%Y +4 c =0

Sy '.{ .'-.Y:f'.'i’ '.\."-- —0'--_ L ." c. AR At
AR TP A Wl '] .

R t'".'t' - 1.'....-_: ":.::."-., * ! -,\-

2713

- f\q‘ ;.-,-- :; e )\‘_:.-_\.,-.‘:- e \‘ ~ *;.\'_\‘,




e e cad Mge Whyant ! veed s U A R Al de 3 D R W M A AR A Rt B AL B e AN R WK R AP AL B AN v P Rt wih B B M i e

@ s xy[i¢LePYx)- ¥x 8 ]

b EQ{C:' + LXXYB:’ + ¥X [.](.,;... p)}

¥
. <= k¥ [‘]
i
" [.] = [C° B - Y-t (Bu\'-]
. 4 A 4 ¥ [
’:: This characteristic equation represents a systematic generalization and
o unification of the acoustical classes of materials discussed in
2 sections 3.0 and 5.0. Both chemical and viscoelastic relaxations are
d explicitly accounted for. This proposed constitutive theory, however,
:3 remains to be derived from formal continuum thermodynamics and verified
:: by experiments.
M
7. Conclusions
:5 Acoustic wave propagation is directly dependent upon the
i; properties of the transmitting medium. 1In particular, measurements of
attenuation and dispersion of ultrasonic waves in liquids and gases
Y have provided useful estimates of material properties, assuming a set
i; of constitutive relations for the characteristic responses of the
)Q fluid. We have systematically examined and solved the viscothermal
A

Y, forced plane wave acoustic problem for a variety of acoustical classes
of materials, starting with the linearly viscous and Fourier
heat-conducting fluid case. Theoretical extensions have been presented
for acoustic wave propagation in: 1) a reacting fluid mixture in
equilibrium (without diffusion); 2) a binary diffusive mixture
(without reaction); 3) a general linearized compressible fluid with
memory, as mathematically modelled by Coleman and Noll; and finally 4)
the case of a viscoelastic fluid with simultaneous coupled chemical

‘.

2 A
L )

‘l ’l '.

L e

.

SN

reactions. ior all the cases examined, an exact general solution for
X (the complex propagation constant) was found. High (or low)
frequency expansions were developed to interpret the contributions of
the various phenomena separately. Calculations of sound absorption and
dispersion were made and comparisons to available experimental data
were discussed whenever possible.

t

e e,

e~ <

he All in all, the linear acoustic wave problem provides interesting
research results to measure several material properties complementing
other experimental approaches, to test constitutive theories, and to

@' provide a check on the consistency among quantitative estimates of
physico-chemical parameters which may have been independently measured.
e 274

-, N Sl S S
VAV AN

A B A R R SRS N




Moreover, the acoustic wave propagation problem provides a means to
introduce and teach valuable information about balance laws for single
and multicomponent mixtures of fluids and constitutive relations.

8. List of Symbols

A; Chemical affinity of jth reaction (M T
Coefficient of change of affinity of 4th reaction

. with degree-of-advancement variable [M mol'L ]
a, Activity of «th - component [1]
b: Components of external body-force vector per unit
2 mass (L' T |
B: Frequency-dependent isothermal coefficient of
expansion [1]
B‘: Frequency-dependent isobaric coefficient of
expansion [1]
<, \ C Reference and frequency-dependent speeds of sound
respectively [LT"‘]
ct,c.; Instantaneous and equilibrium heat capacities at
constant pressure [L' T ©]
c,‘c: Tnstantaneous and equilibrium heat capacities at
. constant volume (L' T ®]
‘ c, Mass fraction of constituentot. (1]
. C;’ Frequency-dependent heat capacity [1]
c® Frequency-dependent heat capacity for e¢th
- orthonormal reaction [1]
o C, Chemical constituent (1]
N d() Total or material derivative [T %)
- rE
d&i Rate of deformation tensor [T ]
? D""b Rate of diffusion tensor [T ]
I., DA‘ Binary diffusion coefficient
ol [ Frequency of sound wave [T"%]
9 Specific Gibbs free energy [I}T" %)
G‘é Matrix coefficients of kinetics equations [T"%])
h, Heat-flux vector [HL? 7°%]
h'_ Heat of oth reaction at constant temperature and
\ pressure [H-molt )
:g H, Heat of eth orthonormal reaction [H mol'! )
i J:B Symmetrized matrix coefficients of kinetics

equations [T°%*)
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r
*

" "¢
T ke
Vo

|
fo . { P".d‘\
e k Number of constituents [1] Ry
!“ -l -‘*
.
‘;; k Wave number [L ™ ] Boed
i" [ ]
Ky Thermo-diffusion coefficient P
. ] ?
. K Equilibrium constant of ¢th reaction [1] i { S
\, -« .
N . . -+ -t : B “:
N K Bulk viscosity [ML™® T %] ; .:"‘ N
N ° N
& h‘ k'“ Forward and reverse reaction rate coefficients | Bl
[ ] o - : v, oo
; respectively of ¢'th reaction [mol M+ i oy
- K.,, Thermal diffusion coefficient ‘
': k, Thermal conductivity of mixture [MLT®@™' ]
™. Molar density of oth constituent
- [mol (of &) L3
3 M, Mean molecular weight [mol MY ]
N
- M, Molecular weight of ath component [mol (of a) M"]
.L
_' M . Molecular weight of equilibrium mixture [mol M]
e
Y
- &’)fﬂ‘@‘ Thermodynamic, thermostatic and acoustic pressures
: respectively [ML™' T°%]
b t* Partial pressure of &-component
i i = -C RN
% ® Diffusive pressure P < fa- S e S
X n Number of reactions [1] T
s,
'C;i R Number of independent reactions [1]
R Universal gas constant [ML* T* ©' mol'l]
o’
:-f ﬁr Visco-reactive coefficient for ¢th reaction
-:: 1 Specific entropy [H M3t et )
S"% Total stress tensor IML"' 772
. . . . » -
S‘ Signed stoichiometric numbers [1] 3'_ =S . S+
. (e ~ ™ L3 Do
.:: S'_ Sum of signed stoichiometric numbers of 6th reaction [1] %
- T;@' Extra-stress tensor 'T:_a = S‘;-6 +KS“6
.. a
~ tz; x,Xx-component of linearized extra-stress tensor
‘o y 4 Time variable [T]
b %
e w Relative diffusion velocity w = U -Ly
-, v, Vv, ,v't Total, static and acoustic velocities in x-direction [LT"']
- v Specific volume of equilibrium mixture [L> M™']
b )
4 v, Volumetric change of ¢th reaction at constant
. temperature and pressure [L® mol™* ) ;4”‘
A Y .\f_\' ,
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Volumetric change of 6th orthonormal mode at
constant temperature and pressure (L2 mol™*)
Position vector and components [L]

Mole-fraction of &K-constituent

Frequency number [1]

Thermoviscous number [1]

Extent-of-reaction of ¢6th orthonormal reaction

Absorption coefficient [L™* ]

Instantaneous and equilibrium isobaric coefficients

of thermal expansion [ @]

Instantaneous and equilibrium isothermal
coefficients of compressibility [T M L ]

Volumetric change due to conggntration

(component A) B, = %; %%i

Activity coefficient of th chemical components (1]
Ratio of instantaneous heat capacities

Kronecker delta symbol (1]

T o
Specific internal energy [L T %)

Degree-of-advancement vector and gth component
[mol MY )

Reaction velocity at equilibrium (mol Mt T"]
Specific entropy [L'T? ot

Shear viscosity (Mp* T°*]

Absolute equilibrium and acoustic temperature
respectively [6]

Wavelength of acoustic wave [L]

Volume coefficient of viscosity {MEY 7°%}

Eigenvalue of &th reaction [T

Chemical potential of ath component [L}T* molI'* ]

t Y =
Reduced chemical potential s 3V . 33 = M Eﬁ_— J‘_ﬁ
r“ AW,y  dw), Alwa Mg

Density of equilibrium mixture [ML > ]

T, TX Relaxation times of fth reaction at constant

M ¢
f (p,e) and (7,p) respectively [T]
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y x Complex propagation coefficient [L) 'bfb
18 - Y
) P Helmholtz free energy [L*T %] k}ﬂ
, Q, h.
w Angular frequency [t t:;
. -1
: w u)* Molar concentration vector and &th component [mol M™™] | ﬁi
. . <
B (% Total molar concentration of mixture : t
2 + . M
¥ w, W, Molar production vector and «th component ;
) [mol a2 1) E;-
oy tre
.; Q, Dimensionless chemical relaxation time of oth reaction [1] ;tii
. e
‘S {;; Antisymmetric diffusive tensor .= L Kuﬁ —w: - g}?k
" ‘) 7 Z Vhy T T GON
] [ ] = *dimensions of '; M = mass (g), L = length (cm), {‘;
.:: T = time (sec), © = absolute temperature (°K), ' ::i.}
» O
3 . ’.".'
> H = heat (cal), mol = g mole AR
.’ ., '..' L}
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